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The f i r s t  p a r t  of t h i s  work d e s c r i b e s  a method f o r  
c a l c u l a t i n g  t h e  im pu lse  and s t e p  r e s p o n s e  of a l i n e a r  
sys tem  from t h e  r e a l  p a r t  of i t s  f r e q u e n c y  r e s p o n s e .  The 
r e a l  p a r t  i s  a p p ro x im a ted  by c o n f l u e n t  s t r a i g h t  l i n e  
segments  up t o  a t r u n c a t i o n  f r e q u e n c y ,  and by a n  even 
i n v e r s e  power of f r e q u e n c y  beyond t h a t .  C r i t e r i a  f o r  
c h o o s in g  a t r u n c a t i o n  f r e q u e n c y  and th e  r e q u i r e d  i n v e r s e  
power a r e  d i s c u s s e d .  U s ing  th e  a m p l i tu d e s  of t h e  r e a l  
p a r t  a t  t h e  j u n c t i o n s  of th e  s t r a i g h t  l i n e  se g m en ts ,  t h e  
t r u n c a t i o n  f r e q u e n c y ,  and t h e  i n v e r s e  power, t h e  im p u lse  
and s t e p  r e s p o n s e  can  be c a l c u l a t e d  u s i n g  th e  t a b l e s  and 
c u r v e s  g iv e n .
The second p a r t  d e s c r i b e s  a s y n t h e s i s  p r o c e d u r e .
The c e n t r a l  i d e a  i n  t h i s  i s  t h e  d e s c r i p t i o n  of th e  r e a l  
p a r t  of t h e  f r e q u e n c y  r e s p o n s e  of sys tem s  by t h e  harm onic  
c o n te n t  of th e  s e c t i o n  up to  a t r u n c a t i o n  f r e q u e n c y ,  and 
by an even i n v e r s e  power of f r e q u e n c y  beyond t h a t .  I n  
t h i s  way r e a l  p a r t s  c o r r e s p o n d i n g  a p p r o x i m a t e ly  t o  a 
wide rang e  of  sys tem s w i t h  a s p e c i f i e d  p o l e - z e r o  e x c e s s  
can  be formed.  Pe r fo rm ance  i n d i c e s  r e l a t i n g  th e  
t r a n s i e n t  and f r e q u e n c y  p e r fo rm a n c e s  c o r r e s p o n d i n g  t o  e a c h  
su c h  r e a l  p a r t  have been  fo u n d ,  and a re  p r e s e n t e d  i n  t h e  
form of pe r fo rm ance  c u r v e s .
By means of t h e s e  c u r v e s  t a r g e t  sy s tem s  m e e t i n g  a 
r a n g e  of pe r fo rm ance  i n d i c e s  may be chosen .  Prom th e  
f r e q u e n c y  r e s p o n s e  of th e  t a r g e t  sy s tem  and t h e  open l o o p  
c o n s t r a i n t ,  t h e  f r e q u e n c y  r e s p o n s e  of t h e  r e q u i r e d  
casc ad e  c o m p e n sa t io n  i s  fo u n d .  T h i s  i s  then  a p p ro x im a te d  
by a r a t i o n a l  t r a n s f e r  f u n c t i o n  from which  t h e  n e c e s s a r y  
co m p en sa t in g  ne tw o rk  can be s y n t h e s i s e d .
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GLOSSARY OF TERMS
T a r g e t  sys tem  i sy s tem  chosen  to  meet a g iv e n  s p e c i f i c a t i o n  
T r u n c a t i o n  f r e q u e n c y  to * f r e q u e n c y  d i v i d i n g  t h e  i n t e r -
V
m e d ia t e  and a s y m p to t i c  r e g i o n s  
of th e  r e a l  p a r t  [R eT ( jw )]  of  
t h e  f r e q u e n c y  r e s p o n s e  [T ( j t o ) ] .  
I n t e r m e d i a t e  r e g i o n  of i s e c t i o n  of ReT(jto) up t o  to
th e  r e a l  p a r t .
A sym pto t ic  r e g i o n  of  
t h e  r e a l  p a r t .
C l a s s  of sy s te m
Formodd, fo rm even
approximated e ith er  hy confluent  
s tra ig h t  l in e s  ( c h .2 and 3), or 
by a Fourier cosine s e r ie s  
(ch. 4 - 8 ) .
: s e c t i o n  of ReT(o’(o) beyond to 
a p p ro x im a te d  by a n  even  i n v e r s e  
power of f r e q u e n c y .
5 t h e  number of th e  h i g h e s t  
harm onic  used  t o  d e s c r i b e  t h e  
i n t e r m e d i a t e  r e g i o n  of ReT(j io) .
: p a r a m e t e r s  t a k i n g  t h e  v a l u e s  0 
and 1 on ly ,  used t o  s p e c i f y  t h e  
s i g n s  of th e  h a rm o n ic s  com­
p r i s i n g  th e  i n t e r m e d i a t e  r e g i o n  
of ReT(jto) ( c h . 6 ) .
IRTROHJCTION
The o v e r a l l  p rob lem  of sy s te m  d e s i g n  or s y n t h e s i s  
c o n t a i n s  w i t h i n  i t  s e v e r a l  more o r  l e s s  w e l l  d e f i n e d  
s u b s i d i a r y  p rob lem s .  These may be l i s t e d  u n d e r  t h e  
f o l l o w i n g  h e a d i n g s :
1) The p r e p a r a t i o n  of a s u i t a b l e  s p e c i f i c a t i c n r
2) The c h o ic e  of a  sys tem  t o  meet th e '  s p e c i f i c a t i o n .
3) The i d e n t i f i c a t i o n  of th e  open lo o p  c o n s t r a i n t s .
4) The i d e n t i f i c a t i o n  of t h e  n e c e s s a r y  c o m p e n sa t io n .
The p r e s e n t  work i s  c o n ce rn e d  m a in ly  w i t h  p rob lem s  2
and 4, b u t  i n  o r d e r  t o  p u t  i t  i n t o  c o n te x t  w i t h i n  t h e  o v e r ­
a l l  d e s i g n  p r o b l e m ,e a c h  of th e  f o u r  s u b s i d i a r y  p rob lem s 
w i l l  be d i s c u s s e d  a l i t t l e  more f u l l y .
Problem one i s  th e  most  e l u s i v e  a s  f a r  a s  t h e  
development  of a  l o g i c a l  and p r e c i s e  method i s  c o n c e rn e d .  
T h is  i s  b e ca u se  p r a c t i c a l  sys tem s  may be r e q u i r e d  t o  pe r fo rm  
a  wide  v a r i e t y  of t a s k s ,  and y e t  i n  e ac h  case  i n  o r d e r  t o  
p r e p a r e  a  u s e a b l e  s p e c i f i c a t i o n ,  t h e i r  s u i t a b i l i t y  o r  
o t h e r w i s e  f o r  t h e s e  t a s k s  must be judged  by a fev i r a t h e r  
a r t i f i c i a l  p e rfo rm an c e  i n d i c e s ,  s u c h  a s  t h e i r  r e s p o n s e  
t o  a  s t e p  i n p u t  o r  t h e i r  b a n d w id th .  The p r e s e n t  work 
makes no d i r e c t  c o n t r i b u t i o n  t o  r e s o l v i n g  t h i s  d i f f i c u l t y ,  
t h e  s t a r t i n g  p o i n t  i n  th e  s y n t h e s i s  method p r e s e n t e d  i n  
t h e  s u c c e e d in g  c h a p t e r s  b e in g  a lw ay s  a  s p e c i f i c a t i o n  i n  
t e r m s  of a  number of p e r fo rm an ce  i n d i c e s .  I t  may h e l p  
t o  a l e v i a t e  th e  d i f f i c u l t y  somewhat,  however,  by a l l o w i n g  
more r a p i d  c o r r e l a t i o n  of a l a r g e r  number of  p e r fo rm a n c e  
i n d i c e s  t h a n  i s  p o s s i b l e  by any o t h e r  method.
Problem two marks  th e  d i s t i n c t i o n  be tw een  s y n t h e s i s  
and d e s i g n .  The d e s i g n  a p p ro a c h ,  which  o m its  p ro b lem  two, 
m ight  be termed a gu ided  t r i a l  and e r r o r  a p p r o a c h ,  i n
w hich  t h e  p e r fo rm an ce  of  components c hosen  on t h e  b a s i s  
of power o u tp u t  r e q u i r e m e n t s ,  economic and a v a i l a b i l i t y  
c o n s i d e r a t i o n s  ( fo r m in g  th e  open l o o p  c o n s t r a i n t ) ,  i s  
m o d i f i e d  by th e  a d d i t i o n  of c o m p e n sa t io n  n e tw o rk s .  I n  
g e n e r a l  only  a  few t y p e s  of n e tw o rk s  a r e  used ,  t h e  
q u a l i t a t i v e  e f f e c t  of w hich  on b o th  th e  t r a n s i e n t  and 
f r e q u e n c y  r e s p o n s e  of l i n e a r  sy s te m s  i s  known. By th e  
s u c c e s s i v e  i n c o r p o r a t i o n  of such  c o m p e n sa t io n  n e tw o r k s  
i n t o  t h e  system, and s u c c e s s i v e  r e - c a l c u l a t i o n  of t h e i r  
c u m u la t iv e  e f f e c t  on t h e  s p e c i f i e d  pe r fo rm ance  i n d i c e s ,  
t h e  g r a d u a l  f u l f i l l m e n t  of th e  p e r fo rm an c e  i n d i c e s  i s  
a t t e m p t e d .  The s y n t h e s i s  a p p ro a c h  s e e k s  t o  e l i m i n a t e  
t h e  s u c c e s s i v e  r e - c a l c u l a t i o n ,  by s t a t i n g  a  c l e a r  t a r g e t  
sy s te m ,  m ee t in g  t h e  s p e c i f i e d  p e r fo rm an c e  i n d i c e s ,  r i g h t  
a t  t h e  o u t s e t .
I t  i s  h e r e  t h a t  th e  p r e s e n t  method i s  b e l i e v e d  t o  
make a u s e f u l  c o n t r i b u t i o n .  The e s s e n t i a l  d i f f i c u l t y  
h e r e  i s  i n  c h o o s in g  a t a r g e t  sy s te m  which  no t  on ly  m e e ts  
t h e  s p e c i f i e d  p e r fo rm an c e  i n d i c e s  b u t  a l s o  i s  c o m p a t i b l e  
w i t h  th e  open l o o p  c o n s t r a i n t  i . e .  t h e  p o l e - z e r o  e x c e s s  
o f  th e  t a r g e t  sy s te m  must not  be l e s s  t h a n  t h e  p o l e - z c ^ o  
e x c e s s  of th e  open l o o p  c o n s t r a i n t .  I t  i s  b e l i e v e d  t h a t  
t h e  method deve loped  i n  t h e  s u c c e e d in g  c h a p t e r s  p r o v i d e s  
c o r r e l a t i o n  be tween th e  pe r fo rm ance  i n d i c e s  of sy s te m s  
w i t h  s p e c i f i e d  p o l e - z e r o  e x c e s s  f o r  a much g r e a t e r  r a n g e  of 
sy s te m s  t h a n  i s  p r o v id e d  by any o t h e r  method.
Problem t h r e e  c o n c e rn s  t h e  l i n k  be tw een  t h e  p h y s i c a l  
r e a l i t y  of th e  h a rd w a re ,  and th e  m a t h e m a t i c a l  m a n i p u l a t i o n s  
u se d  i n  t h e  s y n t h e s i s .  The form  of i d e n t i f i c a t i o n  
r e q u i r e d  by t h e  p r e s e n t  method i s  t h e  f r e q u e n c y  r e s p o n s e .  
I n e v i t a b l y ,  t h e  measured  f r e q u e n c y  r e s p o n s e  of any p h y s i c a l
equ ipm ent  w i l l  no t  be a b s o l u t e l y  a c c u r a t e ,  and f u r t h e r  
i n a c c u r a c i e s  w i l l  r e s u l t  f rom th e  f a c t  t h a t  t h e  p r e d i c t e d  
p e r fo rm a n c e  i s  b ased  on t h e  a s s u m p t io n  of l i n e a r i t y .  I t  
i s  p r i m a r i l y  a s  a c o u n t e r  to  t h i s  i n a c c u r a c y  t h a t  t h e  
f e e d b a c k  c o n f i g u r a t i o n  i s  r e s o r t e d  to  i n  many p r a c t i c a l  
sy s te m s ,  and the  p r e s e n t  method i s  p r i n c i p a l l y  c o n c e rn e d  
w i t h  th e  s y n t h e s i s  of f e e d b a c k  sy s te m s .
Problem f o u r ,  l i k e  p rob lem  one, i s  d i f f i c u l t  to  
p i n  down. I t  a r i s e s  b e c a u se ,  u s i n g  th e  f e e d b a c k  
c o n f i g u r a t i o n ,  t h e r e  i s  n o t  a  u n iq u e  s o l u t i o n  t o  any 
p a r t i c u l a r  problem. The d i v i s i o n  of t h e  t o t a l  r e q u i r e d ,  
c o m p e n sa t io n  p a r t l y  i n t o  c a scad e  co m p e n sa t io n  and  p a r t l y  
i n t o  p a r a l l e l  c o m p e n sa t io n  i s  governed  by economic 
c o n s i d e r a t i o n s  ( e . g .  c o s t  of a t a c h o m e t e r  g e n e r a t o r  a g a i n s t  
c o s t  of a n e tw o rk ) ,  sp ace ,  w e ig h t ,  and a v a i l a b i l i t y  
c o n s i d e r a t i o n s  and s e n s i t i v i t y  and r e l i a b i l i t y  
c o n s i d e r a t i o n s .  S in c e  t h e  p r e s e n t  work aims a t  e v a l u a t i n g  
t h e  f e a s i b i l i t y  of a  c o m p le t e ly  new ap p ro ach ,  and i n  
o r d e r  t o  c o n c e n t r a t e  an th e  e s s e n t i a l  a d v a n ta g e s  and 
d i s a d v a n t a g e s  of t h e  ap p ro a ch ,  p rob lem  f o u r  was s i m p l i f i e d  
by r e s t r i c t i n g  t h e  c o n f i g u r a t i o n  of t h e  t a r g e t  sy s te m  
t o  u n i t y  f e e d b a c k .  With t h i s  R e s t r i c t i o n ,  t h e  n e c e s s a r y  
c a s c a d e  co m p en sa t io n  becomes u n iq u e  f o r  any p a r t i c u l a r  
p rob lem .
Throughout ,  i t  was a t t e m p t e d  t o  make t h e  method 
d e s c r i b e d  i n  th e  su c c e e d in g  c h a p t e r s  meet t h e  f o l l o w i n g  
o b j e c t i v e s :
To p ro v id e  a more f l e x i b l e  means of c h o o s in g  t h e  
t a r g e t  sy s te m  t h a n  o f f e r e d  by t h e  ’ dominant  p o l e  
p a t t e r n ’ a p p ro a c h .
To use  t h e  . s i m p l e s t ' fo rm  of sys tem  i d e n t i f i c a t i o n ,  
which_was c o n s i d e r e d ' t o  be th e  f r e q u e n c y  r e s p o n s e .
To make t h e  method s u i t a b l e  f o r  im p l e m e n ta t i o n  on
a d i g i t a l  computer .
L ayou t
I n  c h a p t e r  I  t h e  commonly used  p e r fo rm ance  i n d i c e s  
a r e  d i s c u s s e d  and a  s e t  c o n s i d e r e d  a d e q u a te  f o r  an a c c u r a t e  
d e s c r i p t i o n  of sy s te m  pe rfo rm ance  a r r i v e d  a t .  E x i s t i n g  
d e s i g n  and s y n t h e s i s  methods a r e  r e v ie w e d  and an a t t e m p t  
i s  ma.de t o  a n a l y s e  t h e i r  sh o r t c o m in g s .
I n  c h a p t e r  2 a  method of o b t a i n i n g  th e  t r a n s i e n t  
p e r fo rm an c e  from t h e  f r e q u e n c y  r e s p o n s e  of a  l i n e a r  
s y s te m  i s  p r e s e n t e d .  The p r i n c i p l e  i n v o lv e d  i s  n o t  new 
( r e f s . 63, 65, 66) b u t  i t  i s  b e l i e v e d  t h a t  t h e  method 
r e p r e s e n t s  b o th  an e x t e n s i o n  and an improvement on 
e x i s t i n g  methods .
C h a p te r  3 c o n t a i n s  n u m e r i c a l  e v a l u a t i o n  of t h e  
t h e o r e t i c a l  m a t e r i a l  of c h a p t e r  2 .
I t  i s  b e l i e v e d  t h a t  c h a p t e r s  4 - 8  c o n t a i n  th e  main  
o r i g i n a l  c o n t r i b u t i o n  of  th e  p r e s e n t  a u t h o r .
C h a p te r s  4 and 5 c o n t a i n  t h e  t h e o r e t i c a l  b a s i s  f o r  
a  c h a r a c t e r i s a t i o n  of l i n e a r  sy s te m s  i n  t e rm s  of t h e  
ha rm on ic  c o n te n t  of th e  r e a l  p a r t  of t h e  f r e q u e n c y  r e s p o n s e  
up t o  a t r u n c a t i o n  f r e q u e n c y ,  and i n  te rm s  of an  even  
i n v e r s e  power of f r e q u e n c y  beyond th e  t r u n c a t i o n  f r e q u e n c y .
C h ap te r  6 c o n t a i n s  t h e  p e r fo rm a n c e  c u rv e s  c a l c u l a t e d  
on t h e  bbove b a s i s  and used  i n  t h e  s y n t h e s i s .
In  c h a p t e r  7 t h e  v a l i d i t y  of t h e  c u rv e s  i s  
i n v e s t i g a t e d ,  and c h a p t e r  8 p r e s e n t s  some examples  of  t h e  
u se  of t h e  s y n t h e s i s  method.
CHAPTER 1
SURVEY OF SOME DESIGN METHODS AND PERFORMANCE INDICES
1 .1  I n t r o d u c t i o n .
I t  was no ted  i n  th e  i n t r o d u c t i o n  t h a t  one of th e  
s u b s i d i a r y  p rob lem s of s y n t h e s i s  i s  t h e  p r e p a r a t i o n  of a 
u s e a b l e  s p e c i f i c a t i o n ,  and t h i s  i n  i t s e l f  i n v o l v e s  two 
s t e p s .
F i r s t l y ,  an e s t i m a t e  i s  made of such t h i n g s  a s ,  
what t h e  f r e q u e n c y  r e s p o n s e  of th e  sys tem  shou ld  be l i k e  
and what i t s  t r a n s i e n t  r e s p o n s e  to im p u lse ,  s t e p  and 
ramp i n p u t s  shou ld  be l i k e  i n  o r d e r  f o r  i t  t o  c a r r y  out 
w h a te v e r  i t  i s  i n t e n d e d  t o  do. In  o th e r  w ords ,  a s e t  
of pe rfo rm ance  i n d i c e s  a r e  s p e c i f i e d .
S econd ly ,  a t a r g e t  sy s te m  i s  chosen t o  meet t h e  
p e rfo rm ance  i n d i c e s .
I t  i s  t h e  pu rpose  of t h i s  c h a p t e r  t o  d i s c u s s  some 
of th e  commonly used p e r fo rm an c e  i n d i c e s ,  i n  o r d e r  t o  
a r r i v e  a t  a s e t  which  can  be c o n s i d e r e d  s u f f i c i e n t  to  
s p e c i f y  r e a s o n a b l y  a c c u r a t e l y  b o th  the  t r a n s i e n t  and 
f r e q u e n c y  r e s p o n s e s  of sy s te m s .
Once t h i s  h a s  been done,  a b r i e f  su rv e y  of  some 
e x i s t i n g  d e s i g n  and s y n t h e s i s  methods i s  c a r r i e d  out i n  
o r d e r  t o  i n v e s t i g a t e  how c l o s e  a c o n t r o l  th ey  a f f o r d  over  
t h e  chosen s e t  of p e r fo rm ance  i n d i c e s .
1 . 2  Choice of pe rfo rm ance  i n d i c e s .
The method which w i l l  be deve loped  i n  t h e  s u c c e e d i n g  
c h a p t e r s  aims a t  e s t a b l i s h i n g  a c l o s e  q u a n t i t a t i v e  
c o r r e l a t i o n  be tw een  th e  f r e q u e n c y  r e s p o n s e  and t h e  
t r a n s i e n t  r e s p o n s e  of sy s te m s ,  i n  o r d e r  to  a l l o w  a c l o s e
c o n t r o l  ove r  b o t h  t h e s e  a s p e c t s  of sys tem  p e r fo rm a n c e .
As a f i r s t  s t e p ,  t h e  i n d i c e s  commonly used t o  s p e c i f y  t h e s e  
a s p e c t s  of sys tem  p e r fo rm an ce  a r e  d i s c u s s e d .
1 . 2 . 1  T r a n s i e n t  pe rfo rm ance  i n d i c e s .
C o n v e n t i o n a l l y ,  t h e  t r a n s i e n t  pe r fo rm ance  of a 
sys tem  i s  d e s c r i b e d  i n  te rm s of i t s  im pulse  and s t e p  
r e s p o n s e .  Because  th e  two r e s p o n s e s  a r e  r e l a t e d  ( t h e  
im pu lse  r e s p o n s e  b e in g  t h e  d e r i v a t i v e  of th e  s t e p  
r e s p o n s e ) ,  t h e  g r e a t  m a j o r i t y  of t h e  d e s ig n  m ethods  
d i s c u s s e d  i n  s e c t i o n  1 . 3  u se  t h e  s t e p  r e s p o n s e  o n ly .  The
e x c e p t i o n s  a r e  t h e  t im e-d om a in  methods (63  c h . 1 5 , 31 c h . 1 2 ,
1 ) ,  bu t  t h e s e  s p e c i f y  th e  com ple te  i n p u l s e  r e s p o n s e  n o t  
j u s t  some a s p e c t s  of i t .
The i n d i c e s  used  i n  t h e  v a r i o u s  d e s i g n  m ethods  a r e  
shown i n  f i g .  1 . 1 . a .  Thus and t ^ a r e  t h e  v a l u e s  of 
t h e  o v e rs h o o t  and t h e  t im e  to  r e a c h  i t .  The t im e  d e la y  
t ^  i s  g e n e r a l l y  t aken  a s  th e  t im e  f o r  t h e  r e s p o n s e  t o  
r e a c h  h a l f  of i t s  f i n a l  v a l u e .
The r i s e  t im e  t  i s  v a r i o u s l y  d e f in e d  a s  t h e  t im e  
i n t e r v a l  be tw een  10$  and 90$,  or  5$ and 95$  of t h e  f i n a l  
v a l u e ,  or a s  th e  r e c i p r o c a l  of th e  s lo p e  of t h e  r e s p o n s e  
when the  r e s p o n s e  h a s  re a c h e d  h a l f  of  i t s  f i n a l  v a l u e  
i . e .  a t  t ^  (2 7 ) .
The s e t t l i n g  t ime t s  i s  u s u a l l y  t ak en  as  t h e  t im e  
f o r  t h e  r e s p o n s e  to  s e t t l e  to  w i t h i n  5$  or  2$ of i t s  
f i n a l  v a l u e ,  but  s i n c e  f o r  o s c i l l a t o r y  r e s p o n s e s  t h i s  i s  
a d i s c o n t i n u o u s  f u n c t i o n  of t h e  sys tem  p a r a m e t e r s ,  
a p p r o x i m a t i o n s  to  t h i s  have been used  (1 5 ) .
The t im e  f o r  th e  r e s p o n s e  to  r e a c h  th e  f i n a l  v a l u e  
f o r  t h e  f i r s t  t im e ,  t  h a s  been used by Z c m e n ia n ( 4 9 - 5 3 ) ,
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but  doe.s no t  a p p e a r  i n  any of t h e  o t h e r  methods d i s c u s s e d  
i n  s e c t i o n  1 . 3 *
F or  th e  p u rp o s e s  of th e  method deve loped  i n  t h i s  
work, i t  was d e c id e d  t o  use  i n d i c e s  r e l a t i n g  b o th  t o  th e  
s t e p  and im p u lse  r e s p o n s e s .
A l th o ug h  they  a r e  m u tu a l ly  d e r i v a b l e ,  i t  was f e l t  
somewhat p r e f e r a b l e  to have b o th  i n  ev id e n ce  i n s t e a d  
of i n f e r r i n g  one from th e  o t h e r .  A f t e r  a l l ,  ap p ro x im a ­
t i o n s  to  im p u lse  i n p u t s  o c cu r  i n  p r a c t i c e ,  a s  f o r  example 
wind g u s t s  on a i r c r a f t  or road  i r r e g u l a r i t i e s  on c a r s .  
F u r th e rm o re ,  by d i v i d i n g  th e  i n d i c e s  between th e  s t e p  
and im p u lse ,  n o t h i n g  i s  l o s t  i n  th e  a c c u ra c y  of t h e  
d e s c r i p t i o n .  I n  f a c t  i t  i s  enhanced by th e  s p e c i f i c a t i o n  
of t h e  a p p ro x im a te  s e t t l i n g  t im e  b o th  f o r  the  s t e p  and 
im pulse  r e s p o n s e s ,  s i n c e  t h e s e  two s e t t l i n g  t im e s  can  be 
v e ry  d i f f e r e n t .
The t r a n s i e n t  r e s p o n s e  i n d i c e s  which w i l l  be u sed  
th ro u g h o u t  th e  p r e s e n t  work a r e  shown i n  f i g .  1 . 2a and b. 
The i n d i c e s  t  and u ^  a r e  t h e  same a s  in  t h e  o t h e r  
methods d i s c u s s e d  i n  s e c t i o n  1 . 3 .  In  p l a c e  of t ^  and 
^r* *Vl an<3 ^ h l  convey s i m i l a r  i n f o r m a t i o n .  The s e t t l i n .  
t im e  t  h a s  been taken  to  be t h e  t im e of th e  extremum
SUL
beyond which  t h e  s t e p  r e s p o n s e  l i e s  w ho l ly  w i t h i n  2$ 
of th e  f i n a l  v a l u e ,  and t  ^  of t h e  extremum beyond w h ich  
t h e  u n i t  im pu lse  r e s p o n s e  i s  w h o l ly  w i t h i n i 0 . 0 2 .  The 
r e a s o n  f o r  u s i n g  t h e s e  v a l u e s  r a t h e r  th an  t h e  t r u e  
s e t t l i n g  t im e s  was t h a t  they were q u i c k e r  t o  compute,  and 
i n  any c ase  s e t t l i n g  t ime i s  a v e ry  a p p ro x im a te  q u a n t i t y ,  
b e in g  v e ry  d ep enden t  on s t i c t i o n .
1*2 .2  F r e q u e n c y .p e r f o r m a n c e  i n d i c e s .
The f r e q u e n c y  pe rfo rm ance  i n d i c e s  which  w i l l  he
used a r e  shown i n  f i g .  1 . 1 . h. They c o n s i s t  of th e
g e n e r a l l y  a c c e p t e d  r e s o n a n c e  peak M , r e s o n a n t  f r e q u e n c y
w and th e  3db bandw id th  BW. r
The l a s t  f r e q u e n c y  r e s p o n s e  in dex  i s  t h e  f r e q u e n c y  
a t  which  th e  s e n s i t i v i t y ,  a ssum ing  u n i t y  n e g a t i v e  f e e d b a c k ,  
i s  one ( c . f .  s e c t i o n  6 . 4 . 2 ) .  T h i s  i s  termed w .
O
1 * 2 .3  O the r  pe r fo rm an ce  i n d i c e s .
One o t h e r  ind ex  which must  be i n c l u d e d  r e l a t e s  to  
th e  a cc u ra c y  of a sys tem . T h i s  i s  t h e  v e l o c i t y  c o n s t a n t  
Ky or  the  a c c e l e r a t i o n  c o n s t a n t  K , w h ic h e v e r  i s  
a p p l i c a b l e  ( c . f . s e c t i o n  6 . 5 ) .
1.3* B r i e f  su rv e y  of some e x i s t i n g  dos i g n . methoda.
E x i s t i n g  methods f a l l  b r o a d l y  i n t o  f i v e  c a t e g o r i e s :
1) F requency  rep o n s e  m e th o ds .
2) Root l o c u s  m ethods .
3) Time domain m ethods.
4) A l g e b r a i c  m ethods .
5) S p e c i a l  p u rpose  m ethods .
By s p e c i a l  p u rpo se  m ethods a r e  meant t h o s e  method., 
r e l y i n g  on th e  use  of com pu te rs  to  p e rm i t  i n v e s t i g a t i o n  
of a  range  of p o s s i b l e  co m p e n sa t io n  schemes b e f o r e  a 
c h o ic e  i s  made. I t  i s  of c o u r s e  t r u e  t h a t  by t h e  u se  
of a h y b r i d  a n a lo g u e  computer ,  ( o r  a d i g i t a l  c o m p u te r ) ,  
s u i t a b l e  co m p e n sa t io n  f o r  any p a r t i c u l a r  sy s te m  may be 
found ,  and may even be o p t im i s e d  f o r  some c r i t e r i o n  ( 3 ) .  
T h is  a p p ro a ch  however,  u s e f u l  though  i t  i s  i n  p r a c t i c e ,  
t r e a t s  each  problem as  a s p e c i a l  c a s e .  S in c e  t h e  p u r p o r t  
of th e  p r e s e n t  work i s  to  d e v e lo p e  a g e n e r a l  method
a p p l i c a b l e  t o  any system, s p e c i a l  pu rpose  m ethods  w i l l  n o t  
be f u r t h e r  c o n s i d e r e d .
A l g e b r a i c  methods a r e  t h o s e  based  on th e  manip­
u l a t i o n  of t h e  c o e f f i c i e n t s  of th e  system d i f f e r e n t i a l  
e q u a t i o n  (5,  6 ch. 10, 7 , 8 , 9 ) .  T h e i r  g r e a t  d i s a d v a n t a g e  
f rom an e n g i n e e r i n g  p o i n t  of v iew i s  th e  l o s s  of i n s i g h t  
i n t o  th e  p h y s i c a l  sys tem which t h e i r  u se  e n t a i l s .  S in c e  
t h e  aim th r o u g h o u t  th e  p r e s e n t  work was t o  d e v e lo p  a 
method which r e t a i n e d  th e  scope  f o r  i n t u i t i v e  q u a l i t a t i v e  
r e a s o n i n g  a f f o r d e d  by b o th  t h e  f r e q u e n c y  r e s p o n s e  and 
r o o t  l o c u s  m ethods,  bu t  a t  t h e  same t ime p e r m i t t e d  a 
c l o s e r  q u a n t i t a t i v e  c o n t r o l  o ve r  th e  t r a n s i e n t  pe r fo rm an c e  
t h a n  e x i s t i n g  methods a f f o r d e d ,  i t  was f e l t  r e a s o n a b l e  to 
omit a l g e b r a i c  methods from f u r t h e r  c o n s i d e r a t i o n .
Time domain methods th e m s e lv e s  a r e  of two t y p e s j  
t h o s e  which use  th e  t ime domain s p e c i f i c a t i o n  of t h e  
r e q u i r e d  sy s tem  r e s p o n s e  to  o b t a i n  t h e  n e c e s s a r y  sy s te m  
t r a n s f e r  f u n c t i o n ,  and t h o s e  which c a r r y  out a l l  d e s i g n  i n  
th e  t im e  domain w i th o u t  r e c o u r s e  e i t h e r  t o  t h e  s - p l a n e  
o r  th e  f r e q u e n c y  r e s p o n s e .
Examples of the  f i r s t  k ind  of t ime domain methods 
a r e  G u i l l e m i n ’ s method (63 ch.  15) and th e  method of 
moments (31 c h . 1 2 ) .  I t  was f e l t ,  however, t h a t  b o t h  
a p p ro a c h e s  a r e  d i f f i c u l t  f rom an e n g i n e e r i n g  p o i n t  of 
v iew .  T h is  i s  b e ca u se  t h e  s t a r t i n g  p o i n t  i n  e a c h  c a se  i s  
an  impulse  r e s p o n s e  ( o r  s t e p  r e s p o n s e )  c o m p l e t e ly  s p e c i f i e d  
i n  t h e  t ime domain, from which t h e  n e c e s s a r y  sy s te m  
t r a n s f e r  f u n c t i o n  i s  o b t a i n e d .  Now i t  would be a  r a r e  
sy s te m  indeed  w h ich  r e q u i r e d  such d e t a i l e d  s p e c i f i c a t i o n  
i n  t h e  t im e  domain," u s u a l l y  only  a few p e r fo rm a n c e  
i n d i c e s  a r e  n e c e s s a r y  ( a s  d i s c u s s e d  i n  s e c t i o n  1 . 2 ) .
With only a few i n d i c e s  s p e c i f i e d  i t  would be v e ry  ‘ '
d i f f i c u l t  w i t h  t h e s e  m ethods  t o  d e c id e  what p r i c e ,  i n  
t e rm s  of co m pe n sa t io n ,  one was pay ing  by c h o o s in g  one 
s o r t  of shape  f o r  th e  com ple te  t r a n s i e n t  r e s p o n s e  and 
n o t  a n o t h e r .
An example  of th e  second kind i s  a method deve loped  
by T u s t i n  ( l ) .  The c a l c u l a t i o n s  i n v o l v e d ,  however ,  
( s i m i l a r  to  p o ly n o m ia l  m u l t i p l i c a t i o n  and d i v i s i o n )  a r e  
more s u i t a b l e  f o r  a n a l y s i s  t h a n  s y n t h e s i s .  . I f  used f o r  
s y n t h e s i s ,  i t  s u f f e r s  from th e  d i s a d v a n t a g e  t h a t  th e  
d e s i r e d  t r a n s i e n t  r e s p o n s e  a g a i n  must be c o m p l e t e ly  
s p e c i f i e d ,  n o t  m e re ly  d e s c r i b e d  by a few i n d i c e s .
F i n a l l y  th e  t ime domain methods m en t io n ed  do not  
a f f o r d  any d i r e c t  l i n k  w i t h  the  f r e q u e n c y  r e s p o n s e .
Because of t h e i r  e s s e n t i a l  d i f f e r e n c e ,  time domain 
m ethods  l i k e w i s e  w i l l  n o t  be f u r t h e r  c o n s i d e r e d .
1 . 3«1 F requ en cy  r e s p o n s e  m ethods
D es ig n  of sys tem s by s h a p in g  t h e i r  f r e q u e n c y  
r e s p o n s e  i s  h i s t o r i c a l l y  t h e  e a r l i e s t  method.  Due to  
H y q u i s t * s  s t a b i l i t y  c r i t e r i o n  (1 0 ) i t  i s  c e r t a i n l y  
p o s s i b l e  by t h i s  method t o  d e s i g n  c o m p e n sa t io n  t o  
a c h i e v e  a s t a b l e  sys tem .  Developments  i n t r o d u c e d  by 
Bode (11) have  made t h i s  a p p r o a c h  h i g h l y  p r a c t i c a b l e ,  
e s p e c i a l l y  s i n c e  t h e  f r e q u e n c y  r e s p o n s e  of p r a c t i c a l  
sys tem s  may be o b t a i n e d  e x p e r i m e n t a l l y  w h i le  a  t h e o r e t i c a l  
d e r i v a t i o n  of t h e i r  d i f f e r e n t i a l  e q u a t i o n  may w e l l  be 
i m p r a c t i c a b l e .  The s o l e  d i s a d v a n t a g e  of t h e  f r e q u e n c y  
r e s p o n s e  a p p r o a c h  l i e s  i n  th e  d i f f i c u l t y  of c o r r e l a t i n g  
th e  f r e q u e n c y  r e s p o n s e  w i t h  t h e  t r a n s i e n t  r e s p o n s e .
The g e n e r a l  p r i n c i p l e s  of s h a p in g  th e  f r e q u e n c y
r e s p o n s e  by th e  a d d i t i o n  of c o m p en sa t io n  a r e  covered  i n  
v i r t u a l l y  a l l  t e x t  books d e a l i n g  w i t h  c o n t r o l  sy s te m s  
( 1 2 , 1 3 ) .  The q u a l i t a t i v e  r e l a t i o n s h i p  be tw een  th e  
f r e q u e n c y  and t r a n s i e n t  r e s p o n s e s  i s  known and i s  
e x p r e s s e d  i n  t e rm s  of th e  g a i n  and phase  m a r g in s  of th e  
open lo o p  f r e q u e n c y  r e s p o n s e  and t h e  h e i g h t  of the  
r e s o n a n c e  peak of th e  c lo s e d  lo o p  f r e q u e n c y  r e s p o n s e .
So lo n g  a s  the  s p e c i f i c a t i o n  on ly  r e q u i r e s  a s t a b l e  
sys tem  s a t i s f y i n g  f r e q u e n c y  pe rfo rm an c e  i n d i c e s  bu t  w i t h  
v e r y  f l e x i b l e  t r a n s i e n t  r e q u i r e m e n t s  ( e . g .  o n ly  s e t t i n g  a 
l i m i t  t o  th e  o v e r s h o o t  i n  t h e  s t e p  r e s p o n s e ) ,  t h e  
f r e q u e n c y  r e s p o n s e  method i s  e x t r e m e l y  s a t i s f a c t o r y .
When, however,  a s  o f t e n  happens  i n  p r a c t i c e ,  a c l o s e r  
c o n t r o l  ove r  t h e  t r a n s i e n t  r e s p o n s e  i s  r e q u i r e d ,  
d i f f i c u l t i e s  a r i s e .
A number of methods have  been  p u b l i s h e d  s e e k i n g  to 
s o l v e  t h e s e  d i f f i c u l t i e s .  J a w o r s k i  (56) p r e s e n t s  
e m p i r i c a l l y  d e r i v e d  r e l a t i o n s h i p s  between th e  r i s e  t im e ,  
o v e r s h o o t ,  and s e t t l i n g  t ime of th e  system s t e p  r e s p o n s e  
and a ' f o r m  p a r a m e t e r 1 o b t a i n e d  from  th e  sy s te m  f r e q u e n c y  
r e s p o n s e .  As th e  a u t h o r  h i m s e l f  p o i n t s  o u t ,  however ,  
t h e  r e l a t i o n s h i p s  a r e  more u s e f u l  i n  i n d i c a t i n g  g e n e r a l  
t r e n d s  t h a n  i n  p r o v i d in g  q u a n t i t a t i v e  c o r r e l a t i o n s .  Even 
t h e n  they  a r e  f u r t h e r  more r e s t r i c t e d  t o  f r e q u e n c y  
r e s p o n s e s  which a r e  m o n o t o n i c a l l y  d e c r e a s i n g  o r  have  a  
s i n g l e  r e s o n a n c e  peak.  A number of s i m i l a r  r e l a t i o n s h i p s  
a r e  l i k e w i s e  g iv e n  by H o row itz ,  who a l s o  p o i n t s  out t h e  
l a c k  of an e a sy  y e t  a c c u r a t e  f r e q u e n c y - t i m e  c o r r e l a t i o n
(31  p. 1 9 0 ) .
W e s to o t t  (.57) d e s c r i b e s  a method which ,  i n  i t s
e s s e n t i a l s ,  c o n s i s t s  of e x p r e s s i n g  the  sys tem  im p u lse
r e s p o n s a  i n  a s t a n d a r d  form a s
h ( t )  = ( a t  + (3t2 + \ t ^ )  exp (= 1 .3 * 1
and the  sys tem  f r e q u e n c y  r e s p o n s e  hy th e  f i r s t  f o u r  te rm s  
of t h e  s e r i e s
i n f .
H(jw) = / h ( t )  exp ( -  j u t )  d t  o
= Uq *“  ^ 3^) "^ t"( 3^0 . 1 . 3 . 2
i n f  i n f
where a = / h ( t )  d t ,  a1 = / t h ( t )  d t  . . . .
o o x o
i . e .  t h e  a * s  a r e  moments of a r e a  o f  t h e  im p u lse  r e s p o n s e .
The c o r r e l a t i o n  "between t h e  p a r a m e t e r s  d e s c r i b i n g  
t h e  im pulse  and f r e q u e n c y  r e s p o n s e s  i s  then  e s t a b l i s h e d .
A d i f f i c l t y  r e m a in s  however,  i n  t h a t  p r a c t i c a l  s p e c i f i ­
c a t i o n  of t h e  im p u lse  r e s p o n s e  cou ld  n o i m a l ly  be s a t i s f i e d  
w i t h  ' a .  r an g e  of th e  a ,  (3, X and p p a r a m e t e r s  and t h i s
ra n g e  would be d i f f i c u l t  t o  f i n d  i n  p r a c t i c e .  The same
d i f f i c u l t y  a r i s e s  w i t h  th e  s i m i l a r  c o r r e l a t i o n  t h e  a u t h o r  
d e r i v e s  be tw een  the  s t e p  r e s p o n s e  and th e  f i r s t  f o u r  
t e rm s  of e x p r e s s i o n  1 . 3 . 2 .
West and P o t t s  (58) d e s c r i b e  am ethod  by means of 
w h ich  a n  e x t e n s i o n  of th e  g a i n  and phase  m a r g in s  i s  used 
to  d e te rm in e  a p p r o x i m a t e ly  t h e  p r i n c i p l e  mode ( o r  dom inant  
complex p o l e - p a i r )  of  t h e  c l o s e d  l o o p  sys tem .  The 
a p p ro a ch  e s s e n t i a l l y  i s  of a ssum ing  t h a t  t h e  sys tem  i s  
a p p r o x i m a t e ly  second o r d e r  and i t s  a c c u ra c y  d epends  on 
th e  a c c u ra c y  of t h e  a p p r o x i m a t i o n .
More r e c e n t l y  Meadows (14) a n a l y s e d  i n  d e t a i l  
t h e  p o s s i b l e  f r e q u e n c y  re s p o n se s  of  a  t h i r d  o r d e r  ty p e  1 
sys tem .  Taken i n  c o n j u n c t i o n  w i t h  a p a p e r  by th e  p r e s e n t  
a u t h o r  (15) which  summarised t h e  r e l a t i o n s h i p  be tw een  th e  
n o r m a l i s e d  p o l e - z e r o  p a t t e r n  of t h i s  c l a s s  of sy s te m s
w i t h  th e  t r a n s i e n t  b e h a v io u r ,  i t  would p r o v i d e  a c l o s e  
f r e q u e n c y - t i m e  c o r r e l a t i o n ,  b u t  r e g r e t t a b l y  on ly  f o r  
th e  l i m i t e d  c l a s s  of sy s te m s .
1*3*2 Root l o c u s  m ethods .
The r o o t  l o c u s  method was deve loped  by Evans 
( 1 6 ,1 7 )  i n  o r d e r  t o  p r o v id e  a  b e t t e r  c o n t r o l  o v e r  t h e  
t r a n s i e n t  r e s p o n s e .  While  t h i s  ap p ro a ch  does  in d eed  by 
i t s  v e ry  n a t u r e  keep  th e  g e n e r a l  form of th e  t r a n s i e n t  
r e s p o n s e  c o n s t a n t l y  i n  e v id e n c e ,  th e  q u a n t i t a t i v e  
c o r r e l a t i o n  between th e  p o l e - z e r o  p a t  t e r n :  arid *:tthe 
t r a n s i e n t  r e s p o n s e  f o r  sy s tem s  of any c o m p le x i ty  i s  
s t i l l  d i f f i c u l t  (2 7  p . 2 8 5 ) .
Root l o c u s  methods pose  th e  a d d i t i o n a l  d i f f i c u l t y  
t h a t ,  b e f o r e  th ey  can  be a t t e m p t e d ,  t h e  sy s te m  b e in g  
compensa ted  ( i . e .  t h e  open l o o p  c o n s t r a i n t )  must  be 
ap p ro x im a te d  by a  t r a n s f e r  f u n c t i o n .  The t r a n s f e r  
f u n c t i o n  p a r a m e t e r s  i n  p r a c t i c e  a r e  o b t a i n e d  f rom  t h e  
measured  f r e q u e n c y  r e s p o n s e  (1 8 - 2 3 ) ,  f rom t r a n s i e n t  
m easurem ents  ( 2 4 , 7 0 , 7 1 \ o r  ty th e  u s e  of c r o s s - c o r r e l a t i n g  
f i l t e r s  (2 5 , 2 6 ) .
Once th e  t r a n s f e r  f u n c t i o n  of th e  open lo o p  
c o n s t r a i n t  h a s  been  o b t a i n e d ,  v a r i o u s  c o m p e n sa t io n  
schemes may be t r i e d  o u t .  As w i t h  th e  f r e q u e n c y  
r e s p o n s e  m ethods ,  i f  t h e  o b j e c t  i s  to  p roduce  a  s t a b l e  
sy s tem  h a v in g  only a g e n e r a l l y  s p e c i f i e d  t r a n s i e n t  
r e s p o n s e ,  and now i n  a d d i t i o n ,  h a v in g  only a  g e n e r a l l y  
s p e c i f i e d  f r e q u e n c y  r e s p o n s e ,  t h e  method i s  s a t i s f a c t o r y .
The e f f e c t  on th e  r o o t  l o c u s  of i n t r o d u c i n g  t h e  
commonly u sed  forms of c o m p e n sa t io n  a r e  c o v e red  i n  
s t a n d a r d  t e x t s  (2 7 , 2 8 ) and a g r e a t  d e a l  of i n f o r m a t i o n  
a b o u t  r o o t  l o c u s  sh a p e s  h a s  been compiled  by W i l l i a m s o n  (*C
and L o v e r in g  and W il l ia m so n  ( 4 1 ) .  I f  a c l o s e  c o n t r o l  
ove r  the t r a n s i e n t  and f r e q u e n c y  r e s p o n s e  i s  r e q u i r e d ,  
however, d i f f i c u l t i e s  a r i s e .
F o r  a  s y n t h e s i s  method,  t h e  f i r s t  s t e p  i s  t o  
choose a c lo s e d  lo o p  t r a n s f e r  f u n c t i o n  which  s a t i s f i e s  
t h e  s p e c i f i c a t i o n .  I t  i s  im m e d ia te ly  i n  t h i s  f i r s t  
s t e p  t h a t  t h e  d i f f i c u l t  c o r r e l a t i o n  he tw en  a p o l e - z e r o  
p a t t e r n  and t h e  c o r r e s p o n d i n g  f r e q u e n c y  and t r a n s i e n t  
pe r fo rm ance  becomes a p p a r e n t .  The most common an sw er  
to  t h i s  d i f f i c u l t y  i s  t h e  a d o p t i o n  of th e  dominant  p o le  
p a i r  a p p r o x i m a t i o n  *i . e . a p p r o x i m a t i o n  t o  a second o r d e r  
sys tem  ( 3 6 ) .  E x te n s i o n s  t o  t h i r d  o r d e r  sy s te m s  have 
been  d e s c r i b e d  by H ig g in s  and L e v i n t h a l  (29) H a u se n b au e r  
and Lago (30) and the  p r e s e n t  a u t h o r  ( 1 5 ) .  T r u x a l  (
(27  ch. 5 ) d i s c u s s e s  a method o r i g i n a t e d  by G u i l l e m in  i n  
which  th e  c lo s e d  l o o p  t r a n s f e r  f u n c t i o n  i s  assumed t o  be 
dominated by a complex po le  p a i r  and one z e r o .  Amy 
o t h e r  p o l e s  a r e  assumed t o  be s u f f i c i e n t l y  f a r  i n  th e  
l . h . p .  o r  s u f f i c i e n t l y  c l o s e  to  a z e r o  not t o  a f f e c t  
t h e  p e r fo rm ance  s i g n i f i c a n t l y .  Horow itz  (31)  p r e s e n t s  
i n f o r m a t i o n  a b o u t  th e  f r e q u e n c y  and t r a n s i e n t  b e h a v i o u r  
of a  more c o m p l i c a te d  p o l e - z e r o  p a t t e r n ,  g i v e n  by
T(S)  ---------------------------+   1 . 3 .  3
(s  + b ± j c ) ( s  + d ) ( s  + e ) ( s  + g)
The number of v a r i a b l e  p a r a m e t e r s  means,  however ,  
t h a t  even a number of f a m i l i e s  of c u rv e s  can  summarise 
on ly  a few p o s s i b l e  p e r f o r m a n c e s .  E lg e r d  and S te p h e n s  
(48) p r e s e n t  a  number of f a m i l i e s  of c u rv e s  g i v i n g  t h e  
s t e p  r e s p o n s e  of some s e l e c t e d  p o l e - z e r o  p a t t e r n s .
Once t h e  r e q u i r e d  c l o s e d  l o o p  t r a n s f e r  f u n c t i o n  
T ( s )  i s  chosen ,  a number of m ethods  a r e  a v a i l a b l e  f o r
c a l c u l a t i n g  t h e  r e q u i r e d  co m p e n sa t io n .  I f  a  u n i t y  
f e e d b a c k  c o n f i g u r a t i o n  i s  assumed,  th e n ,  once t h e  c lo s e d  
l o o p  t r a n s f e r  f u n c t i o n  T (s )  i s  chosen ,  th e  c o r r e s p o n d i n g  
open lo o p  t r a n s f e r  f u n c t i o n  G(s) i s  u n i q u e l y  s p e c i f i e d .  
S in c e  i n  p r a c t i c e  G(s) must i n c o r p o r a t e  th e  p l a n t  (open 
lo o p  c o n s t r a i n t )  c a n c e l l a t i o n  com p en sa t io n  i s  o f t e n  
c a l l e d  f o r  (27 p. 309)* T h is  does no t  r e p r e s e n t  a  
s e r i o u s  d i f f i c u l t y  s i n c e  c o m p e n sa t in g  z e r o e s  can r e a d i l y  
be l o c a t e d  anywhere i n  t h e  l e f t  h a l f  complex p l a n e  by 
means of p a s s i v e  RC n e tw o rk s  (72) and,  i f  n e c e s s a r y ,  
co m pensa t in g  complex p o l e s  may be o b t a i n e d  by a c t i v e  
RC n e tw o rk s .
A number of a u t h o r s  have s p e c i f i c a l l y  t r i e d  t o  
choose  t h e  c lo s e d  l o o p  t r a n s f e r  f u n c t i o n  no t  on ly  to  
meet th e  s p e c i f i c a t i o n ,  bu t  a l s o  t o  r e s u l t  i n  a s  s im p le  
a c o m p en sa t io n  ne tw ork  a s  p o s s i b l e  g iv e n  t h e  open lo o p  
c o n s t r a i n t  (4 ,  32-35,  37)* As p o i n t e d  out by one of t h e  
a u t h o r s  however  ( 33 ) t h e r e  i s  no g u a r a n t e e  of  con v e rg en c e  
i n  t h i s  a p p ro a c h .
! •  3* 3 S t a n d a r d  form a p p ro a c h .
The f r e q u e n c y  r e s p o n s e  and r o o t  l o c u s  m ethods  
c o n s i d e r e d  i n  th e  l a s t  two s e c t i o n s  sough t  t o  s a t i s f y  
t h e  commonly u sed  p e r fo rm an ce  i n d i c e s .  None of t h e  
methods a l l o w s  an e a sy ,  s i m u l t a n e o u s  c o n t r o l  of b o t h  
f r e q u e n c y  and t r a n s i e n t  r e s p o n s e  i n d i c e s ,  and b e c a u s e  of 
t h i s  a  t o t a l l y  d i f f e r e n t  a p p ro a c h  a l s o  e x i s t s .
I t  c o n s i s t s  of c h o o s in g  some o v e r a l l  c r i t e r i o n  
of sys tem  p e r fo rm an c e  i n s t e a d  of t h e  i n d i v i d u a l  
pe r fo rm ance  i n d i c e s .  A number of p o s s i b l e  p e r fo rm an c e  
c r i t e r i a  have  been  i n v e s t i g a t e d  (38,  39) ,  th e  minimum ITAE
c r i t e r i o n  b e i n g  shown to  have some a d v a n t a g e s .  Based 
on t h i s  c r i t e r i o n ,  s t a n d a r d  forms of t r a n s f e r  f u n c t i o n  
have  been  p r e p a r e d  (3 8 ) .
T h is  a p p ro a c h ,  however,  i s  no t  a f l e x i b l e  one, i n  
t h a t  a s t a n d a r d  form g i v e s  on ly  one c o m b in a t io n  of th e  
f r e q u e n c y  and t r a n s i e n t  p e r fo rm an c e  i n d i c e s ,  and i f  
a n o t h e r  c o m b in a t io n  i s  c a l l e d  f o r  by th e  s p e c i f i c a t i o n ,  
t h e  s t a n d a r d  form a p p ro a c h  o f f e r s  no g u id a n c e .
1 . 4  C o n c lu s io n s .
I n  t h e  f i r s t  p a r t  of t h i s  c h a p t e r ,  a  s e t  of 
pe r fo rm ance  i n d i c e s  was cho sen ,  by means of  w h ich  th e  
t r a n s i e n t  and f r e q u e n c y  p e r fo rm an c e  of sy s te m s  can  be 
s p e c i f i e d  w i t h  r e a s o n a b l e  p r e c i s i o n .
I n  t h e  second  p a r t ,  some e x i s t i n g  sy s te m s  and 
d e s i g n  methods a r e  b r i e f l y  c o n s i d e r e d .  The c o n c l u s i o n s  
r e a c h e d  a r e  t h a t  th e  f r e q u e n c y  r e s p o n s e  m ethods  d i s c u s s e d  
do a l l o w  f r e q u e n c y  p e rfo rm an c e  i n d i c e s  t o  be s a t i s f i e d  
bu t  do n o t  a l l o w  t r a n s i e n t  p e r fo rm an c e  i n d i c e s  t o  be 
s a t i s f i e d ,  o t h e r  t h a n  by t r i a l  and e r r o r .
The c o n c l u s i o n s  r e l a t i n g  to  th e  s - p l a n e  m ethods  
c o n s i d e r e d  a r e  t h a t  w h i l e  t h e y  do p e rm i t  t h e  d e s i g n  of 
co m p e n sa t io n  t o  p r o v id e  any d e s i r e d  c lo s e d  l o o p  p o l e - z e r o  
p a t t e r n ,  t h e y  do n o t  p e rm i t  an e a sy  c o r r e l a t i o n  of such 
a p a t t e r n  w i t h  th e  c o r r e s p o n d i n g  f r e q u e n c y  and t r a n s i e n t  
p e r fo rm an c e .
I t  i s  hoped t o  d e m o n s t r a t e  i n  th e  s u c c e e d i n g  
c h a p t e r s t h a t  t h e  p r e s e n t  method r e p r e s e n t s  an improvement 
on t h e s e  m ethods ,  In  t h a t  i t  p e r m i t s  any e a s y  q u a n t i t a t i v e  
c o r r e l a t i o n  be tw een  th e  f r e q u e n c y  and t r a n s i e n t  p e r fo rm ­
ance  i n d i c e s  of sy s te m s  w i t h  a  s p e c i f i e d  p o l e - z e r o  e x c e s s .  
T h is  means t h a t  t h e  p o l e - z e r o  e x c e s s  of th e  p l a n t  t o  be 
compensated can  be t a k e n  i n t o  a c c o u n t  r i g h t  a t  t h e  o u t s e t .
CHAPTER 2
CALCULATION OP THE TRANSIENT RESPONSE OF A LINEAR SYSTEM 
FROM ITS FREQUENCY RESPONSE! PART I  (THEORETICAL BASIS).
2 . I  I n t r o d u c t i o n
The t r a n s i e n t  r e s p o n s e  of a sy s tem  i s  o f t e n  an 
i m p o r t a n t  a s p e c t  of i t s  p e rfo rm an c e ,  and even when i t  
i s  n o t  of p r im a ry  im p o r ta n c e ,  a d e s i g n  s tu d y  would n o r m a l ly  
i n c l u d e  i t s  e v a l u a t i o n .  C u s to m a r i ly ,  the  im p u lse  and 
s t e p r e s p o n s e  i s  c o n s i d e r e d  t o  g iv e  a d e q u a te  i n f o i m a t i o n  
a bou t  t h e  t r a n s i e n t  b e h a v io u r .
I f  th e  d e s i g n  i s  c a r r i e d  out  i n  th e  s - p l a n e  i n  
t e rm s  of th e  sys tem  t r a n s f e r  f u n c t i o n ,  and i f  t h e  t r a n s f e r  
f u n c t i o n  i s  known i n  f a c t o r e d  form, t h e  t r a n s i e n t  r e s p o n s e  
may s t r a i g h t f o r w a r d l y  be o b ta in e d  by i n v e r t i n g  t h e  
t r a n s f o r m  of th e  s t e p  and im pu lse  r e s p o n s e .  A l th o u g h  th e  
i n v e r s i o n  i s  s t r a i g h t f o r w a r d ,  i t  can  be a l a b o r i o u s  p r o c e s s  
and some methods have  been  d ev e lo p ed  t o  s i m p l i f y  i t .
Hazony and R i l e y  (42) and a l s o  B i l l i n g s l e y  and R e k o f f  (43) 
d e s c r i b e  a s i m p l i f i e d  method f o r  t h e  e v a l u a t i o n  of t h e  
r e s i d u e s  of m u l t i p l e  p o l e s .  I f  t h e  sy s tem  t r a n s f e r  
f u n c t i o n  i s  no t  known i n  f a c t o r e d  form, C o r r i n g t o n  (44) 
and a l s o  Boxer and T h a l e r  (45) d e s c r i b e  methods of  o b ta in in g  
t h e  t r a n s i e n t  r e s p o n s e  from t h e  t r a n s f o r m  e x p r e s s e d  a s  a 
r a t i o  of p o ly n o m ia l s ,  F i n a l l y ,  i f  i n f o r m a t i o n  a b o u t  t h e  
o v e r a l l  form of t h e  t r a n s i e n t  r e s p o n s e  i s  a l l  t h a t  i s  
r e q u i r e d  ( e . g .  t h e  p r e s e n c e  or o t h e r w i s e  of any o v e r s h o o t ) ,  
M u l l i g a n  (4 6 ,4 7 )  E lg e r d  and S t e p h e n s  ( 4 8 ) ,  Zemanian ( 4 9 ,5 0 ,  
5 1 ,5 2 , 5 3 )  aud a l s o  Matkowsky and Zemanian (54) h ave  
com pi led  a g r e a t  d e a l  of i n f o i m a t i o n  a b o u t  t h e  c o r r e l a t i o n
b e tw e e n  th e  g e n e r a l  p r o p e r t i e s  of th e  t r a n s i e n t  r e s p o n s e
and v a r i o u s  p o l e - z e r o  p a t t e r n s  i n  th e  s - p l a n e .
I f  t h e  d e s i g n  i s  c a r r i e d  out  in  te rm s  of t h e  
f r e q u e n c y  r e s p o n s e ,  and i f  a g a i n  only  o v e r a l l  i n f o r m a t i o n  
a b o u t  t h e  t r a n s i e n t  r e s p o n s e  i s  r e q u i r e d ,  th e n  a p p r o p r i a t e  
r e s u l t s  and p r o c e d u r e s  a r e  p r e s e n t e d  by Ghu ( 5 5 )*
Approximate  q u a l i t a t i v e  r e l a t i o n s h i p s  b e tw ee n  th e
f r e q u e n c y  r e s p o n s e  and a s p e c t s  of th e  t r a n s i e n t  r e s p o n s e
a r e  p r e s e n t e d  by J a w o r s k i  ( 5 6 ) .  West and P o t t s  (58) 
d e s c r i b e  a p r o c e d u r e  f o r  e v a l u a t i n g  th e  dominant complex 
p a i r  of c lo s e d  lo o p  p o l e s  ( a s su m in g  th e  sy s te m  h a s  one ) ,  
f ro m  t h e  open lo o p  f r e q u e n c y  r e s p o n s e .  W e s t c o t t  (57)  
d e s c r i b e s  a p r o c e d u r e  f o r  c o r r e l a t i n g  th e  im pu lse  r e s p o n s e  
w i t h  th e  f r e q u e n c y  r e s p o n s e .  ( A l l  t h r e e  r e f e r e n c e s  a r e  
d i s c u s s e d  i n  more d e t a i l  i n  s e c t i o n  I . 3*1*)•
F o r  th e  d e t a i l e d ,  e v a l u a t i o n  of th e  t r a n s i e n t  r e s p o n s e  
f rom  t h e  f r e q u e n c y  r e s p o n s e ,  m ethods  a r e  p r e s e n t e d  by 
G-uil lemin (63 ) ,  F loyd  (6 5 ) ,  S t a l l a r d  ( 5 9 ) ,  Dawson ( 6 1 ) ,  Hamos , 
J a n s s o n  and P e r s s o n  (64) B edfo rd  and F r e d a n d a l l  (60)',. and 
a l s o  S o lodovn ikov ,  Topcheev and K r u i ik o v a  ( 6 6 ) .
The method p r e s e n t e d  i n  c h a p t e r s  2 and 3 of t h e  
p r e s e n t  work a l s o  f a l l s  i n t o  t h i s  c a t e g o r y  and, once i t  
h a s  b een  d i s c u s s e d ,  w i l l  be compared vd.th th e  m ethods  i n  
r e f e r e n c e s  (5 9 ,6 1 ,  63 - 6 6 ) .
2 .2  M a th e m a t i c a l  background of f r e q u e n c y - t i m e  c o r r e l a t i o n .
The m a t h e m a t i c a l  t h e o r y  i n v o lv e d  i s  t r e a t e d  i n  
s t a n d a r d  works ( 2 7 , 6 3 ) bu t  i s  b r i e f l y  summarised h e r e  f o r  
t h e  sak e  of c o m p le te n e s s .
L e t  T (s )  be t h e  c lo s e d  l o o p  t r a n s f e r  f u n c t i o n  of t h e  
s y s te m  whose t r a n s i e n t  r e s p o n s e  i s  r e q u i r e d .  The im p u l s e  
of t h e  sys tem  i s  t h e n  g iven  by*
h ( t )  = / T ( s ) e x p ( s t )  ds 2 . 2 . 1 .
2nd p r
where  Br s t a n d s  f o r  t h e  B rom w i tc h co n to u r  which mast  p a ss  
t o  t h e  r i g h t  of a l l  s i n g u l a r i t i e s  of T ( s ) .
I t  w i l l  "be assumed t h a t :
a) T (s )  i s  a r a t i o n a l  f u n c t i o n .
h) T (s )  h a s  no s i n g u l a r i t i e s  i n  t h e  r i g h t  h a l f  
of t h e  s - p l a n e .
c)- As s t e n d s  to  i n f i n i t y ,  T ( s )  t e n d s  t o  z e r o .
B e a r in g  i n  mind t h a t  T (s )  i s  t h e  c lo s e d  l o o p  
t r a n s f e r  f u n c t i o n ,  t h e  f i r s t  c o n d i t i o n  r e s t r i c t s  t h e  
sy s te m s  u n d e r  c o n s i d e r a t i o n  to  he l i n e a r  w i t h  lumped 
p a r a m e t e r s .
The second c o n d i t i o n  e x c lu d e s  u n s t a b l e  sy s te m s  and 
an i d e a l  i n t e g r a t o r .  The l a t t e r  i n  f a c t  can be t r e a t e d  
by t h e  same method t h a t  i s  used  i n  t h i s  c h a p t e r  t o  r e l a t e  
t h e  s t e p  r e s p o n s e  to  T ( s ) .
The f i n a l  c o n d i t i o n  i m p l i e s  th e  e x c e s s  of p o l e s  
o v e r  zero&'S of  T ( s )  to  be a t  l e a s t  one. I f  t h i s  c o n d i t i o n  
i s  no t  f u l f i l l e d ,  t h e  sys tem  im p u lse  r e s p o n s e  i t s e l f  
c o n t a i n s  im p u l s iv e  components .  I n  su c h  c a s e s  a  t r a n s f e r  
f u n c t i o n  f u l f i l l i n g  th e  s t a t e d  c o n d i t i o n s  can be d e r i v e d  
f rom  t h e  o r i g i n a l  t r a n s f e r  f u n c t i o n  by d i v i d i n g  th e  
n u m e r a to r  po lynom ia l  by th e  d e n o m in a to r  p o ly n o m ia l .  
V i r t u a l l y  a l l  p r a c t i c a l  sys tem s,  however, would f u l f i l l  
t h i s  c o n d i t i o n .
With t h e s e  r e s t r i c t i o n s ,  t h e  B rom w itch<con tour  .can
be made c o i n c i d e n t  w i th  th e  im a g in a r y  a x i s ,  so t h a t
T (s )  becomes T(ja)) ,  t h e  c lo s e d  lo o p  f r e q u e n c y  r e s p o n s e .
The im pu lse  r e s p o n s e  i s  t h e n  g iv e n  by:
+ i n f .
h ( t )  = /  T(ju))exp( jtot) dco 2 . 2 . 2 .
-  i n f .
w h ich  i s  t h e  F o u r i e r  t r a n s f o r m  r e l a t i o n s h i p  f o r  t h e  sys tem .  
W r i t in g s
T(;jco) = ReT( jco) + jImT(;j(o) , ' £ a2 .3 .
e x p r e s s i o n  2 . 2 . 2 . becomes
+ in f .
h ( t )  / [ReT(ow) + jImT(3uj) '][cosu)t + j s i n u t ]  d-o
- i n f .
= YJt / [ R e T (  jw) coscot -  ImT( jco) sincot]
-  inF
+ i n f .  ■ ■
+ J -  / [ R e T (  ju))sino)t + TmT( jco) coscut ] . . .  2 . 2 . 4 .  
- i n f .
Both i n t e g r a l s  a r e  p r i n c i p a l  v a l u e s ,  hence  t h e
second  i n t e g r a l  i n  e x p r e s s i o n  2 . 2 . 4  i s  z e ro ,  s i n c e  t h e
i n t e g r a n d  i s  an odd f u n c t i o n  of co. The f i r s t  i n t e g r a l
may be t a k e n  ove r  t h e  p o s i t i v e  f r e q u e n c i e s  on ly ,  s i n c e
t h a  i n t e g r a n d  i s  a n  even f u n c t i o n  of co, g i v i n g
i n f .
h ( t )  = i  / [R e T (  jw)coscot -  ImT(jco)sincot] dco 2 . 2 . 5
71 o
The f i r s t  t e rm  i s  an even f u n c t i o n  of t  and t h e  second
an odd f u n c t i o n  of t .  But w i t h  t h e  s t a t e d  r e s t r i c t i o n s
on T ( s ) ,  h ( t ) = 0  f o r  t <0  hence
i n f .
h ( t )  = — /ReT( ;jco) coscot dco 2 . 2 . 6 .
71 o
and a l s o
i n f .
h ( t )  - - Z  / imT ( jco) sincot dco 2 . 2 . 7 .
ft o
The s t e p  r e s p o n s e  of t h e  sy s te m  i s  g iven  by:
u ( n  = i ~ r  / % !  e x p ( s t )  ds 2 . 2 . 8 ,
Br s
A l though  t h e r e  i s  now a s i n g u l a r i t y  a t  th e  o r i g i n ,
t h e  i n t e g r a l  can s t i l l  be e v a l u a t e d  a lo n g  i h e  i m a g i n a r y
a x i s  b e c a u se  i t  i s  a p r i n c i p a l  v a l u e .  Again  t h e  odd
f u n c t i o n  i n  co g i v e s  a z e r o  n e t t  c o n t r i b u t i o n ,  h e n ce
+ i n f .  . .
u ( t )  = i  + J M ( l ^ ) c,osg t  dhl 2>2<9,
2'ft . n co co j- i n f .
Again  i t  can  "be se en  t h a t  t h e  f i r s t  te rm  i s  an odd 
f u n c t i o n  of t ,  w h i l e  th e  second i s  a n  even  f u n c t i o n  of t .  
S in c e  u ( t ) = 0  f o r  t< 0  ( a s  a consequence  of th e  s t a t e d  
r e s t r i c t i o n s ) ,
i n f
u ( t )  = 2 / R e T ( tju))sinu)t aw 2 . 2 . 1 0 .
71 0  W
and a l s o
i n f .
u / t )  = 2 dt0 2 . 2 . 1 1 .
n o w
E x p r e s s i o n s  2 . 2 . 6  and 2 . 2 . 1 0  a r e  t h e  b a s i s  f o r  th e  
a n a l y s i s  and s y n t h e s i s  methods t o  be d e s c r i b e d .  The 
c h o ic e  be tween  them and e x p r e s s i o n s  2 . 2 . 7  and 2 . 2 . 1 1  i s  
a r b i t r a r y  a s  f a r  a s  p r a c t i c a l  sys tem  a n a l y s i s  i s  c o n c e rn e d .  
T h e o r e t i c a l l y  t h e  two s e t s  of e x p r e s s i o n s  d i f f e r  i n  
s p e c i f y i n g  th e  b e h a v i o u r  of th e  t im e  f u n c t i o n  f o r  t = 0 , 
s i n c e  ReT(jw) i s  an even f u n c t i o n  w h i l e  ImT(jw) i s  an  odd 
f u n c t i o n  of w. I n  p r a c t i c a l  te rm s  t h i s  d i f f e r e n c e  i s  
i m m a t e r i a l ,  s i n c e  n e i t h e r  a n a l y s i s  n o r  s y n t h e s i s  of 
p r a c t i c a l  sys tem s i s  c a r r i e d  out w i t h  a b s o l u t e  a c c u r a c y .
2 . 3  A p p ro x im at ion  of th e  r e a l  p a r t  p l o t .
E x p r e s s i o n s  2 . 2 . 6  and 2 . 2 . 1 0  l i n k  th e  im p u lse  and 
s t e p  r e s p o n s e s  of a  sys tem  w i t h  th e  r e a l  p a r t  of i t s  
f r e q u e n c y  r e s p o n s e .  I n  o r d e r  t o  e v a l u a t e  th e  i n t e g r a l s , t h e  
r e a l  p a r t  p l d t  i s J f i r s t  apprdxim aged  by s i m p l e r  c u r v e s .  The 
f i r s t  s t e p  i n  t h i s  p r o c e s s  i s  t o  d i v i d e  th e  r e a l  p a r t  p l o t  
i n t o  two r e g io n s ?  A h ig h  f r e q u e n c y  r e g i o n ,  r e f e r r e d  t o  a s  
t h e  a sy m p o t ic  r e g i o n ,  f o r  f r e q u e n c i e s  h i g h e r  t h a n  a ch o sen  
t r u n c a t i o n  f r e q u e n c y ,  and an  i n t e r m e d i a t e  r e g i o n  f o r  
f r e q u e n c i e s  lo w e r  t h a n  t h e  t r u n c a t i o n  f r e q u e n c y .  The 
c h o ic e  of th e  t r u n c a t i o n  f r e q u e n c y  and th e  d e t a i l s  of th e  
a p p r o x i m a t i o n  a r e  p r e s e n t e d  i n  t h e  nex t  s e c t i o n .
2 . 3 . I  A p p ro x im a t io n  of t h e  a s y m p o to t i c  r e g i o n  of  th e
r e a l  p a r t  p l o t
To e s t a b l i s h  th e  b e h a v i o u r  of th e  r e a l  p a r t  of 
T(;jto) a t  h i g h  f r e q u e n c i e s ,  l e t
b + b^Cjto) b (jto) B + p ^ I
T ( j w )  = - 2 ---------~------------------------3 ------- =  = — ---------------------- 2 , 3 , 1
a Q + a x ( j a ) )  Ar  + j
where i t  i s  assumed t h a t  m>n. Hence
A B + A . B. o ■j o
ReT(jo)) = -■£ ■-£-------^  2 .3 « 2 .
A + A. r  l
The h i g h e s t  o r d e r  te rm  i n  t h e  d e n o m in a to r  o f  
e x p r e s s i o n  2 . 3 .2  i s  o w h e t h e r  th e  d e n o m in a to r  of 
e x p r e s s i o n  2 .3*1  i s  of even  or odd o r d e r .  I f  m and n  
a r e  b o t h  even o r  b o t h  odd, t h e  h i g h e s t  o r d e r  t e rm  i n  t h e  
n u m e r a to r  of e x p r e s s i o n  2 . 3 *2 . i s  w^m+n^, w h i l e  i f  one i s  
even  and one odd, t h e  h i g h e s t  o r d e r  t e rm  i s  to^m+n~*^.
S in c e  t h e  a s y m p t o t i c  b e h a v i o u r  i s  governed  by th e  
h i g h e s t  o r d e r  te rm s  i n  t h e  n u m e r a to r  and d e n o m in a to r ,  i t  
c an  be se en  th a t*
F o r  m and n  b o t h  even  o r  b o t h  odd,
u (m+n) . ,
ReT(j(o)
io2m wm- nto i n f .
While f o r  one even and one odd,
(m+n-1)
ReT(jto) w
Thus i n  b o t h  c a s e s ,
, 2 m . , jn-n+1
to — - i n f . to ' to
ReT( jto) 1
w i n f . w h e r e  N i s  an  even  i n t e g e r .
N i s  e q u a l  t o  th e  e x c e s s  of p o l e s  o ve r  z e r o e s  of 
T ( s )  i f  t h e  e x c e s s  i s  even, o r  i t  i s  one g r e a t e r  t h a n  th e  
e x c e s s  i f  t h i s  i s  odd.
The a p p r o x i m a t i o n  of th e  a s y m p t o t i c  r e g i o n  of th e  
r e a l  p a r t  p l o t ,  t h e r e f o r e ,  c o n s i s t s  of l o c a t i n g  a t r u n c a t i o n  
f r e q u e n c y ,  u> , "beyond which th e  t r u e  r e a l  p a r t  p l o t  
a p p ro a c h e s  th e  a s y m p t o t i c  b e h a v io u r  w i t h i n  a d e s i r e d  
t o l e r a n c e ,  and r e p l a c i n g  th e  t r u e  r e a l  p a r t  p l o t  by
n  N
ReT(jw) =  A0 ( - # )  f o r  oj > u>0 . 2 . 3 - 1
where Ac i s  th e  v a lu e  of th e  t r u e  r e a l  p a r t  p l o t  a t  to .
V
I n  p r a c t i c e ,  t h e  c h o ic e  of a s u i t a b l e  w and N i s  
most r e a d i l y  done w i t h  t h e  a id  of a  p l o t  of l o g  ReT(jto) 
a g a i n s t  logo). The p r o c e s s  i n v o lv e d  i s  i l l u s t r a t e d  i n  
f i g .  2 . 1 .
P i g . 2 . I . a  shows th e  f r e q u e n c y  r e s p o n s e  ( i n  p o l a r  
fo rm ) ,  f o r
OJ
T( jto) = ■ g S------------------2 2. 3-2
(jto) + 1.4ton (jio) + ton
P ig .  2 .1 .  b shows th e  c o r r e s p o n d i n g  ReT(ja)'), and 
f i g .  2. I . e .  shows a p l o t  of l o g  ReT(jco) a g a i n s t  logoo. Shown 
a l s o  i n  f i g . 2 . I . c  i s  t h e  -12  d b / o c t a v e  a s y m p to te .  B e a r i n g  
i n  mind t h a t  i n  p r a c t i c e  the  f r e q u e n c y  r e s p o n s e  would on ly  
be known w i t h i n  t h e  t o l e r a n c e  of t h e  measurement t e c h n i q u e  
u s e d ,  i t  i s  c l e a r  t h a t  t a k i n g  to a s  say  10  sh o u ld  g iv e  good 
a c c u r a c y .
The e f f e c t  of t h e  c h o ic e  of to upon th e  a c c u r a c y  i n  
c o n s i d e r e d  i n  more d e t a i l  i n  th e  n e x t  c h a p t e r ,  where  i t  i s  
shown t h a t  a much lo w er  v a lu e  f o r  to s t i l l  g i v e s  good
V
r e s u l t s .
2 . 3 . 2  A p p ro x im a t io n  of th e  i n t e r m e d i a t e r e g i o n of t h e
r e a l  p a r t  p l o t
The i n t e r m e d i a t e  r e g i o n  of t h e  r e a l  p a r t  p l o t  
( i . e .  f o r  to<co ) ,  i s  a p p ro x im a ted  by e q u a l l y  spaced  c o n f l u e n t  
s t r a i g h t  l i n e  segm en ts .  I n  t h e  a p p l i c a t i o n  of t h e  p r e s e n t
•12 41/M tan oojoptoto
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of t h e  segments  a r e  r e q u i r e d .  For  th e  development  of th e  
method,  however,  t h e  t r a p e z o i d s  formed by th e  s t r a i g h t  
l i n e s  a r e  f u r t h e r  s u b d iv id e d  i n t o  t r i a n g l e s ,  a s  i l l u s t r a t e d  
i n  f i g . 2 . 2 .
P i g . 2 . 2 . a  a g a i n  shows t h e  p l o t  of ReT(jw) ( a s  i n  
f i g . 2 . 1 . b ) ,  up t o  and th e  a p p r o x i m a t i n g  s t r a i g h t  l i n e  
segm en ts .  Aq, — Aq a r e  th e  v a l u e s  of  t h e  t r u e  r e a l
p a r t  a t  t h e  j u n c t i o n s  of t h e  seg m en ts .
P i g . 2 . 2 . b shows th e  t r a p e z o i d s  formed by t h e  
segm en ts  s u b d iv id e d  i n t o  t r i a n g l e s .  I t  w i l l  be s e e n  t h a t  
1*he a r e a  u n d e r  t h e  s t r a i g h t  l i n e  segment a p p r o x i m a t i o n  i s  
t h u s  t h e  sum of t h e  a r e a s  o f  a  number of  i s o s c e l e s  
t r i a n g l e s  p l u s  two end t r i a n g l e s .  The e f f e c t  of t h e  
number of segm ents  u sed  upon th e  a c c u r a c y  i s  c o n s i d e r e d  
i n  more d e t a i l  i n  t h e  n e x t  c h a p t e r .
2 -3 * 3  Q u a l i t a t i v e  comments on t h e  a c c u r a c y  of t h e
a p p r  ox ima t  i  on .
The e r r o r s  in v o lv e d  i n  t h e  method a r e  i n t r o d u c e d  
i n  t h e  a p p r o x im a t io n  of th e  tr im  r e a l  p a r t  p l o t  by s i m p l e r  
c u r v e s .  AJJ su b s e q u e n t  c a l c u l a t i o n s  a r e  e E a c t .
Q u a l i t a t i v e l y  t h e  d e g re e  of a p p r o x i m a t i o n  i n v o l v e d  
i s  r e a d i l y  a s s e s s a b l e .  T h is  i s  b e c a u s e  s e c t i o n s  of t h e  
r e a l  p a r t  p l o t  g iv e  components  of t h e  im pu lse  and s t e p  
r e s p o n s e  vSaich a r e  a d d i t i v e ,  a s  a consequence  of  t h e  
l i n e a r i t y  of t h e  i n t e g r a l  r e l a t i o n s h i p s  2 . 2 . 6  and 2 . 2 . 1 0 . 
Thus t h e  d e g re e  of a p p ro x i m a t i o n  i n  t h e  t ime domain i s  
l i n e a r l y  r e l a t e d  t o  th e  deg ree  of a p p r o x i m a t i o n  i n  t h e  
f r e q u e n c y  domain (6 3  p . 662) .
I n  p r a c t i c a l  te rm s ,  t h e r e f o r e ,  b e a r i n g  i n  mind t h a t  
t h e  t r u e  r e a l  p a r t  p l o t  i s  on ly  known w i t h i n  t h e  a c c u r a c y
of  t h e  m easurem ents ,  a q u a l i t a t i v e  a p p r a i s a l  of t h e  deg re e  
of a p p ro x im a t io n ,  gu ided  hy th e  q u a n t i t a t i v e  r e s u l t s  
p r e s e n t e d  i n  c h a p t e r  3y should  p rov e  s u f f i c i e n t .
2 .4  C o n t r i b u t i o n  of s e c t i o n s  of t h e  a p p r ox im a te  r e a l  
p a r t  p l o t  to  t h e  im pu lse  and s t e p  r e s p o n s e .
The c o n t r i b u t i o n s  to  th e  im p u lse  r e s p o n s e  due t o  th e  
i n t e r m e d i a t e  r e g i o n  of th e  a p p ro x im a te  r e a l  p a r t  p l o t  a r e a  
o f  t h r e e  t y p e s ;
Due t o  th e  i s o s c e l e s  t r i a n g l e s ,  d e s i g n a t e d  h a ( t ) .
Due t o  th e  end t r i a n g l e  a t  z e r o  f r e q u e n c y ,  d e s i g n a t e d
hb ( t ) .
Due t o  t h e  end t r i a n g l e  a i  w , d e s i g n a t e d  h c ( t ) .
The c o n t r i b u t i o n  to  t h e  im p u lse  r e s p o n s e  due t o  th e  
a s y m p t o t i c  r e g i o n  of t h e  a p p ro x im a te  r e a l  p a r t  p l o t  i s  
d e s i g n a t e d  h e ( t ) .
The c o r r e s p o n d i n g  c o n t r i b u t i o n s  to  t h e  s t e p  r e s p o n s e  
a r e  d e s i g n a t e d  u a ( t ) ,  u b ( t ) ,  u c ( t ) ,  and u e ( t )  r e s p e c t i v e l y .
2 . 4 . 1 .  C o n t r i b u t i o n s  h a ( t )  and u a ( t ) .
Each i s o s c e l e s  t r i a n g l e  i s  of th e  foim shown i n
f i g .  2 . 3 .  a .  The t r i a n g l e ,  w hich  fo rm s  a p a r t  of t h e
i n t e r m e d i a t e  r e g i o n  of ReT(jto) i s  d e s c r i b e d  by
A, w A,
ReT(jco) = -  — (w, -  X) f o r  w<to, 2 . 4 . 1 .
X  X  K  K
and
A-iii) A,
ReT(jto) = -  - J i  + -i^(to. + X )  f o r  cox*), • 2 . 4 . 2 .
\  X K *
S u b s t i t u t i o n  of t h e s e  e x p r e s s i o n s  f o r  ReT(jw)
i n t o  e x p r e s s i o n  2 . 2 . 6  g i v e s  th e  c o n t r i b u t i o n  of t h e
i s o s c e l e s  t r i a n g l e  t o  the  im pu lse  r e s p o n s e  ( h a ( t ) ) ,
and s u b s t i t u t i o n  i n t o  e x p r e s s i o n  2 . 2 . 1 0  g i v e s  t h e
c o n t r i b u t i o n  t o  t h e  s t e p  r e s p o n s e  ( u a ( t ) ) .
krtf.£.4. Ozmphleal prooaaUtloo of oxproaalon 2 .4 .5 .
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Hence, t h e  im p u l se  c o n t r i b u t i o n  i s
wk • • •
h a ( t )  = — / [ - ^ w  -  —  (wi. -  X)]coscot dco 7t, , X X &wk “X
+ 2. 5*[- •+ + X ) ]coso)t dco 2 .4 * 371 co  ^ X X &
on e v a l u a t i o n  t h i s  g i v e s
L cosco, t  ■ •
h a ( t ) = £  Ak-[—^ f - ( l  - c o s X t )  ] 2 . 4 .  4
f ro m  which  th e  c o n t r i b u t i o n  of any p a r t i c u l a r  i s o s c e l e s  
t r i a n g l e ,  c h a r a c t e r i s e d  by X , A^ ., t o  the  i m p u l s ^ ’ 
r e s p o n s e  a t  t im e  t  cou ld  be fo u nd .
I t  was i n i t i a l l y  e n v is a g e d  t h a t  e x p r e s s i o n  2 . 4 . 4  
would be p r e s e n t e d  a s  a f a m i ly  of  c u r v e s .  I t  was 
r e - a r r a n g e d  as
A k coscovt ook t
ha(io t) = a u [_ _ u —  (x -  cos  rp ) ]  2 . 4 . 5
'k “' -  * JV ' k L(Ukt ) *   ^ " 11
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where k=—  and t a k e s  i n t e g e r  v a l u e s  o n ly .
X
Such a f a m i l y ,  f o r  k=0 -  10 i s  shown i n  f i g . 2 . 4 .  
A l th o u g h  i t  i s  p o s s i b l e  t o  u se  t h e s e  c u rv e s ,  i t  i s  
d i f f i c u l t  t o  d i s t i n g u i s h  t h e  i n d i v i d u a l  l i n e s  i n  p l a c e s .  
The c o r r e s p o n d i n g  f a m i ly  f o r  th e  s t e p  r e s p o n s e  can  be 
e x p e c te d  t o  be even more u n s a t i s f a c t o r y  i n  t h i s  r e s p e c t ,  
s i n c e  i t  i s  formed by i n t e g r a t i n g  t h e  im pu lse  r e s p o n s e  
f a m i l y .
I t  was t h e r e f o r e  d e c id e d  t h a t  t h e  r e s u l t s  would be 
p r e s e n t e d  i n  a t a b u l a t e d  form. A l th o u g h  t h i s  means t h a t  
t h e  im pu lse  and s t e p  can only  be found a t  d i s c r e t e  
i n t e r v a l s ,  t h i s  i s  no t  l i k e l y  t o  be a  s e r i o u s  d raw back  i n  
p r a c t i c e ,  p ro v id e d  th e  t a b u l a t e d  i n t e r v a l  i s  f a i r l y  
s m a l l .  F o r  t a b u l a t i o n ,  e x p r e s s i o n  2 . 4 . 4  was r e - a r r a n g e d  
y e t  a g a i n  q s ;
whore x=u)-^t,; and i s  th e  f r e q u e n c y  of the  f i r s t  b r e a k  
i n  t h e  i n t e r m e d i a t e  r e g i o n  of t h e  ap p ro x im a te  r e a l  p a r t  
p l o t .  To c l a r i f y  th e  . '"no ta t ion  f i g s . 2 . 2 . b and 2. 3 *a 
a r e  r e p e a t e d  a s  f i g .  2.5 w i t h  t h e  n o t a t i o n ,  marked.
I t  w i l l  be s e e n  t h a t  onco th e  a p p r o x im a t io n  t o  
t h e  r e a l  p a r t  p l o t  i s  made, i s  f i x e d  so t h a t  f o r  any 
t im e  t , x  i s  f i x e d .  The c o n t r i b u t i o n  of the  k t h  t r i a n g l e  
i s  t h e n  c h a r a c t e r i s e d  by k and A .^.
S i m i l a r l y ,  s u b s t i t u t i n g  e x p r e s s i o n s  2 . 4 . 1  and
2 . 4 . 2 . i n t o  e x p r e s s i o n  2 . 2 . 1 0  and e v a l u a t i n g  th e  i n t e g r a l  
g i v e s  th e  s t e p  c o n t r i b u t i o n  a s
u a (x )  = A. [ -  — coskx(3^.,~ ?.?-9x_) + £  ( k - 1 ) S i ( x ( k - 1 ) )
&  TC X  TC
-  i  kS i( l tx )  + £  ( k + l ) S i ( x ( k + I ) ) ’ ] 2 . 4 . 7 -
TC 71
where
x
S i ( x )  = ^ g in z
2 . 4 . 2  C o n t r i b u t i o n s  h b ( t )  and u b ( t ) .
The end t r i a n g l e  a t  z e r o  f r e q u e n c y  i s  o f  t h e  form  
shown i n ' f i g .  2. 3 . b .  P o l l  owing th e  same p a t t e r n  of 
c a l c u l a t i o n s  a s  i n  t h e  p r e v i o u s  s e c t i o n ,  c o n t r i b u t i o n s  
. t o  t h e  im pu lse  and s t e p  re s p o n s e s  a r e  o b t a in e d  a s
hb(x)  = to A [ ^  ( r JL _2 °s2 . ) ]  2 . 4 . 8
X U  *JC X
and
u b (x )  = A n [ - 1  (A..,."  C03.x.) + £  s i ( x ) ]  2 . 4 . 9
0  TC X  71
2 . 4 . 3  C o n t r i b u t i o n s  h c ( t )  and u c ( t ) .
The end t r i a n g l e  a t  w i s  shown i n  f i g . 2 . 3 * c, and
V
i t s  c o n t r i b u t i o n s  a r e
h c (x )  = co-^ Ac [ £  s i n k  x(:L-~.„ffiBX) + 2. c o s k - x ( i _ Z —£ 2 ® ) ] 2 .4 .1 0
71 TC C x 2
and
u c (x )  = A0 [ i  ( £ £ £ U o =l)x_-_CO£kcX)
X
-  I  (k 0- X ) ( S i ( k cx )  -  S i ( ( k c - l ) x ) ) ]  2 .4 .3 1
2 * 4 .4 .  C o n t r i b u t i o n s  h e ( t )  and u e ( t )
The c o n t r i b u t i o n  of th e  a s y m p to t i c  r e g i o n  t o
t h e  im pu lse  r e s p o n s e  i s  g iv e n  by:
I n f
he(..±) = ■/ coswt dw 2 . 4 . 1 2
71 'W c  c  w
e v a l u a t i n g  th e  i n t e g r a l  y i e l d s
2 Nr N/ 2- l  (-1)^* coswc t
hS ¥  A°“ ° u H-^ 2r+1  ^ 2T fl(H )
r =0 c I •
q=l
N /2-2
+
r =o  ~o  “ I]"
! I 
d= l
x  ( - l ),r+1 t 2 r + 'L s in w 0-fc
X,_._ " ^ p ^ r T 2 T T r + 2 ^ J
!
i
I n f
t  f s i n w t  ^  2 . 4 . 1 3
N - l  oh a)
T f ( N - q )  °
1=1
where r  i s  v a l i d  only f o r  p o s i t i v e  i n t e g e r  v a l u e s .
The f i n a l  i n t e g r a l  i n  t h e  above e x p r e s s i o n  can  
be c o n v e r t e d  i n t o  a  p r o p e r  i n t e g r a l  by n o t i n g  t h a t
aw = i  -  f s i ™ % aw 2 . 4 . 1 4
OJq o
I t  a g a i n  i s  t h e  i n t e n t i o n  t o  e x p r e s s  2 . 4 . 1 3  i h  
te rm s  of k and t h e  n o r m a l i s e d  t im e  v a r i a b l e  x .  I n  t h i s  
c o n n e c t i o n ,  i t  c an  be s e en  t h a t  e a c h  te rm  of t h e  c o s i n e  
s e r i e s  i n  e x p r e s s i o n  2 . 4 . 1 3  c o n t a i n s  t h e  q u o t i e n t
.|.2r ( twc ? r
w hich  can  be r e - a r r a n g e d  a s  ~— j A  2 . 4 . 1 5
u  1  ^ 0) xc c
"T
The s i m i l a r  q u o t i e n t  i n  th e  s i n e  s e r i e s  may he r e - a r r a n g e d  
a s
( t w c ) 2 r + l  2 . 4 . 1 6
w  N " 1  c
F i n a l l y  i n  t h e  l a s t  t e rm  of e x p r e s s i o n  2 . 4 . 1 3 ,  t ^ " ^  i s  
changed to
(±<s ^N“ l
( taV  2 . 4 . 1 7
N - lKa)C
Then, e x t r a c t i n g  t h e  w te rm  f rom  t h e  d e n o m in a to r
V
and w r i t i n g  tw =k x e x p r e s s i o n  2 . 4 . 1 3  becomes
H /2 -1
h e (x )  = A w [ £  Y  (.- X)  00B*d*.
° ° * ^ ( N - d )
i !
• 1=1
2 \ ~ ~ ~ (YL)r+ 1 ( k cx ) 2r+:L s in k p x  
+ 7i 2r+2
r=o (N-q)
1=1
? (k x ) N 1
+ ( f  ~ S i ( k cx ) )  2 . 4 . 1 8
1=1
For  th e  p u rp o se  of a c t u a l l y  e v a l u a t i n g  h e ( x ) ,  i t  
i s  s i m p l e r  t o  u se  t h e  f o l l o w i n g  r e c u r s i v e  f o r m u la ,  w hich  
i s  d e r i v e d  from e x p r e s s i o n  2 . 4 . 1 8 .
h e(x )M = A (o [— cosk°* _ £  (kox)sinkcx  
N c c n (hY T  71 (N-l) (N-2)
2 ( k c * ) 2 fh0 Y n - 2 . i ' Q
~ n ( N - l )  (N -2 )  ^ A w 'J 2 . 4 . 1 9c c
f o r  N=4, 6, 8------
and
l ie (x )N_2 = A0“ c [ f  c o sk cx  -  ( k cx ) ( - |  -  S i ( k cx ) ) ]  2 . 4 . 2 0
The s t e p  c o n t r i b u t i o n  i s  g i v e n  by 
i n f
u e ( t ) -  % J  A -si-nw.t dwn c voo w 
wc
2 . 4 . 2 1
t /h i c h  on e v a l u a t i o n  gi'
2 s i n k cx
u e ( x ) N -  Ac [ 7l - ^
2 . 5 .  N um erica l  e v a l u a t i o n  of t h e  c o n t r i b u t i o n s
The e x p r e s s i o n s  f o r  t h e  v a r i o u s  c o n t r i b u t i o n s
o b t a i n e d  i n  th e  p r e a e d i n g  s e c t i o n s  a r e  summarised f o r  
c o n v e n i e n t  r e f e r e n c e  i n  t a b l e  2 . 1 .  They a r e  g i v e n  i n  
p e r  u n i t  form and th e  r e f e r e n c e  of  th e  o r i g i n a l  e x p r e s s i o n  
i s  quo ted  i n  e ac h  c a s e .
2 .5 * 1  T a b u la te d  r e s u l t s  f o r  c o n t r i b u t i o n s  ha ,  hb, h e ,
t o  p r e s e n t  t h e s e  c o n t r i b u t i o n s  i n  t a b u l a t e d  form, b e c a u s e  
of  t h e  i m p r a c t i c a b i l i t y  of a  g r a p h i c a l  p r e s e n t a t i o n .
The c o n t r i b u t i o n s  have been  e v a l u a t e d  f o r  a r a n g e  of 
v a l u e s  of k and x and th e  r e s u l t s a r e  g iv e n  i n  t a b l e  2 . 2 .
b e e n  u se d .  As w i l l  become a p p a r e n t  l a t e r ,  sy s te m s  whose 
t r a n s i e n t  r e s p o n s e  i s  r e a s o n a b l y  damped have a f a i r l y  
smooth r e a l  p a r t  p l o t ,  so t h a t  n o r m a l ly  l e s s  t h a n  tw e n ty  
s t r a i g h t  l i n e  segm ents  a r e  s u f f i c i e n t  to  a p p ro x im a te  th e  
p l o t  w i th  good a c c u r a c y  up t o  t h e  t r u n c a t i o n  f r e q u e n c y .
u s e d .  T h is  r a n g e  shou ld  c o v e r  q u i t e  a  l a r g e  r a n g e  of 
p r a c t i c a l  sy s te m s ,  b e c a u se  u s e f u l  v a l u e s  of x  t e n d  t h  be 
s i m i l a r  f o r  d i f f e r e n t  sys tem s ,  s i n c e  t h o s e  w i t h  s m a l l  
b a n d w id th s  have r e s p o n s e  t im e s  w h ich  a r e  l o n g e r  t h a n  of 
t h o s e  w i t h  l a r g e  b a n d w id th s .  Thus j u s t  a s  t h e  g a i n -
and ua ,  ub, u c .
As d i s c u s s e d  i n  s e c t i o n  2 . 4 . 1 ,  i t  was d e c i d e d
I t  m i l  be s e en  t h a t  v a l u e s  of k from 1 - 2 0  have
V alues  of x  f rom  0 -  2 i n  s t e p s  of 0 . 1 have  b e en
TABLE 2 . 1 .
SUMMARY OE EXPRESSIONS GIVING PER UNIT CONTRIBUTIONS 
TO STEP AND IMPULSE RESPONSE
M W  = i  c o sw  f2™COSXl  
A o - w -  tc  C 0 S K X  L 2  Jk 1 X
h~b(x) _ 2. r 1 -  o o sx -i
A (i) tc 2 -*Ao 1 71 X
M s !  ,  I  ( s l o V ( x ^ s i a ,  ,  o o s V  ( O ^ o o ^ j
2 . 4 . 6
2 . 4 . 8
2 . 4 . 1 0
he (x)
~A~uT  c c
w ■ o cosk X  
H  _  £  r  C
TC *-
( V )  ? inKcXi 
i W T  _ (N - l )  (N -2 ) J
(k cx ) 2 r ^ < M N - 2 n
T i n T ( N - 2 ) <• T u  Jc c
2 . 4 . 1 9
and he ( x ) p 9
T I T -  = n [ c ° s k cx -  ( k  x )  (5- -  S i  ( k ox )  ) ]
c c
2 . 4 . 2 0
^ | M  = |  [ - 2 coskx ( ) + ( k - l ) S i  ( x ( k - l )
k TC L V x
-  2 kS i  ( kx) •+ (k+1) *§i ( x ( k + l )  ) ] 2 . 4 . 7
u b (x )
A |  [_  ( i f 2 2 L )  + S i  ( x )] 2 . 4 . 9
* & ) =  £  r c o s ( k c - 1 )x  - co3kcx
TC
( k c- l )  ( S i  ( k cx))
-  S i  ( (k - l ) x  ))  ]
T
u e (x )  
T
N 0 s i n k  x 2 c
TC N
(k x) eh('x)
+ NN L Jc c
2 . 4 . 1 1
2 . 4 . 2 2
TABLE 2.2A  INPULSE RESPONSE CONTRIBUTIONS
UPPER VALUES •  B a W /A ^  LONER VALUES •  U W / A f t
* «  I  7  3 A 9 A 7 B V 10
11 1* 13 1A IS  16 17* IB IV 70
B.BB 0 .6 3 6 6 7  0 .6 3 6 6 7  0 .6 3 6 6 7  0 .6 3 6 6 7  0 .6 3 6 6 7  0 .6 3 6 6 7  0 .6 3 6 6 7  0 .6 3 6 6 ?  0 .6 3 6 6 7  0 .6 3 6 6 ?
0 .3 1 0 3 1  0 .3 1 S 3 1  0 .3 1 6 3 1  0 .3 1 8 3 1  0 .3 1 6 3 1  0 .3 1 B 3 1  B .3 1 0 3 1  0 .3 1 0 3 1  0 .3 1 0 3 1  0 .3 1 0 3 1  0 .3 1 0 3 1
0 .6 3 6 6 7  0 .6 3 6 6 7  0 .6 3 6 6 ?  0 .6 3 6 6 ?  0 .6 3 6 6 ?  0 .6 3 6 6 2  0 .6 3 6 6 ?  0 .6 3 6 6 2  0 .0 3 6 6 2  0 .6 3 6 6 ?
0 .3 1 8 3 1  0 .3 1 0 3 1  0 .3 1 8 3 1  0 .3 1 8 3 1  0 .3 1 8 3 1  0 .3 1 8 3 1  0 .3 1 8 3 1  0 .3 1 8 3 1  0 .3 1 8 3 1  0 .3 1 6 3 1
0 .1 0  0 .6 3 7 9 1  0 .673A 1 0 .6 0 7 6 8  0 .S 8 9 8 8  0 .S S 8 2 ?  O.S2AV9 0.A 86S1 0 .A 4317
B .3 1 7 S 2  0 .3 1 3 8 1  0 .3 0 6 V 7  0 .2 0 7 0 7  0 .2 6 4 7 0  0 .7 6 0 4 0  0 .2 9 0 0 0  0 .2 2 0 1 0
0 .7 8 8 9 3  0 .2 3 0 4 0  0 .1 7 0 1 9  0 .1 0 8 1 1  0 .0 4 9 0 0  > 0 .0 1 0 9 7  > 0 .0 6 1 0 6  > 0 .1 4 4 9 2
0 .1 9 3 7 2  0 .1 2 9 1 3  0 .0 0 9 3 0  0 .0 6 4 9 1  0 .0 3 3 0 8  0 .0 0 1 3 1  > 0 .0 3 0 4 6  > 0 .0 6 1 9 3
0 .2 0  0 .6 7 1 8 9  0 .9 8 4 4 1  0 .9 7 3 6 6  0 .4 4 2 0 6  0 .3 4 7 8 ?  0 -7 7 9 9 2  0 .1 0 7 8 4  > 0 .0 1 8 9 3
0 .3 1 9 1 3  0 .3 0 0 4 9  0 .2 7 3 6 0  0 .2 3 6 2 2  0 .1 8 9 7 3  0 .1 3 4 7 0  0 .0 7 4 7 9  0 .0 1 1 9 1
> 0 .3 7 3 4 0  > 0 .4 6 7 0 0  > 0 .9 4 3 7 0  > 0 .9 9 7 8 4  > 0 .0 2 0 1 9  > 0 .0 3 3 4 2  > 0 .6 1 3 4 3  > 0 .9 6 0 9 9
• 0 .1 0 9 9 1  > 0 .1 1 9 6 3  > 0 .2 0 0 9 3  > 0 .2 9 1 0 3  > 0 .3 1 1 0 9  > 0 .3 1 7 9 9  > 0 .3 1 7 1 3  > 0 .2 9 3 0 7
0 .3 0  • 0 .6 0 3 6 4  0 .9 7 1 9 0  0 .3 9 2 7 7  0 .2 2 8 9 6  0 .0 4 4 7 0  > 0 .1 4 3 9 6  > 0 .3 1 8 9 9  > 0 .4 6 9 9 3
0 .3 1 1 1 0  0 .2 7 8 6 4  0 .2 7 1 2 1  0 .1 4 4 0 1  0 .0 9 3 9 6  > 0 .0 4 0 9 2  > 0 .1 3 2 1 4  > 0 .2 1 1 9 6
• 0 .6 2 3 9 9  > 0 .9 6 6 6 3  > 0 .4 9 6 6 9  > 0 .3 0 9 7 0  '0 . 1 3 3 1 9  0 .0 9 9 2 9  0 .2 3 8 8 3  0 .4 0 1 0 4
' -0 .3 1 6 9 7  > 0 .2 9 7 3 4  > 0 .2 9 1 1 4  - 0 .1 8 2 9 1  > 0 .0 9 7 9 7  -0 .0 0 3 9 2  0 .0 9 0 0 8  0 .1 7 6 0 3
0 .4 0  0 .9 7 8 9 9  0 .4 3 7 6 9  0 .2 2 7 6 2  -0 .0 1 8 3 4  > 0 .2 6 1 4 1  > 0 .4 6 3 2 1  > 0 .9 9 1 8 8  > 0 .6 2 7 1 1
0 .3 0 9 6 9  0 .2 4 9 0 3  0 .1 9 3 0 9  0 .0 3 2 9 1  > 0 .0 9 2 4 2  > 0 .2 0 3 1 7  > 0 .2 8 1 8 4  > 0 .3 1 6 0 1
- 0 .1 9 3 0 6  0 .0 9 4 9 6  0 .2 9 4 3 1  0 .4 6 7 1 9  0 .6 0 3 1 6  0 .6 2 3 9 0  0 .9 4 6 1 4  0 .3 6 2 1 9
• 0 .1 3 6 6 0  > 0 .0 1 4 4 6  0 .1 0 9 9 6  0 .2 1 7 0 2  0 .2 8 9 6 1  0 .3 1 6 8 9  0 .2 9 3 8 7  0 .2 2 4 4 9
0 .9 0  0 .9 4 7 1 4  0 .3 3 6 8 6  0 .0 4 4 1 0  > 0 .2 9 9 4 9  > 0 .4 9 9 4 9  > 0 .6 1 7 2 3  - 0 .9 8 3 8 9  - 0 .4 0 7 9 3
0 .2 9 8 6 9  0 .2 1 2 9 2  0 .0 7 4 3 1  -0 .0 8 2 0 9  > 0 .2 1 8 3 9  -0 .3 0 1 2 2  > 0 .3 1 0 3 0  - 0 .2 4 3 4 1
0 .4 4 1 8 3  0 .9 9 8 6 3  0 .6 0 8 8 7  0 .4 7 0 0 3  0 .2 1 6 1 2  > 0 .0 9 0 7 1  - 0 .3 7 9 3 3  > 0 .9 6 8 0 6
0 .1 6 3 9 9  0 .2 8 4 6 8  0 .3 1 9 7 1  '0 .2 6 9 4 4  0 .1 9 7 7 0  0 .0 0 6 4 8  > 0 .1 4 9 8 3  > 0 .2 6 2 4 4
0 .6 0  0 .9 0 9 6 9  0 .2 2 3 6 9  -0 .1 4 0 3 9  > 0 .4 9 9 9 2  > 0 .6 1 1 9 7  - 0 .9 9 3 9 7  -0 .3 0 2 8 6  0 .0 9 4 0 9
'0 .2 9 0 2 3  0 .1 7 0 2 0  > 0 .0 0 9 2 9  > 0 .1 8 9 9 3  > 0 .2 9 6 9 6  - 0 .3 0 4 6 9  - 0 .2 0 9 9 3  - 0 .0 3 9 2 6
0 .9 8 7 0 1  0 .3 7 9 6 1  0 .0 3 3 3 3  - 0 .3 2 0 7 9  > 0 .9 6 2 8 9  > 0 .6 0 8 2 9  > 0 .4 4 1 2 4  - 0 .1 2 0 0 9
0 .3 1 2 9 8  0 .2 3 7 9 3  0 .0 7 9 1 0  -0 .1 0 6 9 6  - 0 .2 9 9 6 6  -0 .3 1 9 0 4  - 0 .2 6 4 3 8  > 0 .1 2 1 3 6
0 .7 0  0 .4 6 7 3 9  0 .1 0 3 8 6  - 0 .3 0 8 4 8  -0 .9 7 9 7 4  - 0 .9 7 2 2 2  - 0 .2 9 9 9 7  0 .1 1 3 9 7  0 .4 7 3 9 1
0 .2 8 0 3 7  0 .1 2 3 3 9  - 0 .0 9 1 6 8  - 0 .2 6 3 9 9  - 0 .3 1 1 9 3  > 0 .2 1 2 9 9  > 0 .0 1 4 2 2  0 .1 9 1 2 0
0 .0 9 3 7 2  - 0 .3 1 7 3 1  > 0 .9 7 9 1 0  -0 .9 6 8 9 3  - 0 .2 9 0 9 7  0 .1 2 4 0 9  0 .4 6 0 3 2  0 .6 1 0 7 0
0 .1 1 8 4 8  - 0 .0 9 6 7 2  > 0 .2 6 6 4 2  - 0 .3 1 0 6 3  - 0 .2 0 9 0 4  > 0 .0 0 8 9 4  0 .1 9 9 3 6  0 .3 0 7 7 9
0 .0 0  0 .4 2 0 3 8  - 0 .0 1 7 6 2  - 0 .4 4 4 9 3  > 0 .6 0 2 3 9  - 0 .3 9 4 4 0  0 .0 9 2 8 0  0 .4 6 7 9 6  0 .9 9 9 2 7
0 .2 6 9 1 6  0 .0 7 3 3 6  > 0 .1 6 6 9 4  -0 .3 0 9 9 8  > 0 .2 9 9 4 1  - 0 .0 9 9 4 9  0 .1 8 2 0 9  0 .3 0 9 2 2
• 0 .4 8 9 4 0  - 0 .9 9 4 1 4  -0 .3 3 6 4 9  0 .1 2 2 4 9  0 .9 0 9 1 7  0 .9 8 6 9 9  0 .3 0 8 7 9  - 0 .1 9 6 7 7
• 0 .1 9 6 6 2  > 0 .3 1 1 4 0  ; 0 . 23730  - 0 .0 1 9 2 9  0 .2 1 0 4 7  0 .3 1 2 9 3  . 0 .2 2 9 0 1  0 .0 0 1 0 0
8 .9 #  8 .3 6 9 7 3  -0 .1 3 9 1 4  -0 .9 3 7 7 3  -0 .9 3 3 3 8  - 0 .1 2 9 3 8  0 .3 7 7 9 1  0 .9 9 4 7 1  0 .3 6 1 8 4
0 .2 9 6 6 9  0 .0 2 1 7 3  - 0 .2 2 9 6 8  - 0 .3 0 7 2 7  - 0 .1 9 2 3 3  0 .1 1 7 8 9  0 .2 9 8 9 0  0 .2 9 3 7 0
- 0 .9 2 8 8 8  > 0 .1 1 9 9 9  0 .3 8 9 1 8  0 .9 9 4 4 6  0 .3 9 3 8 9
• 0 .3 0 6 4 0  > 0 .1 4 7 7 4  0 .1 2 2 7 2  0 .3 0 0 3 1  0 .2 9 0 6 3
1 .0 0  0 .3 1 6 2 4  -0 .2 4 3 9 7  - 0 .9 7 9 4 9  - 0 .3 8 2 9 8  0 .1 6 6 0 3
0 .7 4 3 0 4  > 0 .0 3 0 0 2  * 0 .2 7 9 4 8  > 0 .2 6 7 6 7  - 0 .0 1 3 7 6
0 .0 0 2 9 9  0 .4 9 3 9 1  0 .9 3 1 1 3  0 .0 8 0 0 3  - 0 .4 4 4 6 9
• 0 .0 9 9 6 3  0 .1 9 2 8 0  0 .3 0 7 9 7  0 .1 3 9 9 9  - 0 .1 9 6 7 0
1 .1 0  0 .2 6 0 8 0  -0 .3 3 8 3 7  > 0 .9 6 7 7 6  - 0 .1 7 6 7 0  0 .4 0 7 4 6
0 .2 2 8 3 0  > 0 .0 8 0 3 7  -0 .3 0 1 2 1  -0 .1 9 2 8 9  0 .1 2 6 2 2
• 0 .0 9 3 2 1  - 0 .9 4 7 9 1  - 0 .4 0 3 8 9
0 .0 6 1 7 9  -0 .2 4 0 6 6  - 0 .2 8 0 1 2
- 0 .9 0 9 9 9  0 .0 4 9 3 3  0 .9 4 1 3 4
-0 .3 0 9 2 2  - 0 .0 9 3 3 4  0 .2 3 7 9 7
- 0 .9 6 0 9 2  - 4 .2 9 9 7 3  0 .3 7 2 2 9
- 0 .2 6 7 4 9  -0 .2 3 9 0 1  0 .0 9 7 1 8
• 0 .4 0 0 6 2  0 .2 9 8 9 6  0 .9 3 8 9 4
• 0 .2 8 7 4 7  0 .0 1 7 3 1  0 .2 9 6 7 4
• 0 .2 0 4 0 6  0 .4 3 9 4 8  0 .4 3 9 1 8
- 0 .2 1 9 7 9  0 .1 4 3 0 8  0 .2 9 6 3 3
• 0 .2 6 4 3 9  0 .4 1 8 1 8  0 .4 0 6 9 0
• 0 .2 4 9 9 3  0 .1 2 4 0 9  0 .2 9 1 7 1
0 .4 2 9 3 9  0 .3 9 4 3 6  - 0 .2 9 9 3 4
0 .1 3 3 2 6  0 .2 8 9 0 1  -0 .0 3 9 0 1
- 0 .1 1 0 6 9  0 .9 0 4 9 1  0 .1 8 2 2 8
- 0 .1 9 4 4 1  0 .2 1 2 7 3  0 .2 2 4 9 0
0 .4 1 8 4 8  - 0 .2 8 8 0 3  - 0 .4 9 9 2 3
0 .2 9 9 3 4  -0 .0 2 9 0 6  - 0 .2 9 8 8 8
0 .0 4 4 7 9  0 .9 0 8 3 9  -0 .0 7 4 4 8
• 0 .1 2 6 3 9  0 .2 7 1 6 0  0 .1 1 0 4 9
• 0 .1 6 9 7 0  - 0 .4 6 9 6 9  0 .2 1 7 1 3
0 .0 4 3 8 3  - 0 .2 9 4 2 1  -0 .0 2 6 6 9
0 .1 8 7 9 8  0 .4 3 2 3 8  -0 .2 9 9 4 0
• 0 .0 9 0 4 7  0 .2 9 3 2 9  -0 .0 2 9 1 1
• 0 .4 9 4 3 9  0 .1 1 7 2 6  0 .4 6 4 1 7
• 0 .2 6 4 1 9  - 0 .0 9 3 0 0  0 .2 8 8 1 1
0 .3 0 6 0 9  0 .2 9 3 3 8  - 0 .4 3 9 4 0
0 .0 2 7 6 0  0 .2 7 9 9 3  - 0 .1 9 2 8 0
- 0 .0 7 7 7 6  0 .4 8 1 1 7  - 0 .1 4 0 8 9
- 0 .1 9 9 0 8  0 .2 9 1 4 9  0 .0 6 4 8 0
0 .3 8 9 9 8  0 .1 1 7 2 7  - 0 .4 6 9 4 0
0 .1 0 2 1 7  0 .2 2 1 4 ?  - 0 .2 4 9 3 4
0 .4 2 3 7 0  0 .0 4 8 2 4  -0 .4 9 4 8 9
0 .1 4 1 3 ?  0 .1 9 1 4 0  -0 .2 6 9 0 8
0 .4 3 2 8 2  - 0 .0 6 9 9 9  - 0 .3 7 8 2 3
0 .1 6 7 9 1  0 .1 3 0 9 9  - 0 .2 0 3 9 9
0 .7 9 1 6 1  - 0 .4 3 3 9 ?  0 .0 6 9 9 3
0 .7 7 6 1 0  -0 .1 6 9 9 3  -0 .1 3 6 7 9
0 .9 1 3 9 6
0 .2 0 7 3 8
0 .4 6 3 3 9
0 .2 9 6 7 2
1 . 2 0 0 .2 0 4 3 0
0 .2 1 2 9 6
- 0 .4 1 9 7 4
- 0 .1 2 7 8 9
0 .4 9 4 3 6
0 .2 9 7 3 2
- 0 .1 4 6 4 8
0 .0 4 1 1 9
1 .3 0 0 .1 4 7 6 2
0 .1 9 9 9 3
- 0 .4 7 2 8 9
- 0 .1 7 1 1 1
• 0 .0 8 9 4 7
0 .0 8 0 3 3
-0 .9 4 8 6 9
-0 .2 6 0 6 7
1 .4 0 0 .0 9 1 6 9
0 .1 7 8 9 1
- 0 .9 0 8 0 9
-0 .2 0 8 9 2
<4' • 0 .9 1 3 8 3• 0 .2 1 6 1 0
- 0 .2 4 8 4 0
-0 .2 4 3 7 1
1 .9 0 0 .0 3 7 2 0
0 .1 6 0 4 2
- 0 .9 2 0 9 9
- 0 .2 4 0 2 3
-0 .3 6 9 3 6
- 0 .2 8 9 8 8
0 .3 4 7 2 3
0 .0 6 6 8 4
1 .6 0 - 0 .0 1 4 9 9  
■ 0 .1 4 1 7 8
-0 .9 1 1 0 1
• 0 .2 6 4 2 2
. 0 .1 6 1 6 2  
,  - 0 .0 6 0 8 6
0 .4 8 0 7 7
0 .2 9 1 6 9
1 .7 0 • 0 .0 6 4 0 8
0 .1 2 2 6 9
-0 .4 8 0 8 2
• 0 .2 8 0 2 8
0 .4 9 1 7 0
0 .2 2 2 6 4
0 . 0 1 0 1 2
0 .1 6 1 0 6
1 . 0 0 * 0 .1 0 9 9 7
0 .1 0 3 3 0
- 0 .4 3 2 4 7
• 0 .2 8 8 0 7
0 .2 8 0 3 9
0 .2 7 2 2 6
• 0 .4 4 5 8 4
• 0 .1 6 1 0 3
1 .9 0 - 0 .1 5 0 6 9
0 .0 8 3 7 1
- 0 .3 6 9 1 6
• 0 .2 8 7 4 9
• 0 .2 1 9 3 8
0 .0 4 1 9 2
- 0 .3 2 2 1 9
• 0 .2 8 2 7 8
2.00 - 0 .1 0 7 9 9
0 .0 6 4 0 9
• 0 .2 9 4 6 9
• 0 .7 7 8 7 0
• 0 .4 9 0 7 6
• 0 .7 7 6 9 1
0 .1 9 1 2 1
• 0 .0 6 1 6 0
• 0 .1 9 4 9 4
0 .0 1 1 2 0
• 0 .9 4 9 9 8
•0 .2 3 6 6 1
- 0 .9 2 4 2 3
- 0 .3 0 5 4 4
0 .5 6 1 9 9
0 .2 5 2 8 0
0 .4 4 1 2 6
0 .2 8 6 9 4
- 0 .0 8 5 1 6
0 .0 5 7 2 7
-0 .5 6 0 5 2
- 0 .3 0 9 3 2
- 0 .1 6 1 0 5
- 0 .1 7 7 5 5
0 .3 8 6 4 9
0 .1 1 7 4 5
0 .5 4 6 3 5
0 .3 0 7 4 0
0 .0 8 8 1 8
0 .1 9 2 6 4
- 0 .4 6 6 3 5
• 0 .1 6 8 9 2
0 .1 8 1 5 4
•0 .0 1 3 4 6
0 .5 6 8 5 4
0 .2 6 7 9 0
0 .3 3 4 2 4
0 .2 5 6 5 0
0 .3 4 2 9 9
0 .2 6 5 5 2
- 0 .2 9 2 7 7
- 0 .0 4 5 1 5
-0 .5 5 5 1 7
•0 .2 9 8 2 3
0 .5 2 9 5 3
0 .3 0 5 4 4
0 .0 1 1 4 7
0 .1 2 4 1 8
- 0 .5 2 1 2 2
- 0 .2 1 5 4 4
0 .0 2 9 7 8
0 .1 4 1 4 4
-0 .5 2 3 0 1
• 0 .2 2 1 0 6
- 0 .3 0 9 5 9
- 0 .2 5 9 7 1
- 0 .2 0 4 5 2
0 .0 1 5 4 5
•0 .5 4 8 6 0
-0 .2 8 8 0 7
-0 .0 8 8 9 8
- 0 .1 6 9 5 7
- 0 .2 8 0 0 0
•0 .0 2 4 9 3
- 0 .5 0 1 6 9
• 0 .3 0 0 1 9
0 .1 0 9 4 6
-0 .0 7 7 1 1
•0 .4 9 4 7 6
-0 .3 0 0 9 1
0 .1 2 7 1 5
- 0 .0 6 7 2 8
0 .5 3 7 9 8
0 .2 7 8 0 4
-0 .4 7 9 1 2
-0 .1 0 0 9 7
- 0 .2 5 0 0 6
- 0 .2 5 0 1 1
0 .4 4 3 7 4
0 .1 4 5 5 0
0 .2 2 3 0 6
-0 .U 1 7 2 3
0 .4 9 0 7 9
0 .2 9 6 4 9
• 0 .1 9 3 6 2
0 .0 5 9 1 7
- 0 .5 0 4 0 4
- 0 .2 7 8 0 5
0 .1 0 3 9 1
-0 .0 9 4 2 5
0 .4 9 7 9 8
0 .2 8 3 5 6
0 .4 5 7 0 1
0 .2 9 5 7 6
• 0 .2 4 3 8 2
0 .0 0 9 3 8
•0 .4 4 2 7 7
•0 .2 9 6 3 1
- 0 .3 5 5 2 3
- 0 .2 8 6 8 2
0 .3 9 0 9 4
0 .0 9 9 0 2
0 .2 5 4 4 9
0 .2 6 1 3 0
-0 .2 3 6 8 9
0 .0 1 8 7 5
- 0 .4 0 3 1 2
* 0 .2 9 2 9 4
0 .3 4 0 7 7
0 .0 9 6 7 3
-0 .0 9 3 7 2
• 0 .2 0 6 0 9
0 .4 8 1 9 9
0 .2 4 6 4 9
• 0 .1 2 9 3 0
0 .0 9 4 1 0
-0 .4 1 7 1 5
• 0 .2 9 0 0 3
0 .3 3 0 4 4
0 .0 4 6 9 9
0 .2 6 7 0 0
0 .2 6 8 6 6
0 .1 8 3 6 5
-0 .0 6 2 7 9
0 .3 4 6 6 6
0 .2 8 5 9 4
- 0 .4 0 7 7 9
- 0 .1 2 2 0 9
0 .2 4 9 0 8
.-0 .0 2 0 0 1
0 .2 9 5 9 0
0 .2 7 8 0 1
•0 .4 3 7 2 1
-0 .1 5 9 7 5
0 .3 8 0 3 9
0 .0 9 7 0 9
0 .0 6 1 6 4
0 .2 0 2 7 8
• 0 .4 3 1 6 9
-0 .2 6 9 0 2
0 .3 7 6 0 9
0 .2 8 3 7 5
• 0 .3 0 2 5 1
•0 .0 9 9 4 1
• 0 .0 9 7 6 8
• 0 . 2 0 1 0 0
’ 0 .3 9 5 4 0  
> 0 .2 0 6 0 1
0 .3 4 3 6 8
0 .1 0 0 7 6 0 .3 1 0 0 9
! -0 .2 0 9 6 4
1 - 0 .0 9 2 7 9
•0 .2 6 4 7 1
-0 .1 2 2 7 1
 -0 .1 4 4 1 6  
• 0 .0 5 1 4 6
• 0 .2 6 4 0 9
- 0 .1 1 2 7 7 0 .3 1 / 2 9
•0 .9 0 1 8 7
•0 .2 6 3 8 9
• 0 .4 1 4 7 4
• 0 .2 7 3 4 0
-0 .5 7 1 2 5
-0 .2 7 2 0 0
• 0 .6 2 5 5 4
• 0 .3 0 8 3 0 0 .3 1 9 9 3
0 .9 2 7 4 2
0 .2 4 6 2 6
0 .6 0 6 6 9
0 .2 9 4 4 9
• 0 .5 6 3 3 2
- 0 .3 0 0 2 9
-0 .4 1 0 6 0
- 0 .2 3 7 1 7 0 .3 1 4 0 9
0 .1 5 7 8 4
0 .1 1 9 6 7
- 0 .0 9 1 4 0
• 0 .0 0 4 0 4
- 0 .1 3 1 4 2
- 0 .1 1 6 9 3
0 .1 7 6 8 5
0 .0 3 8 1 9 0 .3 1 1 7 3
• 0 .6 2 1 7 0
- 0 .3 1 4 7 9
• 0 .9 2 3 1 3
-0 .2 9 0 0 7
0 .3 9 2 0 8
0 .1 4 7 7 2
0 .5 9 3 1 4
0 .2 7 9 1 0 0 .3 0 8 0 7
0 .2 4 3 0 8
0 .0 6 4 0 6
0 .9 2 1 2 9
0 .2 2 7 1 0
0 .6 1 0 9 6
0 .3 0 6 7 0
. 0 .4 6 0 6 7  
0 .2 7  795 0 .3 0 5 5 2
0 .4 5 3 8 5
0 .2 7 5 4 5
0 .0 8 3 5 5
0 .1 1 3 5 7
0 .3 6 7 0 7
0 .2 4 8 7 8
-0 .0 8 7 7 9
0 .0 3 7 4 4 0 .3 0 1 6 9
- 0 .5 2 7 2 0
• 0 .2 2 3 6 1
-0 .5 7 7 8 4
-0 .3 1 2 5 9
* 0 .1 4 4 8 6  
0 .0 1 6 5 1
* 0 .5 4 1 9 3
-0 .2 3 3 1 8 0 .2 9 / 4 0
•0 .1 0 5 7 6
- 0 .1 4 3 1 2
0 .3 9 2 7 9
0 .1 2 7 5 1
- 0 .5 3 3 2 9
-0 .2 2 5 0 5
-0 .4 9 1 1 1
• 0 .3 0 0 4 6 0 .2 9 2 6 9
0 .5 7 8 6 9
0 .3 0 4 4 7
0 .2 3 8 8 5
0**21156
- 0 .5 1 1 2 5
-0 .3 0 5 8 9
0 .0 0 2 5 4
• 0 .1 0 8 5 8 0 .2 8 7 4 8
• 0 .2 6 5 3 3
- 0 .0 3 5 2 1
-0 .5 7 4 9 4
-0 .2 8 8 4 4
- 0 .1 0 9 5 6
- 0 .1 7 0 9 9
0 .4 7 5 7 6
0 .1 7 4 3 2 0 .2 8 1 9 0
•0 .3 8 9 2 1
• 0 .2 8 0 3 1
0 .2 3 9 1 5
0 .0 1 2 3 0
0 .3 5 7 3 8
0 .0 8 2 1 2
0 .5 0 0 7 9
0 .3 0 3 6 4 0 .2 7 5 9 3
0 .5 0 0 9 9
0 .1 9 7 3 5
0 .3 5 7 0 1
0 .2 7 5 1 5
0 .5 3 8 8 9  . 
0 .2 7 3 9 7
0 .0 7 3 7 3
0 .1 7 0 2 5 0.2 6 9 A 0
0 .0 5 5 7 3
0 .1 6 1 7 9
- 0 .5 1 9 0 4  . 
- 0 .2 2 3 0 4
0 .3 1 2 8 4
0 .2 7 0 7 0
•0 .3 9 V 4 9
-0 .1 0 7 2 9 0 .2 6 2 9 3
- 0 .5 1 2 5 2
- 0 .2 8 8 0 7
0 .0 8 1 1 1
-0 .0 9 9 9 2
- 0 .1 3 3 0 0
0 .0 7 7 6 9
-0 .4 9 0 2 1
• 0 .2 8 8 0 9 0 .2 5 5 9 4
0 .2 6 9 6 8
0 .0 0 7 9 3
0 .4 2 7 0 2
0 .2 9 5 6 9
- 0 .4 5 6 5 2
• 0 .1 6 6 3 9
- 0 .1 3 6 6 9
•0 .2 1 8 4 4 0 .2 4 6 6 7
0 .3 1 5 3 1
0 .2 7 8 3 2
- 0 .4 2 2 0 2
•0 .1 2 6 4 6
•0 .4 2 5 0 5
-0 .2 6 9 7 1
0 .3 1 8 4 4
0 .0 3 7 3 2 0 .2 4 1 1 3
-0 .4 5 1 7 7
-0 .1 6 9 0 8
•0 .0 6 1 7 1
- 0 .1 9 1 6 9
-0 .0 6 2 9 9
•0 .2 0 7 0 0
0 .4 6 M 9
0 .2 5 5 9 3 0 .2 3 3 3 6
•0 .0 1 3 2 1
- 0 .1 7 4 7 2
0 .4 4 5 7 5
0 .2 7 2 7 2
0 .2 9 7 6 5
0 .0 1 6 4 6
0 .1 8 3 9 5
0 .7 5 0 4 6 0 .2 2 9 3 9
0 .4 3 0 5 2
0 .2 6 6 7 1
• 0 .3 0 0 6 4
- 0 .0 2 0 9 /
t i f l u s  *;.2 0  S tE * RESPONSE CONTRIBUTIONS
o * * e o  v a lu e s  •  ‘ - W / A *
1
LONER VALUES •  « ( « ) / * ,
X K ■ 1
11
2
1?
3 "
13...
---------4 ' ■
14 . . .  15 .
6
16
7
17
0
10 . r 1*
10
20
0 . 0 0 0 . 0 0 0 1 0
0.00000
0 .0 0 0 0 0
0.00000
0 .0 0 0 0 0
0.00000
0 .0 0 0 0 0
0.00000
0 .0 0 0 0 0
0.00000
0 . 0 0 0 0 0  ’ 
0.00000
0 .0 0 0 0 0
0 . 0 0 0 0 0
0 .0 0 0 0 0
0 . 0 0 0 0 0
0 . 0 0 0 0 0
0 .0 0 0 0 0
0 . 0 0 0 0 0
0 . 0 0 0 0 0 0 .0 6 0 0 0
0 .0 0 0 0 0
0 .0 0 0 0 0
0 .0 0 0 0 0
0 .0 0 0 0 0
0 .0 0 0 0 0
0 .0 0 0 0 0
0 . 0 0 0 0 0
0 .0 0 0 0 0
0 .0 0 0 0 0
0 . 0 0 0 0 0
0 .0 0 0 0 0
0 .0 0 0 0 0
0 . 0 0 0 0 0
0 .0 0 0 0 0
0 .0 0 0 0 0
0 . 0 0 0 0 0
0 .0 0 0 0 0
0 . 0 0 0 0 0
0 . 0 0 0 0 0
o.oooon
0 . 1 0 0 .0 6 3 5 4
0 .0 3 1 8 0
0 .0 6 3 2 2
0 .0 3 1 6 0
0 .0 6 2 6 *
0 .0 3 1 4 5
0 .0 6 1 9 6
0 .0 3 1 1 ?
0 .0 6 1 0 3
0 .0 3 0 6 9
0 .0 5 9 0 *
0 .0 3 0 1 5
0 .0 5 0 9 7
0 .0 2 9 5 2
0 .0 5 7 0 7
0 .0 2 0 8 0
0 .0 5 9 4 0
0 .0 2 7 9 9
0 .0 5 3 5 6
0 .0 2 7 1 0 0 .0 3 1 0 2
0 .0 5 1 5 7
0 .0 2 6 1 3
0 .0 4 * 4 3
0 .0 2 9 0 0
0 .0 4 7 1 0
0 .0 2 3 * 0
0 .0 4 4 0 0  
■ 0.02201
0 .0 4 2 3 3
0 .0 2 1 5 0
0 .0 3 9 7 7
0 .0 2 0 3 2
0 .0 3 7 1 3
0 .0 1 9 0 1
0 .0 3 4 4 4
0 .0 1 7 6 7
0 .0 3 1 7 0
0 .0 1 6 3 1
0 .0 2 0 9 4
0 .0 1 4 * 3
0.20 0 .1 2 6 3 4
0 .0 6 3 4 5
0 .1 2 3 0 2
0 .0 6 2 4 7
0 .1 1 9 6 *
0 .0 6 0 6 6
0 .1 1 4 0 6
0 .0 5 0 0 9
0 .1 0 7 0 4  
0 .,05480
0 .0 9 0 0 0
0 .0 5 0 0 7
0 .0 0 9 5 6
0 .0 4 6 4 0
0 .0 7 * 9 0
0 .0 4 1 4 0
0 .0 6 8 0 6
0 .0 3 6 2 4
0 .0 5 7 8 0
0 .0 3 0 7 8 0 .0 6 3 5 *
0 .0 4 6 0 0 0 .0 3 5 0 7 0 .0 2 5 2 9 0 .0 1 5 3 0 0 .0 0 6 0 7 •0 .0 0 2 2 3 • 0 .0 0 9 4 7 - 0 .0 1 9 5 5  • 0 .0 2 0 4 0 - 0 .0 2 3 9 7
• .0 2 5 2 4  t . 01*73  0 .0 1 4 3 7  0 .0 0 * 2 0  0 .0 0 4 3 0  0 .0 0 0 1 0  - 0 .0 0 3 6 2  > 0 .0 0 0 0 0  - 0 .0 0 9 4 *  -0 .0 1 1 4 9
0 .1 0  0 .1 0 7 0 7  0 .1 7 * 3 0  0 .1 0 3 0 0  0 .1 4 0 0 5  0 .1 2 0 0 1  0 .1 0 3 2 3  0 .0 7 0 3 1  0 .0 3 3 0 0  0 .0 3 0 4 2  0 .0 0 9 2 4
0 .0 9 4 7 0  0 .0 9 1 4 *  0 .0 8 3 5 0  0 .0 7 7 3 1  0 .0 6 7 1 0  0 .0 5 3 6 0  0 .0 4 3 4 1  0 .0 3 0 9 7  0 .0 1 8 9 0  0 .0 0 7 9 ?  0 .0 9 5 2 5
• 0 .0 0 0 0 2  -0 .0 2 3 1 3  - 0 .0 3 3 3 2  - 0 .0 3 9 2 9  - 0 .0 4 1 1 0  - 0 .0 3 9 3 0  - 0 .0 3 4 4 7  - 0 .0 2 7 2 0  - 0 .0 1 8 3 0  -0 .0 0 0 9 2
• 0 .0 0 1 0 *  -0 .0 0 * 5 1  -0 .0 1 5 3 1  - 0 .0 1 * 0 0  - 0 .0 2 0 0 0  - 0 .0 2 0 2 7  > 0 .0 1 0 2 0  -0 .0 1 4 * 7  - 0 .0 1 0 7 5  - 0 .0 0 0 0 6
0 .1 5 0 7 0  0 .1 1 5 7 1  0 .0 7 1 9 1  0 .0 3 0 9 0  - 0 .0 0 3 9 4  - 0 .0 3 0 4 *  -0 .0 4 7 3 3
0 .0 0 6 2 6  0 .0 6 5 2 1  0 .0 4 3 1 3  0 .0 2 1 9 0  0 .0 0 3 2 1  -0 .0 1 1 6 0  -0 .0 2 1 6 9  0 .1 2 0 7 0
- 0 .0 2 8 5 1  -0 .0 1 1 9 0  0 .0 0 4 4 1  0 .0 1 8 1 6  0 .0 2 7 6 4  0 .0 3 1 9 7  0 .0 3 1 1 1
• 0 .0 1 0 9 3  -0 .0 0 0 7 0  -0 .0 0 0 3 0  0 .0 0 7 1 0  0 .0 1 2 0 4  0 .0 1 5 7 1  0 .0 1 0 1 2
0 .1 4 4 3 9  0 .0 7 6 0 2  0 .0 1 6 1 0  - 0 .0 3 0 3 5  -0 .0 5 0 5 *  * 0 .0 6 7 7 2  -0 .0 6 0 0 3
0 .0 8 3 7 7  0 .0 4 9 3 0  0 .0 1 7 2 1  -0 .0 0 0 0 3  - 0 .0 2 6 2 0  -0 .0 3 3 8 7  - 0 .0 3 2 4 9  0 .1 5 8 0 0 ^
0 .0 2 9 0 9  0 .0 3 0 9 3  0 .0 3 0 6 1  0 .0 2 9 4 1  0 .0 1 4 4 3  - 0 .0 0 2 3 2  -0 .0 1 6 0 6
0 .0 1 2 0 6  0 .0 1 8 6 7  0 .0 2 0 1 8  0 .0 1 6 0 4  0 .0 1 0 0 0  0 .0 0 1 5 7  - 0 .0 0 6 3 7
0 .1 0 8 3 2  0 .0 2 0 0 5  -0 .0 4 4 2 0  - 0 .0 7 6 5 4  - 0 .0 7 7 2 0  -0 .0 5 3 6 3  - 0 .0 1 7 8 9
0 .0 7 0 2 3  0 .0 2 3 1 3  - 0 .0 1 3 9 2  - 0 .0 3 5 6 6  - 0 .0 4 0 0 6  - 0 .0 3 2 2 0  - 0 .0 1 5 2 5  0 .1 8 9 0 *
0 .0 3 7 9 1  0 .0 1 7 2 4  -0 .0 0 6 5 0  - 0 .0 2 5 3 0  - 0 .0 3 3 6 3  -0 .0 2 9 9 8  -0 .0 1 6 7 1
0 .0 2 1 7 2  0 .0 1 2 6 0  0 .0 0 0 5 4  - 0 .0 1 0 2 6  - 0 .0 1 6 4 4  -0 .0 1 6 5 4  - 0 .0 1 1 1 3
0 .0 5 6 0 3  - 0 .0 4 0 4 1  -0 .0 0 0 1 6  - 0 .0 0 6 3 1  - 0 .0 4 9 2 1  0 .0 0 0 2 4  0 .0 3 9 6 0
0 .0 4 7 5 1  - 0 .0 0 7 0 6  - 0 .0 4 0 5 1  - 0 .0 4 7 0 8  - 0 .0 3 2 6 4  - 0 .0 0 7 9 4  0 .0 1 5 0 0  0 .2 1 9 0 1
- 0 .0 1 5 6 7  -0 .0 3 5 7 1  - 0 .0 3 7 4 8  - 0 .0 2 2 4 2  0 .0 0 0 9 2  0 .0 2 1 4 0  0 .0 3 0 2 6
• 0 .0 0 3 1 *  - 0 .0 1 5 * 4  - 0 .0 2 0 0 3  - 0 .0 1 4 7 8  * 0 .0 0 3 5 6  0 .0 0 0 0 4  0 .0 1 4 0 7
• 0 .0 0 3 6 9  -0 .0 0 9 7 3  -0 .1 0 0 0 1  - 0 .0 5 5 0 0  0 .0 0 7 5 4  0 .0 5 2 7 0  0 .0 5 9 9 1
0 .0 1 8 7 0  - 0 .0 3 6 9 3  - 0 .0 5 4 3 0  - 0 .0 3 0 3 5  -0 .0 0 6 3 1  0 .0 2 1 7 2  0 .0 3 2 1 0  0 .2 5 0 1 0
- 0 .0 4 2 3 2  - 0 .0 2 1 9 0  0 .0 0 0 4 3  0 .0 3 0 3 7  0 .0 3 2 4 4  0 .0 1 5 6 5  - 0 .0 0 8 4 9
•0 .0 2 2 0 3  - 0 .0 1 5 0 1  -0 .0 0 0 7 0  0 .0 1 2 9 9  0 .0 1 7 6 *  0 .0 1 1 7 4  -0 .0 0 0 3 0
•0 .0 6 1 2 4  - 0 .1 1 6 2 2  -0 .0 7 8 5 4  - 0 .0 0 0 4 3  0 .0 5 0 2 *  0 .0 6 4 4 *  0 .0 2 5 3 0
•0 .0 1 2 3 1  - 0 .0 5 7 9 0  - 0 .0 5 1 0 7  - 0 .0 1 3 3 6  0 .0 2 3 3 0  0 .0 3 5 0 6  0 .0 2 1 4 5  0 .2 0 0 1 4
0 .0 0 0 9 7  0 .0 3 1 6 6  0 .0 3 6 0 0  0 .0 1 4 1 0  - 0 .0 1 5 3 7  . -0 .0 3 0 7 7  - 0 .0 2 2 4 9
• 0 ,0 0 6 0 5  0 ,0 1 2 5 2  0 .0 1 9 0 4  0 .0 1 2 1 8  - 0 .0 0 3 3 3  - 0 ,0 1 4 7 #  - 0 .0 1 4 4 5
• 0 .1 0 7 0 2  * 0 ,1 1 4 0 0  - 0 .0 3 0 0 )  0 .0 ) 3 5 7  0 .0 7 2 7 8  0 .0 2 7 9 7  - 0 .0 3 1 0 )
- 0 .0 4 1 3 8  - 0 .0 6 6 3 5  - 0 .0 3 2 0 2  0 .0 1 7 0 7  0 .0 3 9 6 4  0 .0 2 4 7 0  - 0 .0 0 7 5 3  0 .3 0 9 6 4
0 .0 4 1 3 8  0 .0 2 5 7 1  -0 .0 1 0 1 6  -0 .0 3 3 0 3  - 0 .0 2 4 6 3  0 .0 0 4 3 4  0 .0 2 6 6 4
0 .0 2 0 1 6  0 .0 1 0 2 4  0 .0 0 0 0 7  - 0 .0 1 5 1 0  - 0 .0 1 6 2 3  - 0 .0 0 3 0 4  0 .0 1 1 4 7
•0 .1 3 5 9 1  -0 .0 0 4 6 9  0 .0 2 7 1 0  0 .0 8 1 0 6  0 .0 4 3 5 1  - 0 .0 2 0 1 0  - 0 .0 5 7 5 8
•0 .0 6 4 6 6  - 0 .0 6 0 6 0  - 0 .0 0 3 2 3  0 .0 3 9 0 9  0 .0 3 3 7 5  - 0 .0 0 3 6 5  - 0 .0 2 9 7 ?  0 .3 3 4 6 5
0 .0 1 2 9 9  - 0 .0 2 6 9 9  - 0 .0 3 4 2 2  - 0 .0 0 5 4 2  0 .0 2 5 8 1  0 .0 2 6 9 9  0 .0 0 0 0 1
0 .0 1 4 1 2  - 0 .0 0 8 6 2  - 0 .0 1 9 6 0  -0 .0 0 9 1 5  0 .0 0 9 5 7  0 .0 1 6 3 0  0 .0 0 5 5 0
- 0 .1 4 2 2 9  - 0 .0 3 6 1 9  0 .0 7 2 9 0  0 .0 7 0 2 6  -0 .0 1 0 5 3  - 0 .0 6 1 2 7  -0 .0 3 1 2 7
•0 .0 7 9 1 3  - 0 .0 4 2 0 7  0 .0 2 6 2 1  0 .0 4 5 4 5  0 .0 0 9 1 5  -0 .0 2 9 0 9  - 0 .0 2 6 1 ?  0 .3 6 7 1 3
• 0 .0 3 5 5 0  - 0 .0 2 0 5 0  0 ,0 1 1 6 *  . 0 .0 3 3 1 6  0 .0 1 2 2 0  - 0 .0 2 1 2 6  - 0 .0 2 5 6 6
• 0 .0 1 4 2 3  - 0 .0 1 9 7 9  - 0 .0 0 1 0 1  0 .0 1 6 7 3  0 .0 1 2 3 3  - 0 .0 0 6 4 *  -0 .0 1 5 5 3
-0 .1 2 6 6 1  0 .0 1 0 9 9  0 .0 * 1 9 9  0 .0 2 7 6 3  - 0 .0 5 0 1 4  - 0 .0 4 7 7 9  0 .0 2 2 1 0
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b a n d w id th  p r o d u c t  of a m p l i f i e r s  t e n d s  t o  l i e  i n  a 
d e f i n i t e  r a n g e ,  so does t h e  f r e q u e n c y - t i m e  p r o d u c t  f o r  
sy s te m s .
T ab le  E .2 .A  g i v e s  c o n t r i b u t i o n s  t o  t h e  im pu lse  
r e s p o n s e ,  and t a b l e  2 . 2 . B  t o  t h e  s t e p  r e s p o n s e .  The 
l a y o u t  of p a r t s  A and B of t h e  t a b l e  i s  i d e n t i c a l .
Thus, t h e  f i r s t  column c o n t a i n s  v a l u e s  of x ,  and 
t h e  l a s t  column c o n t a i n s  c o n t r i b u t i o n s  hb ( o r  u b ) .
The m idd le  t e n  columns c o n t a i n  c o n t r i b u t i o n s  ha  and he 
( o r  ua and u c ) ,  a r r a n g e d  a s  two p a i r s  of l i n e s .  I n  
t h e  f i r s t  p a i r  of l i n e s ,  t h e  u p p e r  v a l u e s  a r e  
c o n t r i b u t i o n s  ha ( o r  ua) f o r  k = I  -  10, w h i l e  t h e  lo w e r  
v a l u e s  a r e  c o n t r i b u t i o n s  he ( o r  uc) f o r  k c = I  -  10. The 
second p a i r  of l i n e s  h a s  t h e  same i n f o r m a t i o n  f o r  k and 
k c = I I  -  20.
The u s e  of th e  t a b l e  i s  i l l u s t r a t e d  i n  c h a p t e r  3«
2 .5 * 2 .  G r a p h ic a l  r e s u l t s  f o r  c o n t r i b u t i o n s  he and ue .
These c o n t r i b u t i o n s  a r e  p r e s e n t e d  in . g r a p h i c a l  
fo rm  i n  f i g s . 2 . 6  and 2.7* I t  was f e l t  p r e f e r a b l e  t o  
p r e s e n t  them i n  t h i s  fo im, r a t h e r  t h a n  i n c o r p o r a t e  them 
i n t o  t a b l e  2 . 2 ,  s i n c e  i t  would have meant a t h i r d  and 
s i x t h  l i n e  of d a t a  f o r  e a c h  v a l u e  of x .  (The e x t r a  
two l i n e s  would be n e c e s s a r y  b e c a u se  he and ue a r e  
e x p re s s e d  i n  t e rm s  of k x ,  so t h a t  f o r  e ac h  v a l u e  of 
x  th ey  would have  t o  be e v a l u a t e d  f o r  k  =1 -  20 i n  a  
s i m i l a r  manner t o  c o n t r i b u t i o n  h e  and u c ) .
2 . 6  C o n c lu s io n s
A method h a s  been p r e s e n t e d  by means of w h ic h  
t h e  im pulse  and s t e p  r e s p o n s e  of l i n e a r  s y s te m s  can  be 
c a l c u l a t e d  d i r e c t l y  from i t s  f r e q u e n c y  r e s p o n s e .  By 
t a b u l a t i n g  or p r e s e n t i n g  i n  g r a p h i c a l  form t h e
e x p r e s s i o n s  in v o lv e d ,  th e  r e m a in in g  c a l c u l a t i o n s  a r e  
redu ced  t o  m u l t i p l i c a t i o n  and a d d i t i o n .  The method 
i s  a l s o  v e r y  s u i t a b l e  f o r  com puter  i m p le m e n ta t io n ,  w i t h  
th e  p r e - c a l c u l a t e d  c o n t r i b u t i o n s  s t o r e d  on t a p e s .
P r a c t i c a l  a p p l i c a t i o n s  of t h i s  method a r e  
p r e s e n t e d  i n  th e  n e x t  c h a p t e r .
CHAPTER 3
CALCULATION OF THE TRANSIENT RESPONSE OP A LINEAR SYSTEM 
FROM ITS FREQUENCY RESPONSE: I. VI I I  (PRACTICAL
APPLICATIONS)
3 . 1 I n t r o d u c t i o n
I n  th e  p r e c e d i n g  c h a p t e r  a method of f i n d i n g  th e  
im p u lse  and s t e p  r e s p o n s e  of a l i n e a r  sy s te m  f rom  i t s  
f r e q u e n c y  r e s p o n s e  was p r e s e n t e d .  I t  r em a in s  to  
" I n v e s t ig a te  q u a n t i t a t i v e l y  t h e  a c c u r a c y  of t h e  method, 
and t o  compare i t  w i t h  e x i s t i n g  m ethods .
3 .2 .  E v a l u a t i o n  of t h e  a c c u r a c y  of th e  m e th o d .
T h is  s e c t i o n  i s  i n t e n d e d  t o  i l l u s t r a t e  i n  d e t a i l  
t h e  e f f e c t  of t h e  c h o ic e  of t h e  t r u n c a t i o n  f r e q u e n c y  and 
th e  number of s t r a i g h t  l i n e  segm ents  used  on t h e  a c c u r a c y  
of t h e  method.
A second o r d e r  sys tem  was used  i n  t h e  c a l c u l a t i o n s  
b e ca u se  th e  e x p r e s s io n s  f o r  i t s  r e a l  p a r t  and f o r  i t s  
t r a n s i e n t  r e s p o n s e  a r e  s im p le ,  t h u s  a v o i d i n g  l o n g  
c o m p u ta t io n  t im e s .  As f a r  a s  t h e  a p p l i c a t i o n  of t h i s  
method i s .  c o n ce rn e d ,  th e  sy s te m  o r d e r  i s  i m m a t e r i a l  
s i n c e  th e  mode of a p p r o x i m a t i o n  and c a l c u l a t i o n  i s  a lw ays  
t h e  same.
The second o r d e r  sy s te m  u sed  h a s  t h e  t r a n s f e r  
f u n c t i o n
T ( s )  = - 5  i   3 . 2 . x
. . . + I.4S+ 1
3*2- I  E f f e d t  of  t h e  c h o ic e  of t h e  t r u n c a t i o n  f r equency  
P i g .  3 . 1  shows th e  p l o t  of l o g  ReT( jw) j a g a i n s t  
logw, and a l s o  marked i s  t h e  a sy m p to te  a t  - 1 2 d b / o c t a v e .
As m en t ioned  i n  s e c t i o n  2.3*3? a  q u a l i t a t i v e
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Fig.3 .1 . Logarithmic p lot of the real part o f expression 3 .2 .1 . j
i ■ i
a p p r a i s a l  of th e  s i t u a t i o n  i n d i c a t e s  t h a t  by co=iO t h e
t r u e  r e a l  p a r t  p l o t  i s  f o r  a l l  p r a c t i c a l  p u r p o s e s
c o i n c i d e n t  w i t h  t h e  a s y m p to te .  A much lo w e r  t r u n c a t i o n
f r e q u e n c y  can be u sed ,  however ,  w i t h o u t  i n t r o d u c i n g
s e r i o u s  e r r o r s .
Tb i n v e s t i g a t e  q u a n t i t a t i v e l y  th e  e f f e c t  of th e
c h o ic e  of co , t h e  t r u e  c o n t r i b u t i o n  of what I s  b e in g
c a l l e d  th e  a s y m p t o t i c  r e g i o n  of  t h e  r e a l  p a r t  p l o t  ( i . e .
f o r  wxjo ) was found  fromsc u c
2t r u e  c o n t r i b u t i o n  = h ( t )  -  — fReT(ju)) coscot dco 3*2.2
TC o
where h ( t )  i s  o b t a in e d  from th e  e x p r e s s i o n  f o r  t h e  t r u e
im p u lse  r e s p o n s e  of t h e  second o r d e r  sys tem  c o n s i d e r e d ,
and ReT(jw) i s  t h e  e x p r e s s i o n  f o r  t h e  t r u e  r e a l  p a r t  of
T(jco). The i n t e g r a t i o n  was done on a  d i g i t a l  com puter
w i t h  an  a c c u ra c y  of f i v e  d e c im a l  p l a c e s .  The a p p ro x im a te
c o n t r i b u t i o n ,  h e ( t ) ,  was o b t a i n e d  from
i n f
h e ( t )  = - |  ^ /A c ( ^ £ ) n coscot dco 3 * 2 .3
0
where,  f o r  t h i s  example, N=2. E x p r e s s i o n  3 * 2 .3  was n o t  
e v a l u a t e d  a s  such ,  i n s t e a d  e x p r e s s i o n  2 . 4 . 1 8  w h ich  i s  
d e r i v e d  f rom 3*2 .3  ( i d e n t i c a l  w i t h  2 . 4 . 1 2 )  was u s e d .
P i g . 3 * 2 .a, b , c  shows t h e  t r u e  c o n t r i b u t i o n  of t h e  
a s y m p to t i c  r e g i o n  ( p l o t t e d  a s  a c o n t in u o u s  l i n e ) ,  and 
s p o t  v a l u e s  of t h e  a p p ro x im a te  c o n t r i b u t i o n  f o r  w = 4 , 3 , 2  
r e s p e c t i v e l y .
The g r e a t e s t  e r r o r  i n  e ac h  c a se  o c c u r s  a t  t=0 .  
and t h i s  g e t s  p r o g r e s s i v e l y  s m a l l e r  a s  co i s  i n c r e a s e d .
V
P o r  t>0 ,  f i g .  3 * 2 .a  shows t h a t  w i t h  co =4, t h e  s p o t  v a l u e s  
of h e ( t )  a r e  v i r t u a l l y  i n d i s t i n g u i s h a b l e  f rom  t h e  t r u e  
v a l u e s .  Prom P i g .  3 * 2 .b i t  can  be seen  t h a t  f o r  co =3,
V
t h e  a c c u r a c y  i s  s t i l l  good, w h i l e  f i g . 3 * 2 . c shows t h a t

f o r  w =2 , q u i t e  l a r g e  d i f f e r e n c e s  "between t h e  t r u e  and c
h e ( t )  v a l u e s  a r i s e .
While  f i g . 3 .2  s u p p o r t s  t h e  v a l i d i t y  of making th e
a s y m p to t i c  r e g i o n  a p p r o x i m a t i o n  d e s c r i b e d  i n  s e c t i o n
2 . 3 . 1 , t h e  a c i d  t e s t  a s  f a r  a s  a c c u r a c y  i s  c o n ce rn e d  i s
t h e  e f f e c t  upon th e  p r e d i c t e d  im pu lse  r e s p o n s e .  To
i s o l a t e  t h e  e f f e c t  of t h e  a s y m p to t i c  r e g i o n  a p p r o x i m a t i o n
on th e  o v e r a l l  a c c u r a c y ,  t h e  t r u e  im pulse  r e s p o n s e  was
compared w i t h  sp o t  v a l u e s  c a l c u l a t e d  from
wc . . .p
spo t  v a l u e s  = — /ReT(jco) coswt du + A w [ h e ( x ) ]  3*2.471 0 c c
The f i r s t  i n t e g r a l  a g a i n  was e v a l u a t e d  n u m e r i c a l l y  t o
f i v e  dec im a l  p l a c e s ,  w h i l e  t h e  ap p ro x im a te  a s y m p t o t i c
r e g i o n  c o n t r i b u t i o n  was found  f rom th e  e x p r e s s i o n  (shown
i n  t a b l e  2 . 1 ) used  t o  o b t a i n  t h e  g ra p h s  of h e ( x )  g i v e n  
.. * *
i n  f i g s . 2 . 6  and 2 . 7 .
The r e s u l t s ,  showing t h e  t r u e  im pu lse  r e s p o n s e  
a s  a s o l i d  l i n e  w i t h  t h e  s p o t  v a l u e s  su pe r im p o sed ,  a r e  
shown i n  f i g .  3* 3 *a ,b ,  c f o r  w =4,3.,2 r e s p e c t i v e l y .  I t  
can  a g a i n  be s e e n  t h a t ,  a p a r t  from t,he v a l u e  a t  t = 0 , t h e  
t .rue and s p o t  v a l u e s  f o r  u> =4 a r e  v i r t u a l l y  i n d i s t i n -  
g u i s h a b l e .  F o r  wc= 3, t h e  d i f f e r e n c e  i s  s t i l l  v e r y  s m a l l ,  
w h i l e  f o r  wc=2 n o t i c e a b l e  d i f f e r e n c e s  occu r .
I d e n t i c a l  c a l c u l a t i o n s  were done f o r  t h e  s t e p  
r e s p o n s e .  F i g . 3 * 4 .a , b , c  shows th e  t r u e  and a p p ro x im a te  
c o n t r i b u t i o n s  of th e  a s y m p t o t i c  r e g i o n  f o r  w = 4 ,3 ,  2
. . . .  v
r e s p e c t i v e l y .  F i g . 3 . 5 . a . b . c  a g a i n  i s o l a t e s  t h e  e f f e c t  
of th e  a s y m p t o t i c  r e g i o n  a p p r o x i m a t i o n  on t h e  s t e p  
r e s p o n s e  f o r  oj = 4 ,3 , 2  r e s p e c t i v e l y .
V
From th e  r e s u l t s  i t  i s  co n c lu ded  t h a t  i f  a h i g h  
a c c u r a c y  was r e q u i r e d ,  w =3  would be a s u i t a b l e  t runaa t iu . . . .
L/
f r e q u e n c y ,  r e p r e s e n t i n g  a r e a s o n a b l e  compromise b e tw een
no. 3.3. mwci or n t  un rron c u c ia i tmcammm at m  m n u t 
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a c c u r a c y  and th e  d e s i r a b i l i t y  of h a v in g  a s  low an w a s
V
p o s s i b l e ,  i n  o r d e r  t o  have a s  few segments  i n  th e  
i n t e r m e d i a t e  r e g i o n  a p p r o x i m a t i o n  a s  p o s s i b l e .  Fo r  
most e n g i n e e r i n g  p u rp o se s ,  however,  w =2 would be 
a d e q u a te .
I t  h a s  n o t  been  found p r a c t i c a b l e  t o  e s t a b l i s h  
any s im ple  g e n e r a l  r u l e  l i n k i n g  w w i t h  a c c u r a c y .  T h is  
i s  because  t h e  way i n  which  th e  t r u e  r e a l  p a r t  p l o t  
a p p ro a c h e s  t h e  a sy m p to te  i s  d i f f e r e n t  f o r  e v e ry  sys tem .
The examples of t h i s  s e c t i o n ,  however,  g ive  a  g u id e
w hich  shou ld  p rove  a d e q u a te  f o r  most p r a c t i c a l  a p p l i c a t i o n s .
3 . 2 . 2 .  E f f e c t  of th e  number of s t r a i g h t  l i n e  segments  
on a c c u r a c y .
To i n v e s t i g a t e  th e  e f f e c t  of th e  number of 
segments  u sed  t o  ap p ro x im a te  th e  i n t e r m e d i a t e  r e g i o n  of 
th e  r e a l  p a r t  p l o t ,  wc was t a k e n  a s  2. S in c e  t h e  e r r o r  
i n v o lv e d  i n  u s i n g  th e  a p p ro x im a te  c o n t r i b u t i o n  of t h e  
a s y m p to t i c  r e g i o n  f o r  w =2 was e x p lo r e d  i n  th e  l a s t  
s e c t i o n ,  i t  was f e l t  u n n e c e s s a r y  t o  i s o l a t e  t h e  e f f e c t  
of the  a p p r o x im a t io n  of th e  i n t e r m e d i a t e  r e g i o n .  I n s t e a d ,  
th e  t r u e  im pu lse  and s t e p  r e s p o n s e s  were compared w i th  
t h o s e  c a l c u l a t e d  f rom h e (x )  and u e (x )  f o r  w =2 p l u s  th e  
c o n t r i b u t i o n s  of th e  t r i a n g l e  fo rm in g  th e  i n t e r m e d i a t e  
r e g i o n .
S in ce  th e  o b j e c t  of t h i s  s e c t i o n ,  as  a l s o  of t h e  
p r e c e d i n g  one, i s  t o  g ive  a f e e l  f o r  th e  k in d  of e r r o r  
o c c u r r i n g  i n  t h e  t ime domain f o r  a  g iv e n  a p p r o x i m a t i o n  
i n  th e  f r e q u e n c y  domain, th e  t r u e  r e a l  p a r t  p l o t  up t o  
wc=2, and i t s  s t r a i g h t  l i n e  a p p r o x i m a t i o n  u s i n g  10, 7 
and 5 segm ents  i s  shown i n  f i g . 3 . 6 . a , b  and c. The 
c o r r e s p o n d i n g  p r e d i c t e d  im pu lse  r e s p o n s e s  a r e  shown i n
no. 3.6. unamunoa op tbs nram nuis nova or tbs nu. p u t  (we
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f i g .  3*7«a ,b  and c, w h i l e  t h e  s t e p  r e s p o n s e s  a r e  shown i n  
f i g .  3* 8*s^b and c.
Prom th e  r e s u l t s  i t  i s  conc luded  t h a t  a c lo s e  
a p p r o x i m a t i o n  of th e  t r u e  r e a l  p a r t  p l o t  i n  t h e  i n t e r ­
m e d ia te  r e g i o n  i s  r e q u i r e d  i n  o r d e r  t o  ge t  good a c c u ra c y  
i n  t h e  t im e  domain. 10 segm ents  f o r  t h i s  example  seems 
a s u i t a b l e  v a l u e .
3.3* Example: T r a n s i e n t  r e s p o n s e  of a. f o u r t h  o r d e r  s y s t e m 
By way of an  example ,  t h e  im pulse  and s t e p  r e s p o n s e  
w i l l  be e v a l u a t e d  f o r  a sy s te m  whose t r a n s f e r  f u n c t i o n  
i s :
m f  \  1 8 . 7 2  " D O TT ( s )  = t—  —v 3«3* 1-( s + l ^ o ) ( s + 0 . 6 ± o )
The l o g a r i t h m i c  r e a l  p a r t  p l o t  i s  shown i n  f i g . 3*9, f rom 
which th e  t r u n c a t i o n  f r e q u e n c y  was chosen  a s  4 r a d / s e c .
3*3*1* Computer c a l c u l a t i o n  of th e  t r a n s i e n t  r e s p o n s e .
I t  was d e c id e d  t o  use  10 segments  f o r  th e  i n t e r ­
m e d ia te  r e g i o n ,  and f i g . 3*10 shows th e  d eg re e  of 
a p p ro x im a t io n  t h i s  e n t a i l s .
The t r u e  and spo t  v a l u e s  of th e  a p p ro x im a te  im p u lse  
and s t e p  r e s p o n s e  a re  shown i n  f i g . 3*11* To i n d i c a t e  
th e  s o r t  of computing  t im e s  i n v o lv e d ,  f i g . 3*11 was 
produced i n  a bou t  1 m in u te .  To o b t a i n  th e  a p p ro x im a te  
im pulse  and s t e p  v a l u e s  w i th o u t  p l o t t i n g  them out  t a k e s  
a bou t  10 s e c o n d s .
3*3*2. Example of hand c a l c u l a t i o n .
The c a l c u l a t i o n  n e c e s s a r y  t o  o b t a i n  one v a l u e  of 
t h e  im pulse  r e s p o n s e  w i l l  be made t o  show th e  f e a s i b i l i t y  
of a p p l y i n g  t h e  method by hand c a l c u l a t i o n  and t o  
i l l u s t r a t e  th e  use  of t a b l e  2 . 2 .
CQX)
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F ig.3.^. Illu strating  the choice of the truncation frequency for 
the example of section 3*3«
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Suppose i t  i s  r e q u i r e d  t o  f i n d  th e  im p u lse  r e s p o n s e  
a t  t = l  s e c .  In  t h i s  example ,  w =4 and s i n c e  10 segments  
were u se d ,  u)^=0.4. Hence x=w ^t=0 .4 .
A c o n v e n ie n t  way of d o in g  the  c a l c u l a t i o n  i s  t o  
a r r a n g e  t h e  numbers  i n  t a b l e  form a s  shown i n  t a b l e  3 .1 ,  
Thus th e  f i r s t  column i d e n t i f i e s  th e  number of th e  
t r i a n g l e ,  th e  second column g i v e s  i t s  h e i g h t .  I t  i s  
a s  w e l l  t o  d i s t i n g u i s h  th e  f i r s t  and th e  l a s t  nuipber 
i n  th e  second column by p u t t i n g  i n  A and k-  r e s p e c t i v e l y .O
The t h i r d  column c o n t a i n s  th e  c o n t r i b u t i o n s  f o r  x = 0 . 4.
The c o n t r i b u t i o n  due to  A i s  hb and i s  t a k e no
f fom  th e  l a s t  column i n  t a b l e  2 . 2 .  The c o n t r i b u t i o n s  
due t o  A-^  tlb A^ a r e  ha and a r e  t a k e n  from t h e  t o p  l i n e  
of th e  numbers c o r r e s p o n d i n g  t o  x = 0 .4 .  The c o n t r i b u t i o n  
due t o  Aq i s  t a k e n  from th e  second  l i n e  i n  column 10.
S in c e  t h e s e  c o n t r i b u t i o n s  were c a l c u l a t e d  f o r  
u n i t  h e i g h t  of th e  t r i a n g l e s ,  th e  t r u e  c o n t r i b u t i o n s  a r e  
o b t a in e d  by m u l t i p l y i n g  them by th e  h e i g h t s ,  t a k i n g  i n t o  
a cc o u n t  th e  s i g n s .  I t  i s  c o n v e n ie n t  t o  pu t  p o s i t i v e  
p r o d u c t s  i n  one column, n e g a t i v e  p r o d u c t s  i n  t h e  n e x t  
column. Once t h i s  h a s  been  done,  th e  numbers  a r e  added 
a s  shown.
Now i t  i s  r e c a l l e d  t h a t  t h e  c o n t r i b u t i o n s  were  
c a l c u l a t e d  f o r  u n i t  h e i g h t  of th e  t r i a n g l e s  and f o r  u n i t  
( a s  i n d i c a t e d  i n  t a b l e  2 . 1 . ) .  Hence t o  g e t  t h e  n e t t  
c o n t r i b u t i o n  due t o  th e  i n t e r m e d i a t e  r e g io n , "  t h e  p o s i t i v e  
and n e g a t i v e  c o n t r i b u t i o n s  a r e  added and the  r e s u l t  
m u l t i p l i e d  by u)^=0.4.
I t  now rem a in s  to  add th e  c o n t r i b u t i o n  due t o  th e  
a s y m p to t i c  r e g i o n .  T h is  can  be r e a d  o f f  f i g . 2 . 6  f o r  
N=4 and k x=4 g i v i n g  0 .0 2 .  T h is  v a lu e  must be m u l t i p l i e d
Table ?>.l.
Hand calcu lation  o f the impulse response. (Relevant to section  .^1 ,2).
k ha(x)/A}^ 1
0 o*
* it 0.314 0.314
1 0.907 0.578 0.525
2 0.570 V O.438 0.250
3 . 0.048 0.228 . 0.011
4 - 0.353 - 0.018
t
0.064
5 -0.552 - 0.261 0.143
6 - 0.652 -0.463 0.302
7 - 0.588 - 0.592 0.348
8 - 0.193 -0.627 0.121
9 0.029 -O.563 - 0.016 .
10 Ac =-0.237 -0.014
• • 2. 078. - 0.030
h e(k x) =(0.059)(4)(0.02) = c 0.0047 0.4(2.048) = 0.8192
h(t) =0.8192 + 0.004? = 0.8239 J
by A u> and th e  r e s u l t  added t o  t h e  t o t a l .° c c
The an sw er  o b t a in e d  by t h i s  s l i d e - r u l e  c a l c u l a t i o n  
i s  0 .824 and th e  t r u e  v a lu e  i s  0 .8 1 1 .  P e r c e n t a g e  
e r r o r s  i n  a  q u a n t i t y  which goes t h r o u g h  z e r o  a r e  of 
co u rs e  m i s l e a d i n g ,  bu t  th e  e r r o r  e x p re s s e d  a s  a p e r c e n t a g e  
of th e  maximum v a lu e  of th e  im p u lse  r e s p o n s e  i s  l e s s  
t h a n  1.
3 .4 .  Comparison of th e  p r e s e n t  method w i t h  some 
e x i s t i n g  ones.
As m en t ion ed  i n  the  i n t r o d u c t i o n  to  c h a p t e r  2, 
t h e  p r e s e n t  method i s  comparable  t o  a number of e x i s t i n g
methods and t h e s e  a r e  c o n s i d e r e d  i n  t u r n .
3 . 4 . 1 .  Comparison w i t h  F l o y d 1 s method
This  method (65 ch. 11) i s  c o n s id e r e d  f i r s t  b e ca u se  
i t  i s  th e  most s i m i l a r .  In  f a c t  t h e  work d e s c r i b e d  i n  
c h a p t e r  2 and 3 a r i s e s  a s  a r e s u l t  of. t r y i n g  t o  improve 
F l o y d ' s  method.
The s t a r t i n g  p o i n t  i n  b o th  c a s e s  i s  t h e  r e a l  p a r t  
p l o t .  The main d i f f e r e n c e  l i e s  i n  t h e  f a c t  t h a t  i n
F l o y d ' s  method th e  e n t i r e  r e a l  p a r t  p l o t ,  i n c l u d i n g  th e
a s y m p to t i c  r e g i o n ,  i s  a p p ro x im a te d  by s t r a i g h t  l i n e  
segm en ts .  There  i s  no gu ide  a s  t o  how b e s t  t o  choose  
th e  f i n a l  segment which  makes th e  a p p ro x im a te  r e a l  p a r t  
a m p l i tu d e  z e r o .  I t  i s  i n  t h i s  t h a t  i t  i s  f e l t  t h e  
p r e s e n t  method h a s  g r e a t e r  a c c u r a c y .
The second d i f f e r e n c e  l i e s  i n  th e  t r e a t m e n t  of 
th e  a p p ro x im a te  r e a l  p a r t  formed by th e  s t r a i g h t  l i n e  
segm ents .  I n  F l o y d ' s  method t h e  t r a p e z o i d s  formed a r e  
f u r t h e r  s u b d i v i d e d  i n t o  o t h e r  t r a p e z o i d s ,  a  p r o c e s s  w h ich  
i s  q u i t e  t im e consuming ( s e e  r e f . 65 p . 345) .  I t  i s  f e l t  
t h a t  th e  g r e a t e r  s i m p l i c i t y  of t h e  p r e s e n t  method i s  an
a d v a n ta g e .
F i n a l l y  F l o y d ' s  method p r o v i d e s  th e  im p u lse  
r e s p o n s e  on ly ,  w h i l e  th e  p r e s e n t  method p r o v i d e s  b o th  
th e  im pulse  and s t e p  r e s p o n s e  by i d e n t i c a l  c a l c u l a t i o n s .
3 . 4 . 2 .  Comparison w i th  G u i l l e m i n ' s  method.
An example of th e  a p p l i c a t i o n  of G u i l l e m i n ' s  
method can be found i n  r e f . 27 p . 386. The method r e l i e s  
on a p p r o x im a t in g  a  d e r i v a t i v e  of t h e  r e a l  p a r t  p l o t  by 
s t r a i g h t  l i n e s  which,  by s u c c e s s i v e  d i f f e r e n t i a t i o n ,  a r e  
r ed uced  t o  an im pu lse  t r a i n .  The im pu lse  r e s p o n s e  may 
th e n  be w r i t t e n  by i n s p e c t i o n  from t h i s  im p u lse  t r a i n .
The m ain  d i f f i c u l t y  i n  im p lem en t in g  G u i l l e m i n ' s  
method l i e s  i n  g e t t i n g  th e  d e r i v a t i v e s  of th e  r e a l  p a r t  
p l o t ,  which i n  p r a c t i c a l  c a s e s  i s  a v a i l a b l e  on ly  a s  a 
measured  p l o t .  The amount of work in v o lv e d  seems 
g r e a t e r  t h a n  i n  t h e  p r e s e n t  method, w h i le  th e  a c c u r a c y  docs 
n o t  seem b e t t e r .
3 *4 .3 .  Comparison w i t h  o t h e r  m ethods .
The method of S t a l l a r d  (59) and a l s o  of Hamos 
e t  a l . (64) g i v e s  t h e  s t e p  r e s p o n s e  on ly  by c o n s i d e r i n g  
t h e  r e s p o n s e  of t h e  sys tem  t o  a  s q u a re  wave of  s u i t a b l y  
l o n g  p e r i o d .  The sq u a re  wave i s  a n a l y s e d  i n t o  h a rm o n ic s ,  
and th e  r e s p o n s e  due t o  each  harm onic  i s  o b t a i n e d  f rom th e  
sys tem  f r e q u e n c y  r e s p o n s e .  The c a l c u l a t i o n s  i n v o lv e d  
a r e  l o n g e r  t h a n  i n  th e  p r e s e n t  method and th e  c h o ic e  of 
a s u i t a b l e  p e r io d  f o r  th e  s q u a re  wave n o t  a s  s im p le  a s  
th e  c h o ic e  of wc i n  th e  p r e s e n t  method.
Dawson 's  (61) method u s e s  th e  im a g in a r y  p a r t  p l o t  
a s  a s t a r t i n g  p o i n t .  The c o n t r i b u t i o n  of t h e  a s y m p t o t i c  
s e c t i o n  of t h i s  p l o t  i s  n e g l e c t e d ,  on t h e  a rgum ent  t h a t  
i f  u) i s  chosen  l a r g e  enough,  t h e  c o n t r i b u t i o n  of th e
a s y m p to t i c  r e g i o n  i s  s m a l l .  The r e m a in d e r  of th e  
im a g in a ry  p a r t  p l o t  i s  a n a l y s e d  i n t o  a F o u r i e r  s i n e  
s e r i e s  by 18 p o i n t  g r a p h i c a l  i n t e g r a t i o n .  T h is  
c a l c u l a t i o n  g r e a t l y  exceeds  i n  c o m p lex i ty  th e  p r e s e n t  
method.
S o lo d o vn ik ov  et  a l  (66) p r e s e n t  a method of 
c a l c u l a t i n g  th e  s t e p  r e s p o n s e  f rom  th e  r e a l  p a r t .  T h e i r  
a p p ro a c h  i s  i d e n t i c a l  v d t h  F l o y d ' s ,  w i t h  t r a p e z o i d s  b e in g  
used  and the  a s y m p to t i c  r e g i o n  ap p ro x im a te d  by a s t r a i g h t  
l i n e ,  so t h a t  t h e  same comments a p p ly  a s  were made i n  
s e c t i o n  3*4 .1 .
3*5« Conc lus ions!
I t  i s  f e l t  t h a t  t h e  method p r e s e n t e d  i n  c h a p t e r  2 
and 3 o f f e r s  t h e  f o l l o w i n g  a d v a n t a g e s  over  t h e  methods 
m en t ioned  i n  s e c t i o n  3*4.
a) Improved a c c u r a c y  due t o  c o n s i d e r a t i o n  of th e  
c o n t r i b u t i o n  of th e  a s y m p to t i c  r e g i o n  of t h e  
r e a l  p a r t .
b) G r e a t e r  s i m p l i c i t y  i n  t h e  a c t u a l  c a l c u l a t i o n ,  
s i n c e  th e  a m p l i tu d e  of t h e  r e a l  p a r t  a t  t h e  
j u n c t i o n s  of the  s t r a i g h t  l i n e  segm ents  on ly  
a r e  used  i . e .  the  s u b d i v i s i o n  i n t o  component 
t r a p e z o i d s  i s  a v o id e d .
c) An i d e n t i c a l  c a l c u l a t i o n  f o r  b o th  im p u lse  and 
s t e p  r e s p o n s e s .  . .
While  t h i s  method i s  s u i t a b l e  f o r  o b t a i n i n g  th e  
t r a n s i e n t  r e s p o n s e  of any p a r t i c u l a r  sys tem  from i t s  
m easured  f r e q u e n c y  r e s p o n s e ,  i t  i s  no t  s u i t a b l e  f o r  
c o r r e l a t i n g  t h e  f r e q u e n c y  and t r a n s i e n t  r e s p o n s e s  of 
sys tem s  g e n e r a l l y ,  a s  an a i d  t o  t h e i r  s y n t h e s i s .  The 
d i f f i c u l t y  i s  t h e  same as  w i t h  t h e  c o r r e l a t i o n  of  t h e
t r a n s i e n t  r e s p o n s e  and p o l e - z e r o  p a t t e r n s ,  namely the  
number of v a r i a b l e  c o e f f i c i e n t s ,  which makes any k in d  
of d e t a i l e d  p r e s e n t a t i o n  of t h e  r e s u l t s  i m p r a c t i c a l .
To overcome t h i s  d i f f i c u l t y ,  an  a l t e r n a t e  way of 
a p p ro x im a t in g  th e  i n t e r m e d i a t e  r e g i o n  of t h e  r e a l  p a r t  
i s  p r e s e n t e d  i n  t h e  n e x t  c h a p t e r .
DESCRIPTION OF THE REAL PART OF THE FREQUENCY
RESPONSE OF LINEAR SYSTEMS IN TERMS OF THE ASYMPTOTIC 
REGION BEHAVIOUR AND THE HARMONIC CONTENT OF THE 
INTERMEDIATE REGION.
4 . 1 .  I n t r o d u c t i o n
As d i s c u s s e d  C h a p te r  I ,  one of the  p r i n c i p a l  
d i f f i c u l t i e s  i n  sy s te m  s y n t h e s i s  l i e s  i n  c h o o s in g  a 
t a r g e t  sys tem  which
a) m ee ts  t h e  s p e c i f i c a t i o n
b) i s  c a p a b le  of b e in g  r e a l i s e d  by t h e  a d d i t i o n  
of c o m p en sa t io n  t o  th e  open lo o p  c o n s t r a i n t .  ,
F o r  t h e  t a r g e t  sys tem  t o  be p r a c t i c a l l y  r e a l i s a b l e ,  
i t  must  have a t  l e a s t  a s  g r e a t  an  e x c e s s  of p o l e s  over  
z e r o e s  a s  th e  open lo o p  c o n s t r a i n t ,  o t h e r w i s e  t h e  
r e q u i r e d  c o m p e n sa t io n  w i l l  i n c l u d e  pure  d i f f e r e n t i a t o r s  
which  a r e  n o r m a l l y  r u l e d  o u t 'o n  n o i s e  and s a t u r a t i o n  
g ro u nd s .  Yet a s  p o i n t e d  out  by T r u x a l  (27 p . 2 8 5 ) ,  a  
d e s i g n e r  can i n t e l l i g e n t l y  h a n d le  only  a  f a i r l y  s im p le  
p o l e - z e r o  p a t t e r n ,  w i t h  t h e  r e s u l t  t h a t  t h e  'd o m in a n t
p o l e '  co n cep t  i s  invoked .  However, a s  p o i n t e d  out  by
H orow itz  (31 p . 2 2 1 ) ,  t h i s  g e n e r a l l y  l e a d s  t o  a  d e s i g n  
which  i s  e i t h e r  p rone  t o  s a t u r a t i o n  or  does n o t  f u l l y  
e x p l o i t  t h e  c a p a b i l i t i e s  of the  p l a n t .
T h is  i s  th e  p r i c e  w hich  i s  pa id  f o r  t h e  f a c t  
t h a t  t h e  p o l e - z e r o  r e p r e s e n t a t i o n  g iv e s  e x a c t  i n f o r m a t i o n  
a b o u t  th e  t r a n s i e n t  p e r fo rm a n c e .
The method p r e s e n t e d  i n  t h e  s u c c e e d in g  c h a p t e r s  
u s e s  an a p p ro x im a te  c h a r a c t e r i s a t i o n  of a sys tem  i n  te rm s
of i t s  r e a l  p a r t  p l o t .  I t  i s  b a sed  on t h e  p re m ise
t h a t  f o r  e n g i n e e r i n g  p u r p o s e s ,  t h e  e x a c t  i n f o r m a t i o n  of 
t h e  p o l e - z e r o  a p p ro a c h  can w i t h  a d v a n ta g e  §e t r a d e d  f o r  
a p p ro x im a te  i n f o r m a t i o n ,  i n  r e t u r n  f o r  a g r e a t l y  i n c r e a s e d  
c a p a c i t y  t o  c o r r e l a t e  sys tem s of s p e c i f i e d  p o l e - z e r o  
e x c e s s  w i t h  t h e i r  t r a n s i e n t  b e h a v i o u r .
The a p p ro x im a te  c h a r a c t e r i s a t i o n  c o n s i s t s  of 
s p e c i f y i n g  th e  a s y m p to t i c  r e g i o n  i n  th e  manner  d e s c r i b e d  
i n  s e c t i o n  2 .3 * 1  ( i . e .  a s  an  i n v e r s e  power of t h e  
f r e q u e n c y ) ,  and th e  i n t e r m e d i a t e  r e g i o n  by a F o u r i e r  
c o s in e  s e r i e s .
B e fo re  c o n s i d e r i n g  t h e  i m p l i c a t i o n s  of su ch  a 
form of a p p ro x im a te  c h a r a c t e r i s a t i o n ,  t h e  g e n e r a l  
b e h a v i o u r  of th e  r e a l  p a r t  of  th e  f r e q u e n c y  r e s p o n s e  
of lumped l i n e a r  sys tem s  i s  i n v e s t i g a t e d .
4 . 2  B e h a v io u r  of th e  r e a l  p a r t  of th e  f r e q u e n c y  r e s p o n s e
of lumped l i n e a r  sy s te m s .
•The o b j e c t  of t h i s  s e c t i o n  i s  t o  i n v e s t i g a t e  i n  
b road  te rm s  t h e  p o s s i b l e  b e h a v i o u r  of t h e  r e a l  p a r t  p l o t .  
The comple te  r e a l  p a r t  p l o t  w i l l  a g a i n  be c o n s i d e r e d  a s  
c o n s i s t i n g  of an a s y m p to t i c  r e g i o n  ( f o r  oj>wc ) and an  
i n t e r m e d i a t e  r e g i o n  ( f o r  w<w ) .
4 . 2 . 1  A sy m p to t ic  b e h a v io u r  of th e  r e a l  p a r t  p l o t .
I t  was shown i n  s e c t i o n  2 . 3 . 1  t h a t  t h e  a s y m p t o t i c
r e g i o n  b e h a v i o u r  of the  r e a l  p a r t  of T(jw) i s  g i v e n  by:
ReT( joo) c o n s t a n t
. r wna) _ * m f . 4 . 2 . 1 ,
where N i s  an even i n t e g e r  e q u a l  to  th e  e x c e s s  of p o l e s  
o v e r  r e r o e s  of T ( s )  i f  t h e  e x c e s s  i s  even, or  one 
g r e a t e r  t h a n  th e  e x c e s s  i f  i t  i s  odd.
E x p r e s s i o n  4 . 2 . 1  i s  a consequence  of t h e  f a c t  
t h a t  f o r  a lumped l i n e a r  sy s tem ,  T(jw) i s  a r a t i o n a l
f u n c t i o n .  By t h i s  same to k e n  \
c o n s t a n tT( ju)) 4 . 2. 2
f  K \  i x i — XX
a )  — v .  i n f ,
where m-n i s  th e  e x ce ss  of p o l e s  o ve r  z e r o e s  of T (s )
( I t  i s  assumed t h a t  m > n  and t h a t  T (s )  i s  minimum-phase.  
The case  of non minimum-phase T (s )  i s  c o n s i d e r e d  i n  
s e c t i o n  7 . 3»2) .
The p o s s i b l e  a s y m p t o t i c  b e h a v i o u r  of T ( j io ) ,  i n  
p o l a r  fo im, i s  shown i n  f i g . 4 . 1  f o r  d i f f e r e n t  v a l u e s  of 
N. The a n g le  of T(jw) a p p r o a c h e s  m/2 t im e s  t h e  p o l e -  
z e r o  e x c e s s  of T ( s ) ,  so t h a t  t o  each  v a lu e  of N c o r r e s p o n d  
two p o s s i b l e  f i n a l  a n g l e s .
4 . 2 . 2  I n t e r m e d i a t e  r e g i o n  b e h a v i o u r  of th e  r e a l  p a r t  p l o t
The z e r o  f r e q u e n c y  v a l u e  of T(jw) depends  upon i t s  
t y p e .  S in c e  T(jw) i s  used  h e r e  t o  r e p r e s e n t  a  c l o s e d  
l o o p  t r a n s f e r  f u n c t i o n ,  i t  w i l l  be assumed of t y p e  0. 
F u r th e rm o re ,  i t  w i l l  be assumed t h a t  t h e  c o r r e s p o n d i n g  
open lo o p  t r a n s f e r  f u n c t i o n ,  G-(jw) i s  of t y p e  I  or  h i g h e r ,  
a s  i s  t r u e  of a l a r g e  p r o p o r t i o n  of p r a c t i c a l  c o n t r o l  
s y s t e m s . ' Under th o s e  c i r c u m s t a n c e s
T(ju))|  = 1 4 . 2 . 3
I w=0
Knowing th e  b e h a v i o u r  of T(ju)) a t  t h e  two ex trem e^  
of th e  f r e q u e n c y  ra n g e ,  th e  p o s s i b l e  b e h a v i o u r  i n  th e  
i n t e r m e d i a t e  r e g i o n  can r e a d i l y  be deduced.  F i g . 4 . 2 . a  
shows some p o s s i b l e  shapes  of T(jo)) f o r  ar p o l e - z e r o  
e x c e s s  of 2 ( i . e . N = 2 ) ,  and f i g . 4 . 2 . b  shows th e  c o r r e s ­
ponding  r e a l  p a r t  p l o t s .
I t  w i l l  be se en  t h a t  sh ap es  A, B and C of T ( jw ) ,  
shown as c o n t i n u o u s  l i n e s ,  p roduce  th e  same s o r t  of  
shape  of ReT(jw) ,  i n  th e  s e n s e  t h a t  th e  r e a l  p a r t  p l o t  
changes  f rom  p o s i t i v e  t o  n e g a t i v e  only  once.  Shapes
i
i
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D and E, shown dashed ,  p roduce  t h r e e  changes  i n  sign*
I n  f a c t ,  s i n c e  f o r  N=2 T(jw) a p p ro a c h e s  t h e  n e g a t i v e  
r e a l  a x i s  a s  co a p p ro a c h e s  i n f i n i t y ,  i t  f o l l o w s  t h a t  th e  
r e a l  p a r t  p l o t  can only  have an odd number of changes  
of s i g n .
Now, w h i l e  shapes  D and E a r e  p o s s i b l e  ( a s  a r e  
even more c o n v o lu te d  o n e s ) ,  o n ly  sha p es  A, B and C 
c o r re sp o n d  to  l i k e l y  p r a c t i c a l  sy s te m s .  The r e a s o n  i s  
t h a t  shapes  D and E would c o r r e s p o n d  t o  sy s te m s  whose 
t r a n s i e n t  r e s p o n s e  would have a v e ry  lo n g  s e t t l i n g  t im e .  
T h is  s t a t e m e n t  i s  f u r t h e r  c l a r i f i e d  i n  s e c t i o n  4 . 4 . 3 .
Thus f o r  a  p o l e - z e r o  e x c e s s  of two, t h e  shape  of 
th e  r e a l  p a r t  p l o t  of p r a c t i c a l  sys tem s i s  most l i k e l y  
t o  be t h a t  shown as  a  s o l i d  l i n e  i n  f i g . 4 . 2 . b .
P i g . 4.3* shows some p o s s i b l e  sh a p e s  of T(jw) and 
ReT(jw) f o r  sy s te m s  h a v in g  a  p o l e - z e r o  e x c e s s  of 3 and 4 
£ i . e .N = 4 )  and 5, 6 ( i . e . N = 6 ) .  Again  s o l i d  l i n e s  show 
t h o s e  sha p es  v/hich c o r r e s p o n d  to  l i k e l y  p r a c t i c a l  sy s tem s ,  
w h i l e  th e  dashsd  l i n e s  r e p r e s e n t  sys tem s w hich ,  w h i l e  
f e a s i b l e ,  would have lo n g  s e t t l i n g  t im e s ,  and hence  a r e  
n o t  c o n s i d e r e d  p r a c t i c a b l e .
3* A pprox im ate  d e s c r i p t i o n  of th e  r e a l  p a r t  p l h t .
The o b j e c t ,  as  i n  c h a p t e r  2, i s  t o  a p p r o x i m a t e  t h e  
r e a l  p a r t  p l o t  by s i m p le r  c u rv e s  i n  o r d e r  to  e v a l u a t e  
t h e  i n t e g r a l s  l i n k i n g  th e  r e a l  p a r t  w i t h  t h e  im p u lse  
and s t e p  r e s p o n s e  ( e x p r e s s i o n s  2 . 2 . 6 .  and 2 . 2 . 1 0 ) .
4 .3 * 1  A pproxim ate  d e s c r i p t i o n  of th e  a s y m p t o t i c  r e g i o n
of th e  r e a l  p a r t  p l o t .
The a p p ro x im a t io n  i s  e x a c t l y  th e  same a s  d e s c r i b e d  
i n  s e c t i o n  2 .3 * 1  i . e .
ReT(joo) = A c ( ^ ) N f o r  o)>oJo 4 . 3 . 1
where wc d i v i d e s  th e  a s y m p t o t i c  r e g i o n  from th e  i n t e r ­
m ed ia te  r e g i o n ,  and A i s  th e  v a lu e  of ReT(jw) a t  u) .
4 .3*2  Approximate  d e s c r i p t i o n  of th e  i n t e r m e d i a t e  r e g i o n  
of th e  r e a l  p a r t  p lo t
The i n t e r m e d i a t e  r e g i o n  of th e  r e a l  p a r t  p l o t  w i l l  
he d e s c r i b e d  by a F o u r i e r  c o s i n e  s e r i e s ,  i . e .
rL
ReT(jw) === y  a^Cosk^j^w f o r  u)<ioc 4 .3*2
where a  , a-, . . . e t c .  a r e  th e  F o u r i e r  c o e f f i c i e n t s .  o7 1
4.3* 3* Q u a l i t a t i v e  comments on th e  form of t h e  
a p p r o x i m a t i o n .
The a s y m p to t i c  r e g i o n  a p p r o x i m a t i o n  h a s  a l r e a d y  
been  d i s c u s s e d  i n  c h a p t e r  2 and 3 and w i l l  no t  be f u r t h e r  
c o n s i d e r e d .  However, some comments seem a p p r o p r i a t e  
a t  t h i s  s t a g e  abou t  th e  new form of a p p r o x i m a t i o n  of the  
i n t e r m e d i a t e  r e g i o n  of th e  r e a l  p a r t  p l o t .
F i r s t l y ,  a s  i s  w e l l  known, any c o n t i n u o u s  p e r i o d i c  
waveform can be a p p ro x im a ted  t o  any r e q u i r e d  d e g re e  of 
a c c u ra c y  by a  F o u r i e r  s e r i e s .  The s e r i e s  d e f i n e d  by 
e x p r e s s i o n  4 .3*2  has  a p e r io d  of 2u)c , i . e .  i t  d e s c r i b e s  
t h e  r e a l  p a r t  up t o  w p l u s  i t s  m i r r o r  image up t o  2u) .
V  V
Thus i t  i s  d e s c r i b i n g  a c o n t i n u o u s  p e r i o d i c  waveform, 
though  i t  w i l l  only be used  i n  th e  range  0- gjc .
S e c o nd ly ,  t h e  g r e a t e s t  e r r o r  i n  th e  a p p r o x i m a t i o n  
o c c u r s  a t  co , i . e .  a t  the  j u n c t i o n  of the  i n t e r m e d i a t e  
and a s y m p to t i c  r e g i o n s .  T h i s  i s  b ecause  a t  t h i s  p o i n t  
t h e  c o s in e  s e r i e s  ha s  z e r o  s l o p e ,  w h i l e  th e  r e a l  p a r t  
i t  i s  a p p r o x im a t in g  may n o t  have  a z e r o  s l o p e .  N e v e r t h e ­
l e s s  t h e  d i f f e r e n c e  i n  the  a r e a s  can be made a s  s m a l l  
a s  d e s i r e d .  By way of i l l u s t r a t i o n ,  f i g .  4 . 4  shows th e  
t r u e  r e a l  p a r t  p l o t  of a t h i r d  o r d e r  sys tem, and th e
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F i n a l l y ,  and of g r e a t e s t  im p o r ta n c e ,  w h i l e  the  
p r e c e d i n g  comments have been  made t o  j u s t i f y  th e  use  of 
th e  F o u r i e r  s e r i e s  a p p ro x im a t io n  and t o  i n d i c a t e  where 
th e  g r e a t e s t  d i s c r e p a n c y  be tw een  t h i s  a p p r o x im a t io n  
and a t r u e  r e a l  p a r t  p l o t  l i e s ,  i t  must be s t r e s s e d  
t h a t  i t  i s  n o t  i n t e n d e d  to  t a k e  a s p e c i f i e d  r e a l  p a r t  
p l o t  and a p p ro x im a te  i t  i n  t h i s  way. To g e t  th e  
t r a n s i e n t  r e s p o n s e  f o r  any s p e c i f i e d  r e a l  p a r t ,  t h e  
method d e s c r i b e d  i n  c h a p t e r  2 and 3 i s  much more s u i t a b l e .
The a d v a n ta g e  of th e  F o u r i e r  s e r i e s  a p p r o x i m a t i o n  
i s  t h a t  d e a l i n g  w i th  only a few c o e f f i c i e n t s ,  a l a r g e  
number of a p p ro x im a te  r e a l  p a r t  p l o t s  and t h e i r  
c o r r e s p o n d i n g  t r a n s i e n t  p e r fo rm a n c e s  can be c o n s i d e r e d .
4 . 4  C o r r e l a t i o n  between th e  t r a n s i e n t  p e r fo rm a n c e  and 
th e  a p p ro x im a te  r e a l  p a r t .
S in c e  th e  o b j e c t  i s  t o  deve lop e  a s y n t h e s i s  
method g i v i n g  c l o s e  c o n t r o l  o v e r  th e  t r a n s i e n t  pe rfo rm ance ,  
t h e  c o r r e l a t i o n  be tween th e  im pu lse  and s t e p  r e s p o n s e  
and th e  a p p ro x im a te  r e a l  p a r t  d e s c r i p t i o n  g iv e n  i n  t h e .  
l a s t  s e c t i o n  i s  now d e v e lo p e d .
4 . 4 . 1  C o n t r i b u t i o n  of the  a s y m p to t i c  r e g i o n  t o  th e  
im pulse  and s t e p  r e s p o n s e .
T h is  has  been f u l l y  covered  i n  s e c t i o n  2 . 4 . 4 ,  
th e  c o n t r i b u t i o n s  b e in g  g iv en  by e x p r e s s i o n s  2 . 4 . 1 9  and 
2 .4 . 2 2
4 . 4 . 2  C o n t r i b u t i o n  of the  i n t e r m e d i a t e  r e g i o n  t o  th e  
im pulse  and s t e p  response*
The c o n t r i b u t i o n  of th e  i n t e r m e d i a t e  r e g i o n  t o  
th e  im pulse  r e s p o n s e  i s  o b t a i n e d  by s u b s t i t u t i n g
e x p r e s s i o n  4 .3*2  i n t o  e x p r e s s i o n  2 . 2 . 6 .  Thus
co
c o n t r i b u t i o n  of p c “ ..
i n t e r m e d i a t e  r e g i o n  = — / [  \  a vCosk-T-co] Coscot dco 4 . 4 . 1
to  h ( t )  % o / _ _ . K “ o
For  c o n v e n ie n c e ,  th e  c o n t r i b u t i o n  due to  any one
te rm  of th e  s e r i e s  i s  d e s i g n a t e d  a s  h a ^ ( t ) .  E v a l u a t i n g  
e x p r e s s i o n  4 . 4 . 1  g i v e s
i / + \ 2 r wc t Sincoc t 1 _ . . . 0
-  -  i  0 ° * *  * - 4 - 2
0
I t  i s  c o n v e n ie n t  a t  t h i s  s t a g e  t o  d e f i n e  a n o r m a l i s e d  
t im e  v a r i a b l e  as
T = co t  4 . 4 .  3
V
In  te rm s  of which a l l  f u t u r e  e x p r e s s i o n s  w i l l  be 
w r i t t e n .  • Thus
h a , ( T )  = -  |  akio [— .- „ ]Cosk7i  4 . 4 . 4
K (Juti) -  T
The sh a p e s  of such  c o n t r i b u t i o n s  f o r  two v a l u e s  of
k a r e  shown i n  f i g . 4 .5 * a .
The c o r r e s p o n d i n g  c o n t r i b u t i o n s  to  rfche s t e p
r e s p o n s e ,  d e s i g n a t e ^  a s  ua^ . ( t )  a r e  o b ta in e d  by s u b s t i t u t i n g
e x p r e s s i o n  4 .3*2  i n t o  e x p r e s s i o n  2 . 2 . 1 0 .  Thus,
  ___
> _ » * < * >  -  I  / [ h ak°“ £ j “ 1 ^  *  4’ 4 ' 5
E v a l u a t i n g  th e  i n t e g r a l  y i e l d s  f o r  th e  c o n t r i b u t i o n  
of the  k t h  ha rm onic  of the  s e r i e s ,  i n  t e rm s  of t h e  
n o r m a l i s e d  t ime v a r i a b l e  T,
3/1
Uak (T) = - ~  [ Si(T-kTt) + Si(T+k7t)] 4 . 4 . 6
The sh a p e s  of such c o n t r i b u t i o n s  f o r  two’ v a l u e s  
of k  a re  shown i n  f i g .  4 . 5 .  b.
4 . 4 . 3  R e l a t i o n s h i p  between th e  harm onic  c o n t e n t  of t h e  
i n t e r m e d i a t e  r e g i o n  and th e  s e t t l i n g  t im e .
The com ple te  im pulse  r e s p o n s e ,  a s  d e f i n e d  by th e
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ap p ro x im a te  i n t e r m e d i a t e  and a s y m p to t i c  r e g i o n s  i s  g iv e n
I n s p e c t i o n  ■ of e x p r e s s i o n  4 .4*2  shows t h a t  a t  
w t=k7t, on ly  t h e  k t h  te rm  c o n t r i b u t e s ,  a l l  o t h e r s  a r e  
z e r o .  I n s p e c t i o n  of th e  g ra p h  of h e ( t )  i n  f i g . 2 . 6  
shows t h a t  h e ( t )  i s  sm a l l  i n  th e  v i c i n i t y  of co t  = kit.
Hence i t  can be s a i d  t h a t  th e  a m p l i tu d e  of h ( t )  a t  
co t=k7c i s  l a r g e l y  d e te rm in e d  by th e  a m p l i tu d e  of th e  kt-h 
harm onic  i n  t h e  s e r i e s  d e s c r i p t i o n  of th e  i n t e r m e d i a t e  
r e g i o n  of i t s  r e a l  p a r t .  I n  o t h e r  words t h e  h i g h e r  th e  
s i g n i f i c a n t  ha rm on ic  i n  th e  s e r i e s  d e s c r i p t i o n ,  th e  
l o n g e r  i s  t h e  s e t t l i n g  t ime of th e  im pulse  r e s p o n s e .
At t h i s  s t a g e  the  s t a t e m e n t  made i n  s e c t i o n  4 .2 .3 ?  
namely t h a t  th e  r e a l  p a r t  sh a p e s  D and E of f i g . 4 . 2 . 6  
c o r r e sp o n d  t o  sy s tem s  w i th  a lo n g  s e t t l i n g  t im e ,  can be 
a m p l i f i e d .
I t  i s  s een  t h a t  th e  r e a l  p a r t  shapes  I) and E of 
f i g . 4 . 2 . b change s i g n  t h r e e  t im e s .  The t h i r d  ha rm on ic  
i n  t h e  s e r i e s  d e s c r i p t i o n  of th e  i n t e r m e d i a t e  r e g i o n  of 
sh a p es  D and E would be much l a r g e r  t h a n  t h a t  c o r r e s p o n d i n g  
t o  shape A, B, C. I t  f o l l o w s  t h e r e f o r e  t h a t  th e  
s e t t l i n g  t ime c o r r e s p o n d i n g  to  sh a p es  h  and E would be 
much l o n g e r  t h a n  t h a t  c o r r e s p o n d i n g  t o  sha p es  A, B^  0.
By way of i l l u s t r a t i o n ,  f i g .  4 .6  shows th e  ha rm on ic  
c o n t e n t  of t h e  i n t e r m e d i a t e  r e g i o n  of a  second o r d e r  
sys tem  f o r  v a r i o u s  v a lu e s  of damping r a t i o .  The 
harm onic  a m p l i t i t u d e s  were o b t a i n e d  by th e  n u m e r i c a l  
s o l u t i o n  on a computer  of th e  e x p r e s s i o n
by
h(1;) = ;  h a v ( t )  + h e ( t )  
/  K
4 . 4 . 7
] Coskrcu) dco 4 . 4 . 8
f o r  v a r i o u s  v a l u e s  of damping r a t i o  (d ) .
4.5* C o n c lu s io n s .
The method of a p p r o x im a t in g  th e  r e a l  p a r t  p l o t  
d e s c r i b e d  in  t h i s  c h a p t e r  would pe rm it  the  a p p r o x i m a t i o n  
of any g iven  r e a l  p a r t  to  any d e s i r e d  degree  of a c c u r a c y .
The r e a l  a im of u s i n g  t h i s  form of a p p ro x i m a t i o n ,  
however , i s  no t  t o  ap p ro x im a te  s p e c i f i e d  r e a l  p a r t  p l o t s  
( f o r  t h i s  c h a p t e r s  2 and 3 a r e  r e l e v a n t ) ,  bu t  t o  p e rm i t  
t h e  c o n s i d e r a t i o n  of th e  t r a n s i e n t  r e s p o n s e  c o r r e s p o n d i n g  • 
t o  a l a r g e  number of a p p ro x im a te  r e a l  p a r t  p l o t s  which  
can be formed by m a n i p u l a t i n g  only  a few c o n s t a n t s  of 
t h e  F o u r i e r  s e r i e s .
The n e x t  c h a p t e r  c o n s i d e r s  th e  prob lem  of f i n d i n g  
t h e  r a t i o n a l  t r a n s f o r m  of a sys tem  from a s p e c i f i c a t i o n  
of i t s  r e a l  p a r t .  T h is  s t e p  i s  c l e a r l y  n e c e s s a r y  f o r  
t h e  development  of a s y n t h e s i s  p r o c e d u r e .
CHAPTER 5
CALCULATION OE THE RATIONAL TRANSFORM OF LINEAR 
SYSTEMS FROM A SPECIFIED REAL PART BEHAVIOUR
5*1 I n t r o d u c t i o n
I n  c h a p t e r  4 a, method of a p p ro x im a t in g  th e  r e a l  
p a r t  p l o t  was p r e s e n t e d .  I t  c o n s i s t e d  of a p p r o x i m a t i n g  
t h e  a s y m p to t i c  r e g i o n  by an i n v e r s e  power of f r e q u e n c y ,  
and t h e  i n t e r m e d i a t e  r e g i o n  by a F o u r i e r  c o s i n e  s e r i e s .
With th e  a id  of t h i s  a p p ro x im a t io n  t h e  f r e q u e n c y  
r e s p o n s e - t r a n s i e n t  r e s p o n s e  c o r r e l a t i o n  of a l a r g e  number 
of sys tem s w i l l  be i n v e s t i g a t e d  and summarised i n  
pe r fo rm ance  c u r v e s .  B e fo re  such r e s u l t s  can u s e f u l l y  
be a p p l i e d  i n  s y n t h e s i s ,  however ,  i t  i s  n e c e s s a r y  t o  ge t  
a r a t i o n a l  t r a n s f o r m  d e s c r i p t i o n  of th e  n e c e s s a r y  ' 
co m p e n sa t io n .
Two a p p ro a c h e s  seem p o s s i b l e :  One may e i t h e r  se ek
t o  o b t a i n  a r a t i o n a l  t r a n s f e r  f u n c t i o n  T (s )  d i r e c t l y  f rom 
th e  d e s c r i p t i o n  of ReT(jco) d i s c u s s e d  i n  th e  l a s t  c h a p t e r .  
Then, p r o v id e d  one can o b t a i n  a r a t i o n a l  t r a n s f e r  f u n c t i o n  
f o r  .the open lo o p  c o n s t r a i n t ,  t h e  r a t i o n a l  t r a n s f e r  
f u n c t i o n  of th e  com p en sa t io n  can  be found .  A l t e r n a t i v e l y ,  
one may f i r s t  f i n d  th e  com ple te  T(jw) from th e  d e s c r i p t i o n  
of ReT(ju)). An a t t e m p t  a t  o b t a i n i n g  a r a t i o n a l  t r a n s f e r  
f u n c t i o n  T (s )  may be made a t  t h i s  s t a g e .  As a m o d i f i c a t i o n  
of t h i s  a p p ro a c h  T( ju>), t o g e t h e r  w i t h  the  f r e q u e n c y  
r e s p o n s e  of t h e  open lo o p  c o n s t r a i n t  may be u sed  t o  g e t  
t h e  f r e q u e n c y  r e s p o n s e  of the  n e c e s s a r y  c o m p e n sa t io n ,  and 
only  a t  t h i s  s t a g e  an a t t e m p t  made t o  ge t  a r a t i o n a l  
t r a n s f e r  f u n c t i o n  f o r  th e  c o m p e n sa t io n .  T h i s  a p p ro a c h  
i n  f a c t  works b e s t  i n  p r a c t i c e ,  as  w i l l  be shown i n  t h e
s u c c e e d in g  c h a p t e r s  ( c . f . s e c t i o n s  7*2 .4  and 7*3)*
5*2. ' P o l e - z e r o 1 a p p ro a ch  a lo n g  the  l i n e s  of G -u i l lem in1 s
method.
G u i l l e m i n ' s  method (63 c h . 15) h a s  been  m en t io n ed  
i n  s e c t i o n  1.3* One f e a t u r e  of th e  method i s  t h a t  th e  
i m p u l s e s  fo rm in g  th e  im pu lse  t r a i n  c h a r a c t e r i s a t i o n  of 
a d e s i r e d  t r a n s i e n t  r e s p o n s e  a r e  app ro x im a ted  by what 
G u i l l e m in  c a l l s  ' q u a s i  i m p u l s e s ' ,  whose r a t i o n a l  t r a n s f o r m s  
a re  known, and th e  l i n e a r  c o m b in a t io n  of t h e i r  t r a n s f o r m s  
g iv e s  the  t r a n s f o r m  of t h e  d e s i r e d  t r a n s i e n t  r e s p o n s e .
The ' q u a s i  i m p u l s e s '  a r e  o b t a in e d  by t r u n c a t i n g  
th e  t r u e  r e a l  p a r t  of an im pu lse  (which  i s  cosw t)  a t  some 
t r u n c a t i o n  f r e q u e n c y  w .
The p r e s e n t  method may be viewed i n  a s i m i l a r  
manner,* t h u s ,  u s i n g  th e  c o r r e l a t i o n  between t h e  t r a n s i e n t  
r e s p o n s e  and th e  harm onic  and a s y m p to t i c  d e s c r i p t i o n  of 
t h e  r e a l  p a r t  d e v e lop ed  i n  c h a p t e r  6, a  d e s i r e d  r e a l  
p a r t  i s  cho sen .  T h is  s t e p  c o r r e s p o n d s  t o  t h e  r e p r e s e n t ­
a t i o n  of th e  d e s i r e d  t r a n s i e n t  r e s p o n s e  (o r  one of i t s  
d e r i v a t i v e s )  by an im pulse  t r a i n  i n  G u i l l e m i n ' s  method.
The d e s i r e d  r e a l  p a r t  i s  s p e c i f i e d  a s  a sum of 
a s y m p t o t i c a l l y  t e r m i n a t e d  c o s i n e s .
F o l lo w in g  t h e  l i n e s  of G u i l l e m i n ' s  method,  th e  
r a t i o n a l  t r a n s f o r m  c o r r e s p o n d i n g  to  each  such t e r m i n a t e d  
c o s i n e  could  be fo un d .  F i g . 5*1 shows th e  c o n s t a n t  t e rm  
a Q and th e  f i r s t  and second h a rm o n ic s  w i t h  t h e  a s y m p t o t i c  
t e r m i n a t i o n  c o r r e s p o n d i n g  t o  N=2. B es ide  e ac h  i s  th e  
a p p r o p r i a t e  r a t i o n a l  t r a n s f o r m .  The r e a l  p a r t  c a l c u l a t e d  
from  th e  t r a n s f o r m  i s  a l s o  shown ( d a s h e d ) ,  t o  i n d i c a t e  
t h e  deg ree  of c o r r e s p o n d e n c e .  The r a t i o n a l  t r a n s f o r m  
of a r e a l  p a r t  d e f i n e d  i n  t e rm s  of the  c o n s t a n t  and th e
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f i r s t  and second ha rm o n ics  ( w i t h  a s y m p to t i c  s e c t i o n  
c o r r e s p o n d i n g  t o  N=2) i s  t h e  l i n e a r  co m b in a t io n  of th e
i n d i v i d u a l  t r a n s f o r m s .
5*2 .1  I l l u s t r a t i o n  of t h i s  a p p ro a c h .
A number of comments on t h i s  a p p ro a ch  seem 
a p p r o p r i a t e .  I n  G u i l l e m i n ' s  method th e  c o s i n e s  a r e  
t e r m i n a t e d  a b r u p t l y ,  in  th e  p r e s e n t  method th e y  a r e  
t e r m i n a t e d  by an a s y m p to t i c  s e c t i o n .  G u i l l e m in  h a s  
c o n s i d e r e d  th e  p o s s i b i l i t y  of n o n - a b r u p t  t e r m i n a t i o n  
(63 p . 693) w i t h  r e f e r e n c e  t:o th e  amount of r i p p l e  p r e s e n t  
i n  th e  c o r r e s p o n d i n g  ‘q u a s i - i m p u l s e s ’ which a f f e c t s  t h e  
a c c u ra c y  of t h e  t im e  domain a p p ro x im a t io n  of t h e  t r u e  
im pu lse  by th e  ‘ q u a s i  i m p u l s e s 1. He c o n c lu ded  t h a t  th e  
r e d u c t i o n  of r i p p l e  by th e  i n t r o d u c t i o n  of a n o n - a b r u p t  
t r u n c a t i o n  was n o t  s u f f i c i e n t  to  compensate  f o r  t h e  l o s s  
of s i m p l i c i t y .
The r e a s o n  f o r  i n t r o d u c i n g  th e  a s y m p t o t i c  t e r m i n ­
a t i o n  i n  th e  p r e s e n t  method, however, was n o t  i n  o r d e r  
t o  g e t  a l e s s  i l p p l y  t ime domain c o n t r i b u t i o n  c o r r e s p o n d i n g  
t o  each  ha rm onic ,  but  t o  i n t r o d u c e  a t  t h e  o u t s e t  t h e  
c o n s t r a i n t  imposed by a p o l e - z e r o  e x c e s s  which  i s  a t  
l e a s t  a s  g r e a t  as  t h a t  of t h e  p l a n t .  In  G u i l l e m l n 1s 
method t h i s  would c o r r e sp o n d  t o  u s i n g  d i f f e r e n t  ‘ q u a s i  
i m p u l s e s 1 to  b u i l d  up th e  t r a n s i e n t  r e s p o n s e  of sy s te m s  
h a v in g  d i f f e r e n t  p o l e - z e r o  e x c e s s e s .
Looked a t  i n  a n o t h e r  way, G -u i l le m in 's  method 
r e p r e s e n t s  com ple te  freedom,* any t r a n s i e n t  r e s p o n s e  can 
be s p e c i f i e d  and i t s  ( a p p ro x im a te )  r a t i o n a l  t r a n s f o r m  
fo u n d .  In  th e  p r e s e n t  method th e  d e s i g n e r  c o n s i d e r s  
only th o s e  t r a n s i e n t  r e s p o n s e s  r e l e v a n t  t o  t h e  p o l e - z e r o  
e x c e s s  i n d i c a t e d  by h i s  p l a n t .
The d i s a d v a n t a g e  of t h i s  approach ,  however ,  l i e s  
i n  th e  c o m p le x i ty  of t h e  p o l e - z e r o  p a t t e r n  of s p e c i f i e d  
r e a l  p a r t s .  As f i g . 5-1 shows, t h e  t r a n s f o r m s  c o r r e s p o n d i n g  
t o  t h e  i n d i v i d u a l  h a rm on ics  a l l  have d i f f e r e n t  p o l e s ,  hence  
t h e i r  l i n e a r  c o m b in a t io n  c o n t a i n s  a l l  t h e  p o l e s  of th e  
i n d i v i d u a l  t r a n s f o r m .  F o r  example , c o n s i d e r  t h e  case  
of a r e a l  p a r t  d e f i n e d  ass
ReT(jw) = 0 . 5  + 0 .7 5  C o s A o  -  0 .2 5  C o s | 4 j  f o r  u><w 5 . 2 . 1c c a
and
ReT(jto) = -  0 . 5{-(3jr) f o r  5-2*1
T h is  a p p ro x im a te s  th e  r e a l  p a r t  of some sy s te m  w i th  
a p o l e - z e r o  e x c e s s  of 2. (The c h o ic e  of t h e  c o e f f i c i e n t s
a , a-  ^ and a^ a t  p r e s e n t  seems a r b i t a r y .  R u le s  g o v e rn in g  
t h e i r  p o s s i b l e  v a l u e s  a r e  d e v e lo p e d  i n  c h a p t e r  6 ) .
U s ing  th e  r a . t i o n a l  t r a n s f o r m s  of th e  i n d i v i d u a l
components  t h e  t r a n s f o r m  of T ( s )  c o r r e s p o n d i n g  t o  5 *2 .1  i s
m/.N _ n r  r 1 . 2 7 6 ( 3+0 . 5309*.10.4657) ( s + 0 . 1 5 3 6 * i0 .9 1 5  3) _
-  0 , 5  >■ ( s+0. 8178) ( s+6r5224± jO. 6798) ( s+0.1471±d0> 9395) J
, a 7 r r ~ 0 . 6 3 6 ( s - O J 7645) (s+0 .  5735±,iO. 4946)
+ 0 , 7 5  [ ( s+0 . 4 0 5 8 + j0 7 5 9 0 ? )" ( s + 0 .5 9 W 3 S 7 5 5 5 ? )
x ( s + 0 .1 6 6 6 ± n 0 .9 3 1 7 ) 1 
( s + 0 . 1401+jO. 9433)
r 0 . 6 4 3 ( s - 0 .  3662-nO. 3917)
"  0 , 2 5  L ( s+ 0 . 3637) ( s + 0 . 2 876±30*6295)
x  ( s+0 .1898- . i0  . 8841) n 5 . 2 . 3
( s + 0 . 1407+ j O . 9072) J
The above e x p r e s s i o n  i s  h a r d l y  an e n c o u r a g in g  s t a r t  
t o  p r a c t i c a l  sys tem  d e s ig n .  F u r th e r m o r e ,  a much s i m p l e r  
e x p r e s s i o n  f o r  T (s )  c o r r e s p o n d i n g  to  5*2.1  can  be o b t a i n e d  
and i s : -
Tf a \ = 0 . 4801( s + 0 .1 7 7 3 - J 0 .  8874)   ,  .
( s + 0 . 3 3 1 0 ^ j 0 . 6 0 8 6 ) ( s + 0 . 1367* 00 .8 9 4 9  ^
To i n d i c a t e  t h e  a c c u r a c y  of t h e  above e x p r e s s i o n ,
f i g . 5 . 2 . a  compares th e  r e a l  p a r t  d e f in e d  i n  5 * 2 .1  ( s o l i d
l i n e )  w i t h  t h a t  c a l c u l a t e d  from 5*2 .4 .  (dashed  l i n e )  and 
f i g . 5 * 2 .b compares  t h e  s t e p  and im pu lse  o b t a i n e d  
d i r e c t l y  f rom t h e  i n t e r m e d i a t e  and a s y m p to t i c  r e g i o n s  
a c c o r d i n g  t o  t h e i r  d e f i n i t i o n s  i n  e x p r e s s i o n s  5*2 .1  and 
5*2 .2 .  ( s o l i d  l i n e )  ( c . f . s e c t i o n  4 . 4 . 1 ,  4 . 4 . 2 ) .  w i t h  
th e  s t e p  im p u lse  c o r r e s p o n d i n g  to  the  T (s)  g iv e n  i n  
e x p r e s s i o n  5*2 .4  (dashed  l i n e ) .  I t  i s  r e a d i l y  a p p a r e n t  
t h a t  f o r  e n g i n e e r i n g  p u r p o s e s  th e  a c c u r a c y  i s  a d e q u a t e .
5 . 2 , 2  Comments on t h i s  a p p ro a c h .
F i r s t l y ,  i t  w i l l  be n o t i c e d  t h a t  th e  p o l e - z e r o
e x c e s s  of e x p r e s s i o n  5*2.3  i s  one, and of e x p r e s s i o n  
5*2.4 i s  two. T h is  d i s c r e p a n c y  s tems i n  p a r t  f rom  the  
a m b ig u i ty  i n  th e  d e s c r i p t i o n  of t h e  a s y m p to t i c  r e g i o n  of 
t h e  r e a l  p a r t  i . e .  N=2 c o r r e s p o n d s  t o  an e x c e s s  of  one 
or  two, and i n  p a r t  from th e  d i f f i c u l t y  of e n s u r i n g  th e  
c o r r e c t  a s y m p t o t i c  b e h a v io u r  w h i l e  s p e c i f y i n g  t h e  f r e q u e n c y  
r e s p o n s e  ove r  a f i n i t e  f r e q u e n c y  r an g e  o n ly .
E x p r e s s i o n  5*2.4  was f i t t e d  to  the  c o m p le te  r e a l  
p a r t  a s  s p e c i f i e d  by 5*2 .1  and 5*2 .2 ,  and t h e  b e s t  f i t  
had a p o l e - z e r o  e x c e s s  of two. E x p r e s s i o n  5 * 2 .3  i s  
composed of t h e  i n d i v i d u a l  f i t s  to  th e  a s y m p t o t i c a l l y  
t e r m in a t e d  h a rm o n ic s ,  each  of which i s  b e s t  f i t t e d  by a 
t r a n s f e r  f u n c t i o n  h a v in g  a p o l e - z e r o  e x c e s s  of one.
A p a r t  from th e  a m b ig u i ty  m en t io n ed ,  t h e r e  i s  a l s o  t h e  
d i f f i c u l t y  of e n s u r i n g  t h a t  t h e  a s y m p to t i c  r e g i o n  d e f i n e d  
over  only  a f i n i t e  f r e q u e n c y  ran g e  does i n  f a c t  r e s u l t  
i n  th e  c o r r e c t  p o l e - z e r o  e x c e s s ,  and t h i s  d i f f i c u l t y  i s  
i n  f a c t  p a r t  of t h e  l a r g e r  p rob lem  of f i t t i n g  a r a t i o n a l  
t r a n s f o r m  t o  a s p e c i f i e d  f r e q u e n c y  r e s p o n s e .  The above
11.2  -
fraq. (nd/a)
M m  ( m o )
ng.J.2.a Coaparlaen of the raal and iaaginary parta ofetalnad fron ng.$.2»b Canpariaon of tba stop and iapolsa raaponaaa obtain ad t r m  
«p.}.2.1ud fna axp.J.t.4. np.J.2.1 and fron aap.%2.4.
a m b ig u i ty  and d i f f i c u l t y  w i l l  be c o n s id e r e d  f u r t h e r  i n  
t h e  s u c c e e d in g  c h a p t e r s .  ( c . f . s e c t  i o n s  7 . 2 . 4  and 7*3*2) .
S ec o n d ly ,  th e  c o m p lex i ty  of e x p r e s s i o n  5*2 .3  i s  
i n  d i r e c t  c o n t r a s t  w i t h  th e  c o m p a ra t iv e  s i m p l i c i t y  of 
e x p r e s s i o n  5 * 2 .4 .
On b o th  t h e s e  c o u n t s ,  i t  i s  f e l t  t h a t  t h i s  a p p ro a c h  
i s  n o t  f r u i t f u l ,  and an a l t e r n a t i v e  a p p ro a c h  w i l l  be 
d e v e lo p ed .
5 .3  Approach based  on a f r e q u e n c y  r e s p o n s e  c h a r a c t e r ­
i s a t i o n .
The a p p ro a c h  of t h e  p r e v i o u s  s e c t i o n  so u g h t  t o  
pass  d i r e c t l y  f rom th e  s p e c i f i c a t i o n  of ReT(jo)) to  th e  
c o r r e s p o n d i n g  T ( s ) ,  by a l i n e a r  c o m b in a t io n  of th e  
t r a n s f o r m s  of th e  a s y m p t o t i c a l l y  t e r m i n a t e d  h a rm o n ic s  
making up ReT(ju)) .
The a l t e r n a t i v e  a p p ro a c h  deve loped  i n  t h i s  s e c t i o n  
aims a t  f i r s t  s p e c i f y i n g  th e  im a g in a r y  p a r t  c o r r e s p o n d i n g  
t o  each  a s y m p t o t i c a l l y  t e r m i n a t e d  harmonic  making up 
ReT(jto), t h e n ,  by combining th e  r e a l  and i m a g in a r y  p a r t s  
o b t a i n i n g  TCjw), and only  t h e n  a t t e m p t i n g  t o  o b t a i n  a 
r a t i o n a l  T ( s ) .
T h is  may seem a t  f i r s t  s i g h t  m ere ly  t o  p o s tp o n e  
th e  d i f f i c u l t y  of g e t t i n g  a r a t i o n a l  T ( s ) .  I n  p r a c t i c e  
i t  has  been found to  r e s u l t  i n  c o n s i d e r a b l e  a d v a n t a g e s ,  
which w i l l  be b ro u g h t  out i n  th e  su c c e e d in g  c h a p t e r s .
5*3*1 O b ta in in g  th e  im ag ina r y  p a r t  c o r r e s p o n d i n g  t o  a 
p a r t i c u l a r  r e a l  p a r t  v i a  th e  H i l b e r t  t r a n s f o r m .
I t  i s  w e l l  known t h a t  t h e  r e a l  and im a g i n a r y  p a r t s  
of a f u n c t i o n  of t h e  complex v a r i a b l e  a re  u n i q u e l y  r e l a t e d  
by th e  H i l b e r t  t r a n s f o r m ,  p ro v id e d  th e  f u n c t i o n  i s  
a n a l y t i c  i n  th e  r i g h t  h a l f  of t h e  s - p l a n e .
F o r  th e  p u r p o s e s  of th e  p r e s e n t  work, th e  
of i n t e r e s t  i s  T ( s ) ,  th e  c lo s e d  lo o p  r a t i o n a l  t r a n s f e r  
f u n c t i o n .  F o r  s t a b l e  sy s te m s ,  T (s )  f u l f i l l s  t h e  
r e q u i r e m e n t  of r . h . p  a n a l y c i t y .  Thus i f
T(ju)) = ReT(jw) + j lmT(jw) 5*3*1
th e n  th e  H i l b e r t  t r a n s f o r m  s t a t e s  t h a t
+ i n f
ImT(ju)  = -  I  dn 5 -3 .2
- i n f .
F o r  t h e  p u rp o s e s  of t h e  p r e s e n t  s y n t h e s i s  method, 
ReT(jw) w i l l  a lw ays  be s p e c i f i e d  a s
ReT(jw) = ^  a ^ c o s—^  w. k=0, 1, 2 . . . , f o r  w<wq 5*3*3 
^ —  c ( c . f . 4 . 3 . 2 )
and
co N
ReT(jw) = A f o r  coxu 5*3*4
0 u 0 ( c . f , . 4 . 3 . 1 )
As h a s  been  commented on In s e c t i o n  4. 3• 3? t h e  
r e a l  p a r t  of any r a t i o n a l  T (s )  may be a p p ro x im a te d  t o  any 
d eg ree  of a c c u r a c y  i n  t h i s  way. Because of th e  l i n e a r i t y  
of t h e  i n t e g r a l  r e l a t i o n s h i p  5*3*2, i t  f o l l o w s  t h a t  each  
a s y m p t o t i c a l l y  t e r m i n a t e d  ha rm on ic  used i n  t h e  d e s c r i p t i o n  
of ReT(joj) by e x p r e s s i o n s  5*3*3 and 5*3*4- w i l l  have  a 
c o r r e s p o n d i n g  im a g in a ry  p a r t ,  t h e  sum of which i s  ImT(jco).
Each such  im a g in a ry  p a r t  can be o b t a i n e d  by 
e v a l u a t i n g  e x p r e s s i o n  5*3*2 w i t h  ReT(q) r e p l a c e d  by th e  
r e l e v a n t  a y s m p t o t i c a l l y  t e r m i n a t e d  ha rm o n ic .  The method 
of so do in g  i s  d i s c u s s e d  i n  th e  f o l l o w i n g  s e c t i o n .
I t  i s  w o r th w h i l e  t o  p o i n t  out  a t  t h i s  s t a g e  th e  
a d v a n ta g e  of u s i n g  th e  r e a l  and im a g in a ry  p a r t s  of  T ( jw ) ,  
r a t h e r  t h a n  th e  m agni tude  and p h a s e .  I t  l i e s  i n  t h e  
f a c t  t h a t ,  f o r  th e  r e a l  and im a g in a r y  p a r t s  t o  be r e l a t e d  
by t h e  H i l b e r t  t r a n s f o r m ,  th e  on ly  r e s t r i c t i o n  i s  t h a t  
T(jcx)) must c o r r e sp o n d  t o  a s t a b l e  sys tem ,  and t h i s  would
i n  any case  be r e q u i r e d  on p r a c t i c a l  g rou n ds .  F o r  t l r 
m ag n i tu d e  and phase to  he so r e l a t e d ,  on th e  o t h e r  hand, 
r e q u i r e s  T(ju)) to  c o r r e sp o n d  t o  minimum phase  sy s tem s  
o n l y .
5*3*2 Computer a l g o r i t h m  f o r  th e  e v a l u a t i o n  of t h e  
H i l b e r t  t r a n s f o r m .
F o r  t h e  e v a l u a t i o n  of th e  t r a n s f o r m ,  an a l t e r n a t i v e
form of e x p r e s s i o n  5 *3*2 was u sed ,  namely
i n f
P + U )ImT(jio) = |  ReT( | i ) .  l o g p-to dp 5-3*5
wS u b s t i t u t i n g  a g e n e r a l  te rm  a ^ c o s^ o )  f ro m  e x p r e s s i o n
5 . 3 . 3  i n t o  5 . 3 . 5  g i v e s
O)
k *1 kmim a g in a ry  p a r t  = -  — *a^ y s i n — p*
c 0 c
i 1
l o g  177371 dp f o r  w<w 5*3*60 j p—CO | c
and s u b s t i t u t i n g  e x p r e s s i o n  5 . 3 . 4 .  i n t o  5*3*5 g i v e s
__ i n f  
AcNwcn - 1 
im a g in a ry  p a r t  = ■--------------------------- .
l o £ |{£SK iorco>o)o 5 . 3 . 7
At t h i s  s t a g e  i t  i s  c o n v e n ie n t  to  i n t r o d u c e  a 
n o r m a l i s e d  f r e q u e n c y  v a r i a b l e
W — 5 . 3 . 8
0 ( c . f . 4 . 3 . 3 )
(and a n o r m a l i s e d  dummy v a r i a b l e  0=p/w )
i n  te rm s  of which  e x p r e s s i o n s  5 .3*6  and 5*3*7 become
' l
O - L iA r
d© 5 .3*9
and
9+w
0-w
ACN r q 0+w I
^ r l  a s  . 5, 3 .1 0
im a g in a ry  p a r t  = -  k . a ^  ^sinkmw. l o g
i n f .
*1
im a g in a ry  p a r t   ----------------------- . l o g
1 9
Thus e x p r e s s i o n  5 .3*5 ,  i n  te rm s  of the  n o r m a l i s e d  
f r e q u e n c y  w, i s  t h e  sum of e x p r e s s i o n s  5*3*9 ( f o r  e ach  
h a rm on ic )  and 5*3*10. As th e y  s t a n d ,  however ,  t h e  above
e x p r e s s i o n s  a r e  s t i l l  n o t  s u i t a b l e  f o r  n u m e r i c a l  e v a l u a t i o n ,
b e ca u se  th e  i n t e g r a n d  becomes i n f i n i t e  when 9=w f o r  w i n
th e  ran ge  0 - 1 .
To ge t  over t h i s  d i f f i c u l t y ,  b o th  e x p r e s s i o n s  a r e
f u r t h e r  expanded.  E x p r e s s i o n  5*3-9 can be w r i t t e n  a s
1
im a g in a ry  p a r t  = -  kak /sinkTtG. l o g  (9+w) d9
* o
1o
-  k Tia, /coskTiG, (9-w) l o g  19-w j d9
^ 0 ; !
-  — (1 -  coskTi) 5 . 3 . 1 1
The second i n t e g r a l  i n  e x p r e s s i o n  5*3*11 s t i l l
c o n t a i n s  a t ro u b le so m e  term ,  namely  (9 -w ) lo g
d i f f i c u l t y  i s  t h a t  w h i le  th e  whole te rm  becomes z e r o  a t
9=w, th e  l o g a r i t h m  by i t s e l f  becomes i n f i n i t e  a t  t h i s
p o i n t .  The e a s i e s t  way out of t h i s  d i f f i c u l t y  seemed
to  be t o  omit t h i s  one p o i n t ,  p ro v id e d  th e  i n a c c u r a c y
in v o lv e d  cou ld  be found .  Fo r  w i n  th e  ran ge  0 - 1
t h e r e f o r e ,  e x p r e s s i o n  5*3*11 was e v a l u a t e d  a s
1
im a g in a ry  p a r t  = -  ka, /  sinkTiG. log(9+w) d9J£ Q
P w-e
-  k rca-t / c o s k n G . ( 9 - w )  log(w-G) d9
* o
1
+ /coskTcG. ( 9 - w ) . l o g  (9-w) d9]
9-W j . The
I
W4-e
a  
~n-  (1 -  ooskit) 5 -3 -12
The r e l a t i o n s h i p  between th e  i n a c c u r a c y  i n  t h e  im a g in a r y  
p a r t  and th e  s i z e  of e i s  d eve loped  i n  ap pen d ix  A a t  th e  
end of t h i s  c h a p t e r .
E x p r e s s i o n  5*3*10 can be w r i t t e n  a s :
Aq
im a g in a ry  p a r t  = — — lo g
/ V
i n f
1+w
1-w
■ I r r  1 ^ - 1
- f t 2— - act] 5 - 3 .1 3(JL
where a = and |3 = 5 -3 -1 4
For  N=2, e x p r e s s i o n  5/3.-13 becomes
im a g in a ry  p a r t  = -  [ ( l - ^ r ) l ° g  j +  § ]  5-3
When w=l, e x p r e s s i o n  5*3*15 r e d u c e s  t o
2im a g in a ry  p o r t  = -  — A 5*3/I U
F o r  N=4, i t  becomes
. ^ C  r  /  1  \ n  I 1 + W i ,  2 , 2 1-1 J-  -3im a g in a ry  p a r t  = - — [ ( ! -  - j )  l o g j ^  j+ ^ 3  + 3  - ]  5-3
Y/hen w=l, e x p r e s s i o n  5*3*17 r e d u c e s  t o
o
im a g in a ry  p a r t  = -  A q  ^
F i n a l l y ,  f o r  N=6, i t  becomes
. ^ C r / n  1 \  n 1 + W  |im a g in a ry  p a r t  = -  —  L Cl -  |
  2 2 1 2 1 i  c ,
* ^ + 3 ^ + 5 w ] 5' 3
When w=l, t h i s  r e d u c e s  t o
im a g in a ry  p a r t  = -  Aq 5*3
Nov/ i t  had been d e c id e d  t o  e v a l u a t e  ImT(jw) up
t o  w=3 ( r e a s o n s  f o r  t h i s  a r e  d i s c u s s e d  i n  s e c t i o n  7*3) 
and t h i s  was done i n  t h r e e  s t e p s s  
F o r  l>w>0
c l s s no
ImT(jw) = -  alr [k  /s inkTtQolog (9+w) d9
k = l '  * 0
w-e
o
+  T c k  ^coskTtG. (w-9) l o g  (w-9) d9 
19
+ Tck /coskTtG. ( 9-w) l o g  (9-w) d9 
w+e
+ — ( l  -  c o s k n ) ]  + e x p r e s s i o n  5*3*15, 
5*3*17 o r  5*3*19 depend ing  on N 5*3
F o r  w=l
c l a s s  no. \
ImT(jw) = -  av [k / s in k i tG .  l o g  (9+1) d9
k=l
*15
.1 6
*17
, 1 8
*19 
*  20
. 2 1
+ Ttk jcoskTiQ. (9 -1 )  l o g  (1 -9 )  (39 + -^(l-coskTi) ]
n “n0
+ e x p r e s s i o n  5*3*16, 5*3*18 o r  5*3*20 d e p en d in g  on
N. 5* 3° 22
F i n a l l y  f o r  w>l
c l a s s  no
ImT(jw) = -  ka^  /sinkTc9 l o g  (^j-§) 1©
k=l  0
+ e x p r e s s i o n  5*3*15, 5*3*17 or  5*3*19 d e p en d in g
on N. 5*3*2 3
The n u m e r i c a l  e v a l u a t i o n  of e x p r e s s i o n s  5*3*21 -  23 
r e q u i r e d  a c o m p a r a t i v e l y  l o n g  computing  t im e .  I t  was 
d e c id e d  t h e r e f o r e ,  t h a t  th e  on ly  p r a c t i c a l  a p p r o a c h  was 
t o  t a b u l a t e  th e  im a g in a ry  p a r t s  of i n d i v i d u a l  ha rm o n ics  
once,  and t o  use  t h i s  s t o r e d . d a t a  i n  a l l  f u r t h e r  
c a l c u l a t i o n s .  The d e t a i l s  of t h e  c a l c u l a t i o n s  a r e  
d i s c u s s e d  i n  s e c t i o n  6 . 4 . 2 .
5*4 O b ta in in g  a r a t i o n a l  t r a n s f o r m  f o r  a s p e c i f i e d
The e v a l u a t i o n  of a r a t i o n a l  t r a n s f o r m  t o  f i t  an  ex­
p e r i m e n t a l l y  measured  f r e q u e n c y  r e s p o n s e  i s  a p rob lem  of 
lo n g  s t a n d i n g  i n  sy s tem  d e s i g n .  I t  i s  of c o u r s e  an  
e s s e n t i a l  f i r s t  s t e p  i f  d e s i g n  i s  c a r r i e d  out  i n  t e rm s  
of the  r o o t  l o c u s .  In  th e  p r e s e n t  method i t  i s  th e  
l a s t  s t e p ,  bu t  i t  i s  s t i l l  e s s e n t i a l  f o r  a t r u e  s y n t h e s i s  
method. The p r e s e n t  work makes no new c o n t r i b u t i o n  i n  
t h i s  f i e l d ,  bu t  r e l i e s  on e x i s t i n g  m ethods .
Methods of v a ry in g  c o m p le x i ty  and a c c u r a c y  e x i s t ,  
r a n g i n g  from h i g h l y  m a t h e m a t i c a l  a p p ro a c h e s  (69)  to  
c o m p a r a t iv e ly  rough  a p p r o x i m a t i o n s  based  on f i t t i n g  
a s y m p to t e s  to  th e  e x p e r i m e n t a l  Bode p l o t s  of m a g n i tu d e .  
A l though  t h i s  l a s t  a p p ro a c h  i s  c o m p a r a t i v e l y  ro u g h ,  b o t h
r e a l  p a r t i-
H orow itz  (31 p . 684) and T ru x a l  (27 p . 346) n o t e  t h a t  f o r  
many e n g i n e e r i n g  a p p l i c a t i o n s  i t  i s  s u f f i c i e n t ,  h e a r i n g  
i n  mind th e  i n a c c u r a c i e s  anyway in t r o d u c e d  by th e  
e x p e r i m e n t a l  e v a l u a t i o n  of t h e  f r e q u e n c y  r e s p o n s e  and 
by th e  a s s u m p t io n  of l i n e a r i t y .  F u r th e r m o r e ,  th e  
a c c u ra c y  of t h i s  a p p ro a ch  can  be improved by L i n v i l l ' s  
p ro c e d u re  ( 6 8 ) .
S in c e  t h e  p r e s e n t  work i n  any c a se  r e q u i r e d  a 
g r e a t  d e a l  of d i g i t a l  c o m p u ta t io n ,  and i n  o r d e r  t o  
e l i m i n a t e  a s  much a s  p o s s i b l e  t ime consuming manual  
cu rve  f i t t i n g ,  a method due t o  I/evy ( 6 7 ) was used 
th r o u g h o u t .  T h i s  was programmed and found  to  g iv e  
e x c e l l e n t  a c c u r a c y  i n  most c a s e s ,  a s  w i l l  be a p p a r e n t  
f rom th e  exam ples  p r e s e n t e d  i n  c h a p t e r s  7 and 8.
5 .5  G o n c lu s io n s t
In  o r d e r  t h a t  th e  p r e s e n t  method may be r e g a r d e d  
a s  a t r u e  s y n t h e s i s  method, t h e  r a t i o n a l  t r a n s f o r m  of 
th e  r e q u i r e d  co m p en sa t io n  must be o b t a i n e d ,  b e c a u s e  only  
t h en  can th e  c o m p en sa t in g  n e tw o rk  be s y n t h e s i s e d  w i t h o u t  
t r i a l  and e r r o r .
The p o s s i b i l i t y  of o b t a i n i n g  a r a t i o n a l  t r a n s f o r m  
T (s )  f o r  th e  c lo s e d  l o o p  t a r g e t  sys tem  d i r e c t l y  f rom  th e  
s p e c i f i c a t i o n  of ReT(jw) was i n v e s t i g a t e d  and r e j e c t e d  
i n  f a v o u r  of an a l t e r n a t e  a p p r o a c h .  T h is  i s  t o  c a l c u l a t e  
ImT(jw) c o r r e s p o n d i n g  to  t h e  s p e c i f i e d  ReT(jw) ,  t h u s  
fo rm in g  th e  c lo s e d  lo o p  t a r g e t  sys tem  f r e q u e n c y  r e s p o n s e  
T(ju>). T h i s y t o g e t h e r  w i t h  t h e  measured  f r e q u e n c y  r e s p o n s e  
of  th e  open loop ,  c o n s t r a i n t ,  s p e c i f i e s  th e  f r e q u e n c y  
r e s p o n s e  of th e  r e q u i r e d  c a s c a d e  c o m p e n sa t io n .  As th e  
f i n a l  s t e p ,  t h i s  f r e q u e n c y  r e s p o n s e  i s  u sed  t o  o b t a i n  
t h e  r a t i o n a l  t r a n s f o r m  of th e  c a sc a d e  c o m p e n sa t io n .
Appendix A
The e r r o r  in v o lv e d  i n  e x p r e s s i o n  5 .3°12 i s  
w+ e ,
e r r o r  = /  coskTtQ. (G-w) l o g  i w-0 ! d0 A . I .
w -e  I ;
S in c e  e w i l l  "be a v e ry  s m a l l  number (1 0 ~ ^ ) ,  o v e r
th e  i n t e r v a l  2e
coskx© === coskTiw =  c o n s t a n t  A. 2
. j i
S in c e  ( G -w ) . lo g  I w-0 ! i s  a n t i - s y m m e t r i c a l  a b o u t
; i
0=w th e  i n t e g r a l  of t h i s  f u n c t i o n  ( m u l t i p l i e d  by coskxw,
assumed c o n s t a n t )  ove r  an i n t e r v a l  e q u a l l y  spaced  a b o u t
w must be z e r o .  The v a l u e  of t h e  e r r o r ,  t h e r e f o r e ,
w i l l  only  d i f f e r  from z e ro  a s  a  r e s u l t  of th e  v a r i a t i o n
i n  t h e  m ag n i tu d e  of coskxG over  a v a r i a t i o n  of 0 e q u a l  
—6t o  2 x 10 . C l e a r l y  f o r  e n g i n e e r i n g  a p p l i c a t i o n s  such
nn e r r o r  i s  n e g l i g i b l e .
There  i s  one c o n d i t i o n  where th e  a rgum ent  used 
above n e ed s  m o d i f i c a t i o n ,  and t h a t  i s  when w i s  an  odd 
m u l t i p l e  of Tt/2, s i n c e  t h e n  coskx© changes  s i g n  a t  G=w. 
T h is  c o n d i t i o n ,  however,  does n o t  a r i s e  i n  the  p r e s e n t  
c a l c u l a t i o n ,  s i n c o  e x p r e s s i o n  5»3*12 i s  used only f o r  w 
i n  t h e  ran g e  0 -1 .
CAHPTER 6
PERFORMANCE CURVES FOR THE SYNTHESIS OF LINEAR SYSTEMS1
6 . 1  I n t r o d u c t i o n .
As m en t ioned  i n  t h e  c o n c l u s i o n s  t o  c h a p t e r  4, t h e  
i d e a  beh ind  th e  a p p r o x i m a t i o n  of ReT(jto) by a s y m p t o t i c a l l y  
t e r m i n a t e d  h a rm o n ics  i s  t h a t  by m a n i p u l a t i n g  only  a  few 
h a rm o n ic s ,  a  l a r g e  number of r e a l  p a r t s  can be formed 
and th e  c o r r e s p o n d i n g  t r a n s i e n t  pe r fo rm ance  i n v e s t i g a t e d .
The p r e s e n t  c h a p t e r  i s  conce rned  w i t h  t h e  d e t a i l s  
of th e  m a n i p u l a t i o n  of t h e  harm onics ,6 i n  p a r t i c u l a r  
w i t h  t h e  q u e s t i o n  of what c o m b in a t io n s  of a m p l i t u d e s  
of  t h e  ha rm o n ic s  a r e  u s e f u l  or  even  p e r m i s s i b l e .
6 .2  C o n s t r a i n t s  upon th e  harm onic  c o n t e n t  of  th e
i n t e r m e d i a t e  r e g i o n  of th e  r e a l  p a r t  p l o t .
As h a s  been  d i s c u s s e d  i n  c h a p t e r  4, i t  i s  c l e a r  
t h a t  th e  r e a l  p a r t  of th e  f r e q u e n c y  r e s p o n s e  of any 
r a t i o n a l  t r a n s f e r  f u n c t i o n  can be ap p ro x im a te d  t o  any 
deg ree  of a c c u r a c y  by a p p r o x i m a t i n g  th e  i n t e r m e d i a t e  
r e g i o n  by a F o u r i e r  c o s in e  s e r i e s ,  and th e  a s y m p t o t i c  
r e g i o n  by an i n v e r s e  power of f r e q u e n c y .
The i n v e r s e  of the  above s t a t e m e n t  i s  no t  so 
c l e a r ,  i . e .  i f  t h e  i n t e r m e d i a t e  and a s y m p t o t i c  r e g i o n s  
a r e  s p e c i f i e d  i n  th e  above t e rm s  f i r s t , how c l o s e l y  does 
t h e  r e s u l t i n g  r e a l  p a r t  a p p ro x im a te  t o  th e  r e a l  p a r t  
of some r a t i o n a l  t r a n s f e r  f u n c t i o n ?
T h is  q u e s t i o n  i s  n o t  answ ered  e x p l i c i t l y  i n  t h i s  
work, th e  o b j e c t  of which was t o  i n v e s t i g a t e  t h e  
f e a s i b i l i t y  of what i s  a c o m p l e t e ly  new a p p r o a c h .  Under 
t h e  c i r c u m s t a n c e s ,  i t  was f e l t  no t  j u s t i f i a b l e  t o  spend
t o o  much t im e on t h a t  a s p e c t  of th e  a p p r o x i m a t i o n ,  b e f o r e  
t h e  o v e r a l l  e f f e c t i v e n e s s  of  th e  method was t e s t e d .  In  
t h e  e v e n t ,  t h e  r e s u l t s  p r e s e n t e d  i n  c h a p t e r s  7 and 8 
s u g g e s t  t h a t  th e  a c c u ra c y  i s  q u i t e  ad eq u a te  f o r  
e n g i n e e r i n g  p u r p o s e s .  In  f a c t ,  i n  p r a c t i c e  t h e  main  
i n a c c u r a c y  m ight  w e l l  be t h a t  i n  th e  m easured  f r e q u e n c y  
r e s p o n s e  of t h e  p l a n t .
The c h o ic e ,  t h e r e f o r e ,  of  th e  harm onic  c o n t e n t  
of th e  i n t e r m e d i a t e  r e g i o n  i s  no t  gu ided  by c o n s i d e r a t i o n s  
of  t h e  a c c u r a c y  w i t h  which t h e  r e s u l t i n g  r e a l  p a r t  
m a tch es  up to  t h e  r e a l  p a r t  of some r a t i o n a l  t r a n s f e r  
f u n c t i o n ,  b u t  by more g e n e r a l  r e q u i r e m e n t s  on th e  
r e s u l t i n g  r e a l  p a r t  and on t h e  c o r r e s p o n d i n g  t r a n s i e n t  
r e s p o n s e .  These m a t t e r s  a r e  now c o n s id e r e d  i n  d e t a i l .
6 . 2 , 1  C o n s t r a i n t s  due t o  t h e  t r a n s i e n t  b e h a v i o u r  of 
lumped l i n e a r  sy s te m s .
The i n t e n t i o n  i s  t o  c o n s i d e r  r e a l  p a r t s  c o r r e s ­
p ond ing  t o  sy s tem s  w i t h  a p o l e - z e r o  e x c e s s  of 2 -5  by • 
u s i n g  th e  a p p r o p r i a t e  a s y m p to t i c  r e g i o n  d e s c r i p t i o n  i . e .  
N=2, 4 o r  6.
I t  i s  known t h a t  f o r  sy s te m s  w i t h  a p o l e - z e r o  
e x c e s s  > 1
h ( t ) = 0 6 . 2 .1
t=0
Now t h e  c o n t r i b u t i o n  of t h e  k th  ha rm on ic  of t h e  
i n t e r m e d i a t e  r e g i o n  t o  th e  im p u lse  r e s p o n s e  was g iv e n  i n  
e x p r e s s i o n  4 . 4 . 2 ,  and p u t t i n g  t=0  g i v e s
= -  •§■ a co 6 . 2 . 271 o c
t=0
In  o t h e r  words ,  only  t h e  c o n s t a n t  t e r m  c o n t r i ­
b u t e s  a t  t=0 ,  th e  c o n t r i b u t i o n s  of th e  o t h e r  h a rm o n ic s
h a ^ ( t )
b e in g  z e r o .
The c o n t r i b u t i o n  due t o  t h e  a s y m p to t i c  r e g i o n  v ;n  
g iv e n  i n  e x p r e s s i o n  2 . 4 . 1 9  and p u t t i n g  t=0  g i v e s  
( r e c a l l i n g  t h a t  i n  e x p r e s s i o n  2 . 4 . 1 9  x=co^t),
2 & cw che (co- t^ )|^
t=0
6.2c 3
Combining e x p r e s s i o n s  6 . 2 . 2  and 6 . 2 . 3 ,  t h e r e f o r e ,  
t h e  c o n d i t i o n  f o r  t h e  im pulse  r e s p o n s e  to  be z e r o  a t  
t=0  i s
A ~
6 . 2 . 4a  -  -  —o _ H - l
6 . 2 . 2  C o n s t r a i n t s  due t o )af t  b e h a v i  our  of
Tumped l i n e a r  sy s te m s .
As m en t io n ed  i n  s e c t i o n  4 . 2 . 3 ,  i t  i s  i n t e n d e d  t h a t  
t h e  r e a l  p a r t  r e s u l t i n g  from s p e c i f i e d  h a rm o n ic s  shou?" 
c o r r e sp o n d  t o  an  open lo o p  sy s te m  of ty pe  I  or  h i g h e r ,  
i .  e.
ReT(jw) =
co=0
= 1 6 . 2 . 9
co=0
Thus, s i n c e  th e  i n t e r m e d i a t e  r e g i o n  w i l l  be 
d e s c r i b e d  by
ReT(jto) = 
i t  f o l l o w s  t h a t
l!17I. a, cos—  co f o r  w < co /  k w o
k _ . - .  c
ak 1
The a s y m p t o t i c  r e g i o n  w i l l  be d e s c r i b e d  by
N
c.CO,
6 .2 . 6
6 . 2 . 7
6 .2 .ReT(jco) = A (— ) f o r  co > co 
u  '  C  CO '  c
At the  j u n c t i o n  of th e  i n t e r m e d i a t e  and a s y m p t o t i c
r e g i o n s ,  i . e .  a t  co th e  a m p l i tu d e  of the  r e a l  p a r t  p l o t
must  be A , t h e r e f o r e  c 7
The l a s t  r e q u i r e m e n t  i s  t h a t  ReT(jo3) sh o u ld  
change s i g n  th e  c o r r e c t  number of t im e s .  T h i s  was 
d i s c u s s e d  i n  some d e t a i l  i n  s e c t i o n  4 . 2 . 2 ,  and i t  was 
concluded  t h a t  i n  o r d e r  to  r e s t r i c t  th e  p o s s i b l e  
shapes  of ReT(jw) to  th o s e  l i k e l y  to  have p r a c t i c a l  
u s e f u l n e s s  ( i n  p a r t i c u l a r  t o  avoid  lo n g  s e t t l i n g  
t i m e s ) ,  th e  number of changes  of s i g n  of ReT(jaj) to  
c o r re sp o n d  to sy s tem s  w i t h  a p o l e - z e r o  e x c e s s  of 2 and 
3 shou ld  be one, and f o r  sy s te m s  w i th  an e x c e s s  of 4 
and 5 should  be two.
T h is  r e q u i r e m e n t  i s  d i f f i c u l t  to  e x p r e s s  
a n a l y t i c a l l y .  To i n d i c a t e  what i s  i n v o lv e d ,  c o n s i d e r  
a r e a l  p a r t  whose i n t e r m e d i a t e  r e g i o n  i s  d e f i n e d  a s
ReT( jco) = a + a-, c o s ~ -  w + a^ casr p  w 6 . 2 .  10
c c
Suppose i t  i s  i n t e n d e d  t h a t  t h i s  c o r r e s p o n d s  
to  a sys tem  w i th  a p o l e - z e r o  e x c e s s  of 2. I n  t h a t  case  
th e  a s y m p to t i c  t e r m i n a t i o n  w i l l  be f o r  N=2, so t h a t  
a p p l y i n g  e x p r e s s i o n  6 . 2 . 4  g i v e s
a = -  A 6 . 2 . 1 1o c
A p p ly ing  c o n d i t i o n s  e x p r e s s e d  i n  6 . 2 . 7  and 6 . 2 . 9  
and 6 .2 .1 0  ^giva-s
a Q + a i  + a 2 = 1  6 . 2 ,12
a -  a-, + a 0 = A 6 . 2 . 1 3o 1 2 c
Hence combin ing  w i th  e x p r e s s i o n  6 . 2 . 1 1
1 + 3A 1 -  A„a -  .— -------  an(3 a -
2 2 ^  rtl  2 6 .2 .1 4
I t  may be n o ted  i n  p a s s i n g  t h a t  f o r  a ReT(jcjo) 
d e s c r i p t i o n  c o n t a i n i n g  a t  most th e  second h a rm o n ic ,  th e  
harm onic  a m p l i t u d e s  a r e  u n i q u e l y  s p e c i f i e d  f o r  any  
v a lu e  of A . Such i s  not t h e  case  i f  h i g h e r  h a rm o n ic s
V
a r e  p r e s e n t ,  n e c e s s i t a t i n g  th e  d i s c u s s i o n  p r e s e n t e d  i n
s e c t i o n  6 . 3 .
E x p r e s s i o n  6.2JLO can t h e r e f o r e  he w r i t t e n  i n
terms of A^ c
1-A « 1+3A p
ReT( jw) = -  A + (—p— ) cos—  w + (-—p-— ) cos—  u> 6 . 2 . 1 5
c c
C a l l i n g  COS--U) = (3 and exp an d in g  th e  double  a n g le  
c
r e s u l t s  i n
1+5A 1-A. 0
ReT( jw) = -  ( -p — £) + (-t -£ )(B + (l+3Ac )p 6 . 2 . 1 6
Now f o r  ReT(jw) to  be z e r o  once f o r  a v a l u e  of w
betw een  0 and r e q u i r e s  th e  above q u a d r a t i c  to  have
one r o o t  be tween +1 and - 1 ,  and th e  o t h e r  r o o t  o u t s i d e
t h e s e  l i m i t s ,  ( s i n c e  f o r  co >w>o, 1 > c o s ~ - w > - 1 )  .c 7 COc
The r o o t s  of t h i s  q u a d r a t i c  f o r  v a r y i n g  Ac can 
r e a d i l y  be found and t h e i r  l o c u s  i s  sk e tch e d  i n  f i g . 6 . 1 . a .  
I n s p e c t i o n  of t h i s  shows t h a t  the  r e q u i r e m e n t  of a s i n g l e  
r o o t  be tween +1 and -1  i s  met f o r  any A .
An.-analogous development  f o r  N=4 g i v e s  
ReT(jio) = -  (3+7Ac ) + 3(1-AC)(3 + (6+XOA0 ) p 2 6 . 2 . 1 7
The l o c u s  of th e  r o o t s  i s  shown i n  f i g . 6 . 1 . b .  This  
shows t h a t  f o r  a n e g a t i v e  A , c o r r e s p o n d i n g  t o  a sy s te m  
w i th  a p o l e - z e r o  ex cess  of 3? t h e r e  i s  only one r o o t  
between +1 and -1 ,  w h i le  f o r  a p o s i t i v e  A , c o r r e s p o n d i n g  
to  an e x c e s s  of 4, t h e r e  a r e  two.
Thus f o r  a ReT(joo) d e s c r i p t i o n  c o n t a i n i n g  a t  most  
th e  second ha rm on ic ,  the  s i t u a t i o n  w i t h  r e g a r d  to  s i g n  
changes  can be i n v e s t i g a t e d ,  and i n  f a c t  no r e s t r i c t i o n s  
need to  be p l a c e d  on the  p o s s i b l e  v a l u e s  of A q  on t h i s  
s c o r e .  As t h e  harmonic  c o n t e n t  in  the  d e s c r i p t i o n  of 
ReT(jw) r i s e s ,  i t  i s  c l e a r  t h a t  the  d i f f i c u l t y  i n
Vlf.6.1* M i  «T <.8«ll « 1  iS .I3 i
niSo ■ 1.)
ntilo ■ 1
flC.6.8. Vutatip of (lo lapuilka of iho h rn a l i  H pllM i.
s p e c i f y i n g  c o m b in a t io n s  of ha rm onic  a m p l i t u d e s  t o  e n su re  
only  one r o o t  be tween +1 and -1  i n  the  r e s u l t i n g  p o ly ­
nom ia l  i n c r e a s e s .  The p o ly n o m ia l  can c e r t a i n l y  be 
formed i n  any s p e c i f i c  c a s e .  A p p ly ing  the  c o n d i t i o n s  
e x p re s s e d  i n  6 . 2 . 7 ,  6 . 2 . 9  and 6 . 2 . 4  t o  the  g e n e r a l  case  
g i v e s .
1_Ac , = 1+Ac (N“ ‘)a-  ^ + a^ + a ^ . . . .  = —^ —  and a^ + + a^ .  . .  . —-—~v-— —y
6 . 2 . 1 8
bu t  now Aq no l o n g e r  u n i q u e l y  s p e c i f i e s  th e  ha rm o n ic  
c o n t e n t .
R a t h e r  t h a n  c o n s i d e r i n g  th e  number of s i g n  changes  
of ReT(jw) a s  a s e p a r a t e  p rob lem , and t r y i n g  to  e s t a b l i s h  
l i m i t s  on t h e  p e r m i s s i b l e  ha rm onic  c o m b in a t io n s  f o r  a 
s p e c i f i e d  number of changes ,  i t  was dec ided  to  lump 
t h i s  p rob lem  w i t h  th e  g e n e r a l  q u e s t i o n  of how t o  s p e c i f y  
th e  harm onic  c o n t e n t  ( t r e a t e d  i n  t h e  n e x t  s e c t i o n ) .
Thus i n  p r a c t i c e ,  th e  r e q u i r e d  number of s i g n  
changes  was not  e x p re s s e d  as  an a n a l y t i c a l  c o n d i t i o n ,  
bu t  was checked by f a c t o r i n g  th e  po ly n om ia l  f o r  e ac h  
c o m b in a t io n  of h a rm on ics  f o r  which  th e  t r a n s i e n t  
pe r fo rm ance  was e v a l u a t e d .
. j
The c o n s t r a i n t s  upon t h e  harm onic  c o n t e n t ,  
t h e r e f o r e ,  a r e  e x p re s s e d  by 6 . 2 . 4 ,  6 . 2 . 7  and 6 .2 .9 *  I t  
i s  i n t e r e s t i n g  to  n o t e  t h a t  t h e s e  c o n s t r a i n t s  a l s o  e n s u r e  
t h a t
u ( t ) - 1 6 .2 . 1 9
t  i n f
T h is  can be seen  from e x p r e s s i o n  4 . 4 . 6 ,  g i v i n g  t h e  
c o n t r i b u t i o n  of the  k th  ha rm on ic  to the  s t e p  r e s p o n s e .  
A l low ing  th e  t ime to  go t o  i n f i n i t y  i n  e x p r e s s i o n  4 . 4 . 6  
g i v e s
U a ^ ( t )  — a^  6 . 2 . 2 0
s i n c e  S i ( x )  t e n d s  t o  m/2 a s  x t e n d s  t o  i n f i n i t y .  The 
c o n t r i b u t i o n  of th e  a s y m p to t i c  r e g i o n  to  t h e  s t e p  
r e s p o n s e  t e n d s  t o  z e r o  a s  t im e  t e n d s  t o  i n f i n i t y ,  so 
t h a t
\  ~~ i v  
\  U a ^ ( t )  j —► \ 1 6 . 2 .2 1
Z  j  t  —► i n f  Z—
by v i r t u e  of c o n d i t i o n  6 . 2 . 7«
F i n a l l y  i t  can be seen t h a t  the  c o n d i t i o n s  a r e  
e q u i v a l e n t  to  th e  r e q u i r e m e n t  t h a t  th e  n e t t  a r e a  under  
t h e  r e a l  p a r t  p l o t  be z e r o .
6 .3°  S p e c i f i c a t i o n  of th e  ha rm on ic  c o n te n t  of t h e  
i n t e r m e d i a t e  r e g i o n  of th e  r e a l  p a r t  p l o t .
The p r e v i o u s  s e c t i o n  e s t a b l i s h e d  g e n e r a l  
c o n s t r a i n t s  upon th e  p e r m i s s i b l e  harm onic  c o n t e n t  of the  
i n t e r m e d i a t e  r e g i o n  of th e  r e a l  p a r t  p l o t .  Even w i t h j 
t h e s e  c o n s t r a i n t s  however , t h e r e  a r e  s t i l l  i n f i n i t e l y  
many p o s s i b l e  c o m b in a t io n s  of ha rm onic  a m p l i t u d e s .  F o r  
t h e  p u rp o se s  of c a r r y i n g  out a s y s t e m a t i c  c o r r e l a t i o n  of 
harmonic  c o n t e n t  ( a s y m p t o t i c a l l y  t e r m i n a t e d ) ,  w i t h  th e  
r e s u l t i n g  t r a n s i e n t  p e r fo rm an c e ,  some p r e c i s e  means of 
s p e c i f i c a t i o n  of t h e  ha rm onic  c o n te n t  was r e q u i r e d .  In  
p a r t i c u l a r ,  s i n c e  i t  was i n t e n d e d  to  p r e s e n t  t h e  
c o r r e l a t i o n  in .  t h e  form of a f a m i ly  of p e r fo rm an c e  c u r v e s ,  
i t  was d e s i r a b l e  t o  s p e c i f y  t h e  harm onic  c o n t e n t  by two 
main p a r a m e t e r s .
6•3* 1 I n v e s t i g a t i o n  of th e  h a rm on ic  c o n te n t  of t h e  r e a l  
p a r t  of some r a t i o n a l  t r a n s f e r  f u n c t i o n s .
S in ce  i t  i s  c l e a r l y  d e s i r a b l e  t h a t  t h e  ha rm on ic  
c o n te n t  s p e c i f i e d  sh o u ld  c o r r e s p o n d  to  t h a t  of r a t i o n a l  
t r a n s f e r  f u n c t i o n s ,  i t  was d e c id e d  t o  e v a l u a t e  t h e
harm onic  c o n t e n t  of some r a t i o n a l  t r a n s f e r  f u n c t i o n s .
The t r a n s f e r  f u n c t i o n  used h a s  a l r e a d y  h een  g iven  
in  e x p r e s s i o n  4 . 4 . 8  and th e  harm onic  a m p l i t u d e s  o b t a in e d  
i n  f i g  4 . 6 .  In  th e  p r e s e n t  d i s c u s s i o n ,  i n t e r e s t  
c e n t r e s  on how th e  harm onic  a m p l i tu d e s  v a ry ,  and t o  t h i s  
end f i g . 6-2 shows th e  v a r i a t i o n  of the  l o g a r i t h m  of the  
harm onic  a m p l i tu d e  a g a i n s t  ha rm onic  number, f o r  a damping 
r a t i o  of 0 .1 ,  1 and 1 .5 -
I n s p e c t i o n  of f i g . 6 .2  and f i g . 4 .6  shows two 
p a t t e r n s :
a) Odd and even h a rm o n ic s  d e c r e a s i n g  a p p r o x i m a t e l y  
l o g a r i t h m i c a l l y  ( F o r  damping r a t i o s  1 and 
1 . 5 ) .
.b) Even h a rm o n ic s  s m a l l ,  odd ha rm on ics  a l t e r ­
n a t i n g  i n  s i g n  w i t h  a m p l i tu d e s  d e c r e a s i n g  
a p p r o x i m a t e ly  l o g a r i t h m i c a l l y .
6 . 3 . 2  Means of s p e c i f i c a t i o n  a d o p te d .
F o r  any v a lu e  of A ( th e  a m p l i tu d e  of th e  r e a l
V
p a r t  a t  u> ) ,  t h e  h a rm o n ics  a r e  g iv en  a s  
\  1—A c
/  a k = k = 1, 3, 5 . . . .  6 . 3 .1
  ' . N+l
7  a k = - h f -— k = 2 , 4,  6 . .  . .  6 . 3 .2Z_
The above e x p r e s s i o n s  a re  co nseq u e n ce s  of th e  c o n d i t i o n s  
g iv e n  i n  e x p r e s s i o n s  6 . 2 . 4 ,  6 . 2 . 7  and 6 . 2 . 9 .
In  v iew of th e  r e s u l t s  d i s c u s s e d  i n  t h e  l a s t  
s e c t i o n ,  i t  was d ec ided  t o  s p e c i f y  th e  h a rm on ic  a m p l i t u d e s  
a s  d e c r e a s i n g  e x p o n e n t i a l l y ,  the  r a t e  of d e c r e a s e  b e in g  
governed by a p a r a m e t e r  m. C o n s i d e r in g  t h e  odd 
ha rm on ics  f i r s t ,  th ey  w i l l  be s p e c i f i e d  as
so t h a t  e x p r e s s i o n  6 .3 * 1  becomes
, „ ^-2 ran , „ -4  ran , - 6 71m 1-A 0
a l  1 — 1 — a l  * • - — —- —  6*3*3
The s i g n s  of the  h a rm o n ic s  a r e  s p e c i f i e d  a s  
f o l l o w s :  a lw ays  t a k e s  th e  s i g n  of th e  r i g h t  hand
s i d e  of e x p r e s s i o n  6 .3 * 3 ,  th e  h i g h e r  odd h a rm o n ic s  a r e  
th en  e i t h e r  of t h e  same s i g n  a s  a^ ,  o r  a l t e r n a t e l y  
p o s i t i v e  and n e g a t i v e .  T h is  i n f o r m a t i o n  i s  c a r r i e d  
by a  s i n g l e  p a ra m e te r ,  which becomes 0 i f  t h e  s i g n s  a r e  
a l l  t h e  same, and 1 i f  the  s i g n s  a l t e r n a t e .  T h is  
p a ra m e te r  had t o  be g iv e n  a  name f o r  programming p u r p o s e s ,  
and was c a l l e d  formodd. To i l l u s t r a t e ,  c o n s i d e r  a  
n e g a t i v e  Aq so t h a t  t h e  r . h . s .  of e x p r e s s i o n  6.3*3* 
i s  p o s i t i v e ,  and hence  a-  ^ i s  p o s i t i v e .  Tnen f o r  
formodd=0, th e  h a rm o n ics  a r e  s p e c i f i e d  a s
a x + a i e - 2Tlm + a  1e " 4ra!1 + a ^ - 6™ . . .  .= 1 ^  6 -
w h i l e  i f  fo rm odd=l ,  t h i s  chan g es  to
&1 -  a i e - 2mn + &1e - 4nm -  a i o - 67lm + ■ . . . =  l l s  6 *3-5
S i m i l a r l y ,  th e  even h a rm o n ic s  a r e  s p e c i f i e d  a s
_ « “ 2ran _  ^ -47cm -6ran .
a^ a^e  , ^ — 2  ^^  Q — ^2 ® e t c
i+A , a +1
so t h a t  e x p r e s s i o n  6 .3*2  becomes
„ , „ ~2ran ,  ^ - 4 Tim , „ -6ran X^ c ( u - T )  ’ ..a2 ± a^e  ± a^e  ± a2 e . . . =  —   -v^  L 6 . 3 .6
a 2 a lw ays  t a k e s  th e  s i g n  of th e  r . h .  s .  of e x p r e s s i o n  
6 .3 * 6 ,  and th e  s i g n s  of th e  h i g h e r  even h a rm o n ic s  a r e  
e i t h e r  a l l  t h e  same as  of a2 ( i n d i c a t e d  by a p a r a m e t e r  
c a l l e d  form even  b e in g  z e r o ) ,  o r  a l t e r n a t i n g  ( f  o m ie v e n = l ) .
Thus, f o r  a  p a r t i c u l a r  a s y m p to t i c  b e h a v i o u r  i . e .  
v a lu e  of N, t h e  harm onic  c o n t e n t  i s  s p e c i f i e d  by two 
c o n t i n u o u s  v a r i a b l e s ,  A and m, and two p a r a m e t e r s ,
formodd and formevon,  which a r e  e i t h e r  0 o r  1. The 
f i n a l  p i e c e  of i n f o r m a t i o n  r e q u i r e d  i s  t h e  h i g h e s t  
harm onic  p r e s e n t  i n  th e  d e s c r i p t i o n  of ReT(jw) .  T h is  
h a s  been c a l l e d  th e  c l a s s  of th e  sys tem.
For  c o n v e n ie n c e ,  t h i s  i n f o r m a t i o n  i s  a lw ay s  
p r e s e n t e d  i n  th e  same o r d e r ,  namely?
Value  of N, c l a s s  of sys tem ,  v a lu e  of formodd, v a l u e  of
formeven,  v a lu e  of m, v a lu e  of A .
c
Thus th e  ha rm on ic  c o n t e n t  of a sys tem s p e c i f i e d  by:
N=4, c l a s s  4, 1, 0, 0 .2 2 5 ,  - 1 . 1 ,  
can be found a s  f o l l o w s .  F o r  m=0.22 5, e ’~^7im= 0 . 2435* 
C o n s id e r in g  th e  odd h a rm o n ics  f i r s t ,  s i n c e  fo rm odd= l  th e  
s i g n s  w i l l  be a l t e r n a t i n g .  E x p r e s s i o n  6 .3 * 1  t h e r e f o r e  
becomes
a-  ^ -  0 .2435 = 1 .0 5  6*3*7
Hence
a x = X. 3875 and a ,  = - a 1 e~2TOn=--0. 3375
The s ig n s  of the  even h a rm on ics  w i l l  a l l  be th e  
same, s i n c e  formeven=0. a Q i s  f i x e d  by e x p r e s s i o n  6 . 2 . 4 ,  
wh ich  g i v e s  a Q=0*3667* E x p r e s s i o n  6 .3 * 2 .  t h e r e f o r e  
be c ome s
a 2 + 0 .2435 a g = -  0 .4167  6 .3 * 8
Hence a 2 = -  0 .3 351 ,  and a .  = a2 e~27m = -  0 .0 8 1 5 .  The
com ple te  d e s c r i p t i o n  of th e  i n t e r m e d i a t e  r e g i o n  of th e  
r e a l  p a r t  i s  t h e r e f o r e
ReT(jw) = 0. 3667 + 1 .3875  cos-j-w -  0 .3351  c o s | ^  w
c c
-  0 .3375  c o s ^ \ )  -  0 .0 8 1 5  c o s |3 o  f 0r  w<ui 6 . 3 . 9
c c
S ince  N=4, t h e  a s y m p t o t i c  r e g i o n  i s  d e s c r i b e d  by
co 4ReT(jco) = -  l . l ( - j p )  f o r  exo  6 . 3 . 1 0
6 . 4  E v a l u a t i o n  of th e  p e r fo rm an c e  i n d i c e s .
The p e r fo rm an ce  i n d i c e s  which  were c hosen  a s  a s e t  
which gave a r e a s o n a b l y  good d e f i n i t i o n  of t h e  pe r fo rm an ce ,  
were d i s c u s s e d  i n  s e c t i o n  1 . 2 .
T h e i r  a p p ro x im a te  v a l u e s  were e v a l u a t e d  by d i g i t a l  
c o m p u ta t io n .  Approximate  v a l u e s  only were e v a l u a t e d ,  f  
f o r  two r e a s o n s .  F i r s t l y ,  i t  redu ced  c o m p u ta t io n  t im e s  
by an o r d e r .  T h is  i s  b e c a u s e ,  w h i l e  i t  i s  p e r f e c t l y  
f e a s i b l e  to  f i n d ,  say, t h e  t im e  f o r  th e  s t e p  r e s p o n s e  
to  r e a c h  i t s  maximum (by f i n d i n g  th e  t ime f o r  h ( t ) = 0 ) ,  
the  c o m p u ta t io n  i n v o lv e d  i s  lo n g ,  due to  th e  c o m p a r a t iv e  
co m p lex i ty  of the  e x p r e s s i o n  g iv e n  i n  t a b l e  2 . 1 .  S ec o n d ly ,  
i n  th e  c o u rs e  of the  s y n t h e s i s  p r o c e d u r e ,  a r a t i o n a l  
t r a n s f e r  f u n c t i o n  i s  f i t t e d  a p p r o x i m a t e ly  to  t h e  sy s te m  
a s  d e f in e d  by th e  a s y m p t o t i c a l l y  t e r m in a t e d  ha rm o n ic  
c o n te n t  of i t s  r e a l  p a r t .  Thus th e  p e rfo rm an c e  of th e  
end p r o d u c t ,  which  i s  t h e  sys tem  d e f i n e d  by t h e  r a t i o n a l  
t r a n s f e r  f u n c t i o n ,  i n  any c a se  on ly  a p p ro x im a te s  t o  t h e  
p e r fo rm an ce  p r e d i c t e d  from th e  ha rm onic  c o n t e n t .
On t h e  c l o s e n e s s  w i t h  which th e  r e s u l t i n g  r a t i o n a l  
sys tem  pe r fo rm an ce  m atches  t h e  pe r fo rm ance  p r e d i c t e d  f rom  
th e  harm onic  c o n t e n t ,  h i n g e s  th e  whole u s e f u l n e s s  of 
t h i s  method, T h i s  w i l l  be i n v e s t i g a t e d  i n  c h a p t e r s  7 
and 8.
The way the  a p p ro x im a te  v a l u e s  were computed, and 
th e  d eg ree  of a p p ro x im a t io n  i n v o lv e d ,  i s  now c o n s i d e r e d ,
6 . 4 . 1  T r a n s i e n t  pe r fo rm ance  i n d i c e s .
The c o n t r i b u t i o n s  of t h e  h a rm o n ics  ( w i th o u t  th e  
a s y m p to t i c  t e r m i n a t i o n s ) ,  t o  th e  im pu lse  and s t e p  r e s p o n s e  
a r e  g iv en  i n  e x p r e s s i o n s  4 . 4 . 4  and 4 . 4 . 6 .  These  were 
e v a l u a t e d ,  f o r  u n i t  harm onic  a m p l i t u d e s ,  f o r  t h e
n o r m a l i s e d  t ime v a r i a b l e  T v a r y i n g  from 0 t o  20 i n  
s t e p s  of 0 . 2 .
The c o n t r i b u t i o n s  of th e  a s y m p to t i c  r e g i o n  a r e  
g iv e n  i n  e x p r e s s i o n s  2 . 4 . 1 9  and 2 . 4 . 2 2 .  These  a l s o  
were  e v a l u a t e d  o v e r  the  same r an g e  of T, f o r  N=2, 4, 6. 
These r e s u l t s  were s t o r e d  on t a p e s .
The programmes f o r  e v a l u a t i n g  th e  t r a n s i e n t  
r e s p o n s e ,  t h e r e f o r e ,  used th e  above d a ta  a s  i n p u t ,  
t o g e t h e r  w i t h  a  s p e c i f i c a t i o n  of th e  sys tem  to  be 
c o n s i d e r e d ,  g iv e n  i n  th e  t e r m s  d i s c u s s e d  i n  s e c t i o n  6 .3*2 
( i . e . N ,  c l a s s ,  formodd, fo rm even ,  m, A-c ).
The t im e  i n d i c e s  ( i . e .  Tul  e t c . ) ,  t h e r e f o r e ,
may have an e r r o r  of up t o  0 .2 .  S in c e  t h e  minimum
v a l u e  f o r  Tul  found was 3*6, th e  maximum e r r o r  c o u ld  be
a b o u t  6io. The maximum e r r o r  i n  Thl  can be a b o u t  tw ic e  ,
a s  much, The e r r o r  i n  t h e  m agn i tude  i n d i c e s  ( i . e .  o n l ,  
hml) ... , due t o  them b e in g  c a l c u l a t e d  a t  t h e  wrong t im e s  
canno t  e a s i l y  be e s t a b l i s h e d ,  bu t  f o r  p r a c t i c a l  r e s p o n s e s  
th e  c u r v a t u r e  n e a r  an extremum i s  n e v e r  g r e a t ,  so t h a t  
t h e  e r r o r  sh o u ld  be q u i t e  s m a l l .
While  i t  i s  a p p r e c i a t e d  t h a t  t h e  above d i s c u s s i o n  
of the  e r r o r s  i s  v e ry  i m p r e c i s e ,  i t  i s  a g a i n  s t r e s s e d  
t h a t  th e  p u rp o se  of th e  p r e s e n t  work was to  check  th e  
o v e r a l l  f e a s i b i l i t y  of th e  method, and u n l i m i t e d  
computing  t im e  was not  a v a i l a b l e .  Improvements  i n  th e  
a c c u r a c y  may c o n s t i t u t e  a l a t e r  r e f i n e m e n t .  F u r th e r m o r e  
i t  v a i l  be shown i n  c h a p t e r s  7 and 8 t h a t  i n  p r a c t i c e  
t h e  method g i v e s  an a c c u ra c y  e n t i r e l y  a c c e p t a b l e  f o r  
most  e n g i n e e r i n g  a p p l i c a t i o n s .
6 . 4 . 2  F re q u en cy  pe rfo rm ance  i n d i c e s .
The c a l c u l a t i o n  of t h e  im a g in a ry  p a r t  c o r r e s p o n d i n g  
t o  an a s y m p t o t i c a l l y  t e r m i n a t e d  r e a l  p a r t ,  was d i s c u s s e d  
i n  s e c t i o n s  5*3*1 and 5*3*2. The im a g in a ry  p a r t s  
c o r r e s p o n d i n g  to  u n i t  a m p l i tu d e  r e a l  p a r t  h a rm o n ic s ,  
f o r  N=2, 4 and 6 were c a l c u l a t e d  f o r  th e  n o r m a l i s e d  
f r e q u e n c y  v a r i a b l e ,  w, v a r y i n g  from 0 .05  t o  3 i n  s t e p s  
of 0 .0 5 .
Again  t h e  programmes f o r  e v a l u a t i n g  t h e  f r e q u e n c y  
r e s p o n s e  used t h i s ,  t o g e t h e r  w i t h  th e  sys tem  s p e c i f i c a t i o n  
a s  d a t a .  The r e s o n a n c e  peak,  r e s o n a n t  f r e q u e n c y  and 
bandw id th ,  were o b t a i n a d  by th e  l i n e a r  c o m b in a t io n  of 
th e  r e a l  and c o r r e s p o n d i n g  im a g in a ry  p a r t s ,  i n  t h e  s p e c i ­
f i e d  p r o p o r t i o n s .
The s m a l l e s t  v a lu e  of th e  r e s o n a n t  f r e q u e n c y  
found was 0 .1  so t h a t  th e  maximum e r r o r  i n  t h i s  index  
could  be 50$. T h is ,  however, occu rs  f o r  a v e r y  sm a l l  
r e s o n a n c e  peak (0 .2 5  dB). F o r  a r e s o n a n c e  peak  of 1 dB, 
th e  s m a l l e s t  v a lu e  of th e  r e s o n a n t  f r e q u e n c y  was found 
t o  be 0 .3 5 ,  g i v i n g  a  maximum e r r o r  of 14$. F o r  l a r g e r
v a l u e s  of th e  r e s o n a n c e  peak,  Vr  i s  l a r g e r  so t h a t  th e  
e r r o r  i s  s m a l l e r .  The s m a l l e s t  v a lu e  of t h e  band w id th  
found was 0 .44  so t h a t  th e  maximum e r r o r  co u ld  be 11.5$* 
A ga in  i t  i s  no t  p o s s i b l e  to  be c e r t a i n  what t h e  maximu.. 
e r r o r  i n  th e  c lo s e d  lo o p  r e s p o n s e  r e s o n a n c e  peak 
Again r e l i a n c e  i s  p la c e d  on th e  f a c t  t h a t  t h e  c u r v a t u r e  
of p r a c t i c a l  c h a r a c t e r i s t i c s  i s  n o t  l a r g e ,  and the  
r e s u l t s  of c h a p t e r  7 and 8 b e a r  t h i s  o u t .
The s e n s i t i v i t y - ,  a ssum ing  u n i t y  f e e d b a c k ,  i s  
d e f i n e d  as
s i n c e
6 . 4 . 2
i t  f o l l o w s  t h a t
d G liJ  " [X +G(s) ^
(3T(S)   1 6 . 4 . 3
Hence
■SG " 1 +1G(sT _ 1 " 6 . 4 . 4
and
Sq(w) I = J [  ( 1 — R e T ( j u ) ) 2 + ( Im T (3U)))2 ] 6 . 4 . 5
Thus a g a i n  th e  s e n s i t i v i t y  can he c a l c u l a t e d  f rom  th e  r e a l  
and im a g in a ry  p a r t s .
E x p r e s s i o n  6 . 4 . 4  shows t h a t  f o r  u n i t y  f e e d  back,  
t h e  s e n s i t i v i t y  i s  a f u n c t i o n  of T (s )  on ly ,  so t h a t  once 
T (s )  i s  chosen  ( t o  g ive  a r e q u i r e d  t r a n s i e n t  p e r f o r m a n c e ) ,  
t h e  s e n s i t i v i t y  i s  f i x e d .
For  in d e p e n d a n t  c o n t r o l  of b o th  th e  t r a n s i e n t  
pe rfo rm ance  d e te rm in e d  by T ( s ) ,  and the  s e n s i t i v i t y ,  
p a r a l l e l  co m p e n sa t io n  must be u se d .  I f  f e e d b a c k  i s  
t h ro u g h  a t r a n s f e r  f u n c t i o n  1+H(s) ,  e x p r e s s i o n  6 . 4 . 4  
changes  to
In  th e  p r e s e n t  work u n i t y  f e e d b a c k  on ly  h a s  bcoxi 
c o n s i d e r e d ,  on th e  g rounds  t h a t  t h i s  gave th e  s i m p l e s t  
means of e v a l u a t i n g  th e  u s e f u l n e s s  of th e  method 
d e v e lo p e d .  E x t e n s i o n  to  n o n - u n i t y  f e e d b a c k  i s  c l e a r l y  
a d e s i r a b l e  development  which rem a in s  to  be done.
6 .5  R e l a t i o n s h i p  between th e  harm onic  c o n t e n t  and
In  a d d i t i o n  to  the  p e r fo rm an c e  i n d i c e s  c o n s i d e r e d  
i n  s e c t i o n  6 . 4 ,  t h e  r e m a in in g  p e r fo rm ance  in d ex  of t h e
SG = 1 + G t s H l 1 + H (s ) J  -  1 “  T ( s ) [ l  + H ( s ) ]  6 . 4 . 6
the  e r r o r  c o e f f i c i e n t s .
s e t  chosen  i n  s e c t i o n  1 .2  i s  t h e  v e l o c i t y  c o n s t a n t  Kv 
o r  a c c e l e r a t i o n  K (w h ich e v e r  i s  a p p l i c a b l e ) .  The 
r e l a t i o n s h i p  be tween  t h i s  and th e  harmonic  c o n t e n t  w i l l . 
now be d e v e lo p e d .
6 . 5 . 1  Cont r i b u t i o n  of th e  i n t e r m e d i a t e  a n d a s y m p to t i c  
r e g i o n s  t o  th e  ve l o c i t y  s t e p  r e s p o n s e .
The c o n t r i b u t i o n  of th e  k th  harm onic  t o  t h e  s t e p  
r e s p o n s e  i s  g iv e n  by e x p r e s s i o n  4 . 4 . 6 .  I n t e g r a t i o n  of 
t h i s  g i v e s  t h e  c o r r e s p o n d i n g  c o n t r i b u t i o n  t o  t h e  v e l o c i t y  
s t e p  a s :
a ku v e l g T )  = - r r -  [(T-k7t) Si(T-kTt) + (T+kTi)Si(T+kn)
c
+ 2 cosk7t(cosT-1)  -  2kx S i ( T ) ]  6 . 5 . 1  
The sh a p e s  of such  c o n t r i b u t i o n s  ( f o r  u n i t y  
harmonic  a m p l i t u d e )  f o r  a few v a l u e s  of  k a r e  shown i n  
f  ig» 6« 3»
The c o n t r i b u t i o n  of t h e  a s y m p to t i c  r e g i o n  to  th e  
v e l o c i t y  s t e p  r e s p o n s e  could  be o b t a i n e d  by i n t e g r a t i n g  
e x p r e s s i o n  2 . 4 . 2 2 .  The o b j e c t  however,  i s  n o t  t o  g e t  
a g e n e r a l  e x p r e s s i o n  f o r  the  v e l o c i t y  s t e p  r e s p o n s e  bu t  
on ly  to  f i n d  th e  f i n a l  e r r o r  i n  t h a t  r e s p o n s e .  F o r  
t h i s  p u rp o se  th e  c o n t r i b u t i o n  of the  a s y m p t o t i c  r e g i o n  
may be d i s r e g a r d e d  s in c e  i t  t e n d s  t o  z e r o  a s  t im e  t e n d s  
t o  i n f i n i t y .
The f a c t  t h a t  the  c o n t r i b u t i o n  of t h e  a s y m p t o t i c  
r e g i o n  to  t h e  v e l o c i t y  s t e p  r e s p o n s e  (and a l s o  to  the  
s t e p  and im pu lse  r e s p o n s e )  t e n d s  t o  z e r o  a s  t im e  t e n d s  t o  
i n f i n i t y ,  may r e a d i l y  be seen  from e x p r e s s i o n  2 . 4 . 1 2  
which g i v e s  th e  a s y m p to t i c  r e g i o n  c o n t r i b u t i o n  to  t h e
»• n * . 6 . 3 .  O o B tr l ln t la u  o f  t t e  k u M d c a  to  t  ooAtjr l o j o t .
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rig.6.4* Hriotaat to tho dlteuwlaa la  Metloa 6.5.3.
im p u lse  r e s p o n s e ,  r e w r i t t e n  as
C\ coswt 6 . 5.2
As t  t e n d s  to  i n f i n i t y  th e  lo w e r  i n t e g r a t i o n  l i m i t  
a p p ro a c h e s  t h e  u p p e r  l i m i t  and th e  i n t e g r a n d  t e n d s  t o  
a e r o  so t h a t  h  ( t )  t e n d s  t o  z e r o .
An e x p r e s s i o n  s i m i l a r  to  6 . 5 . 2  o b t a i n s  f o r  th e  
c o n t r i b u t i o n  of t h e  a s y m p t o t i c  r e g i o n  to  t h e  s t e p ,  
v e l o c i t y  s t e p  and a c c e l e r a t i o n  s t e p  r e s p o n s e s .  I n  each  
c a se  as  t  t e n d s  to  i n f i n i t y  th e  lo w er  l i m i t  of  i n t e g r a t i o n  
a p p ro a c h e s  th e  u p p e r  l i m i t  so t h a t  the  i n t e g r a l  a p p ro a c h e s  
z e r o .
Hence th e  f i n a l  v a lu e  of th e  v e l o c i t y  s t e p  
r e s p o n s e  i s  g iv e n  by
6 . 5 . 2  R e l a t i on s h i p  between th e  harm onic  a m p l i tu d e s  and Kv.
The v e l o c i t y  c o n s t a n t  Kv, i s  of c o u r s e  th e  
r e c i p r o c a l  of th e  f i n a l  v a lu e  of the  l a g  ( i n  s e co n d s )  
i n  th e  v e l o c i t y  s t e p  r e s p o n s e ,  p ro v id e d  t h i s  i s  f i n i t e .
Nov/ e x p r e s s i o n  6 . 5 . 1  ( i l l u s t r a t e d  i n  f i g .  6 . 3 ) 
shov/s t h a t  th e  c o n t r i b u t i o n  of t h e  k t h  h a rm on ic  t e n d s  
t o  a v e l o c i t y  s t e p  h a v in g  a r a t e  of r i s e  e q u a l  t o  a .^ 
and de layed  by a c e r t a i n  amount .
Thus t h e  t o t a l  r e s p o n s e  t o  a  u n i t  v e l o c i t y  s t e p  
i n p u t  t e n d s  to  a de layed  u n i t  v e l o c i t y  s t e p  o u tp u t  
( s i n c e  e x p r e s s i o n  6 . 2 . 7 ) .  The d e l a y  i s
eq u a l  to t h e  sum of th e  d e l a y s  i n  th e  c o n t r i b u t i o n s  of 
t h e  i n d i v i d u a l  h a rm o n ics .  To f i n d  t h e s e  d e l a y s  
r e a s o n a b l y  a c c u r a t e l y  the  f o l l o w i n g  a p p ro a c h  was a d o p te d  1
c l a s s  no
u v e l ( T )
T —► i n f
k = l
Assuming i n  each  case  t h a t  th e  c o n t r i b u t i o n s  of
ha rm o n ics  0-6  was found f o r
T=na; u s i n g  n = l ,  2 , 3  • • • 1 8 ,  
f rom e x p r e s s i o n  6 . 5 . 1 .  Once th e  v a lu e  of the  c o n t r i b u t i o n  
uvelj.(nTt) was known, th e  t im e  a t  which a  u n i t  ramp would 
r e a c h  th e  same v a lu e  was found ,  th e  d i f f e r e n c e  be tv/eon 
nrc and t h i s  t im e  b e in g  th e  d e l a y .  The d e la y  i n  e ach  
c ase  o s c i l l a t e d  about  some v a lu e ,  t h e  a m p l i t u d e s  of 
th e  o s c i l l a t i o n s  d e c r e a s i n g  a s  n  i n c r e a s e d .  By t a k i n g  
n up t o  18, th e  o s c i l l a t i o n s  were  reduced  s u f f i c i e n t l y  
to  pe rm i t  a r e a s o n a b l y  a c c u r a t e  e s t i m a t e  of th e  f i n a l  
v a lu e  of t h e  d e l a y .  The v a l u e s  of th e  d e la y  f o r  
n = 12 -  18 t o g e t h e r  w i th  t h e  f i n a l  e s t i m a t e  made by 
t a k i n g  th e  mean of th e  e x t re m e s  of o s c i l l a t i o n s ,  a r e  
shown i n  t a b l e  6 . 1 .
On th e  b a s i s  of t h e s e  r e s u l t s ,  the  d e l a y  i n  t h e  
v e l o c i t y  s t e p  r e s p o n s e  of any p a r t i c u l a r  sy s te m  was 
found from:
d e la y  = 0 .6 3 6 3 a Q + 3*0672a.^ + 6. 3093&2 + 9*4119a^
+ 12. 574-Oa^ + 1 5 .7 0 3 0 a 5 + 18. 8531a6 6 .5*4
I t  i s  a p p a r e n t  t h a t  a p a r t  from th e  c o n s t a n t  term;
th e  d e la y  i s  v e ry  n e a r l y  m t im e s  th e  ha rm onic  number.
I t  must be n o te d  t h a t  t h i s  d e la y  i s  i n  te rm s
of th e  n o r m a l i s e d  t ime v a r i a b l e  T = w t ,  so must bec 7
c o n v e r t e d  i n t o  seconds  by d i v i d i n g  by i s  t h e n
th e  r e c i p r o c a l  of t h i s  d e l a y .
6 . 5 . 3  Q u a l i t a t i v e  d i s c u s s i o n  of t h e  r e l a t i o n s h i p  be tw een  
th e  ha rm onic  a m p l i tu d e s  and
The r e l a t i o n s h i p  be tween  t h e  harm onic  a m p l i t u d e s
and K canno t  be e s t a b l i s h e d  by f i n d i n g  th e  c o n t r i b u t i o n s  a
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of  th e  h a rm o n ics  to  th e  a c c e l e r a t i o n  s t e p  r e s p o n s e  
i . e .  i n t e r g r a t i n g  e x p r e s s i o n  6 . 5 . 5 .
The r e a s o n  i s  t h a t ,  due t o  th e  n o n - l i n e a r i t y  of 
t h e  a c c e l e r a t i o n  s t e p  r e s p o n s e  a s t e a d y  s t a t i c  e r r o r  
c o r r e s p o n d s  t o  a c o n t i n u o u s l y  (hu t  n o n - l i n e a r l y )  
d e c r e a s i n g  d e la y .
I t  cou ld  he e s t a b l i s h e d  hy c o n s i d e r i n g  th e  
d i f f e r e n c e  between th e  v e l o c i t y  s t e p  c o n t r i b u t i o n s  of 
t h e  h a rm o n ic s  and c o r r e s p o n d i n g  i d e a l  d e la y e d  v e l o c i t y  
s t e p s .  To c l a r i f y  th e  s i t u a t i o n  c o n s i d e r  f i g .  6 .4 - .a  
which  shows a  u n i t  v e l o c i t y  s t e p  and th e  r e p p o n s e  t o  
t h i s  of th e  second h a rm o n ic .  The d i f f e r e n c e  be tw een  
t h e  a c t u a l  r e s p o n s e  of th e  second  harm onic  and a d e la y e d  
u n i t  v e l o c i t y  s t e p  i s  tho  shaded a r e a  i n  f i g .  6 . 4 . a..and 
s i m i l a r  c o n d i t i o n s  o b t a i n  f o r  t h e  o t h e r  h a rm o n ic s .
how K can have  a f i n i t e  v a lu e  only i f  li i s  i n -  a  v
f i n i t e  i . e .  i f  t h e r e  i s  z e r o  f i n a l  f o l l o w i n g  e r r o r  on 
v e l o c i t y  s t e p  i n p u t .  I f  t h e  harm onic  c o n t r i b u t i o n s  to  
th e  v e l o c i t y  s t e p  were  i d e a l  d e la y e d  v e l o c i t y  s t e p s ,  th e  
c o n d i t i o n  f o r  z e r o  f i n a l  f o l l o w i n g  e r r o r  on v e l o c i t y  
s t e p  i n p u t  would e n s u re  t h a t  t h e  o u tp u t  v e l o c i t y  s t e p  
was i d e n t i c a l  w i t h  th e  i n p u t  v e l o c i t y  s t e p .  ( T h i s  
s i t u a t i o n  a r i s e s  beca u se  f o r  n e g a t i v e  a ^ ' s  t h e  d e la y  
a l s o  i s  n e g a t i v e  of f i g .  6 . 4 . 6 . c) Thus t h e  a c c e l e r a t i o n  
s t e p  i n p u t  and r e s p o n s e  would a l s o  be i d e n t i c a l  so t h a t  
K would a l s o  be i n f i n i t e .  But ,  s i n c e  th e  h a rm o n iccl
c o n t r i b u t i o n s  to  t h e  v e l o c i t y  s t e p  a r e  not  i d e a l  
d e la y ed  v e l o c i t y  s t e p s ,  t h e  c o n d i t i o n  f o r  i n f i n i t e  
r e s u l t s  i n  t h e  o u tp u t  v e l o c i t y  s t e p  b e in g  of t h e  form 
shown i n  f i g .  6 . 4 . d and th e  shaded  a r e a  would e q u a l
t h e  i n v e r s e  of K . S in c e  t h e  shaded a r e a  o f ’ f i g . 6 . 4 . da 0
co u ld  he e x p r e s s e d  i n  t e rm s  of t h e  shaded a r e a s  of th e  
ty p e  shown i n  f i g .  6 . 4 . a ,  a l i n k  between Krt and the  
h a rm onic  c o n t e n t  could  t h e o r e t i c a l l y  a t  l e a s t  be 
e s t a b l i s h e d .
In  f a c t  no a t t e m p t  h a s  been made to  do so b e ca u se  
i t  ha s  been found t h a t  c o r r e l a t i o n  between p r e d i c t e d  
f rom  t h e  ha rm on ic  c o n te n t  v i a  e x p r e s s i o n  6 . 5 . 4 ,  and 
t h e  o b t a i n e d  from t h e  r a t i o n a l  t r a n s f o r m  of t h e  f i n a l  
sys tem  do n o t  c o r r e sp o n d  c l o s e l y .  Because of t h i s  
only t h e  i n f i n i t e  l o c u s  i s  marked on th e  p e r fo rm an c e  
curves.  I t  i s  u s e f u l  i n  t h a t  i t  i s  a  boundary ,  t o  t h e  
r i g h t  of w h ich  l i e  sys tem  s p e c i f i c a t i o n s  r e s u l t i n g  i n  
u n s t a b l e  open lo o p  t r a n s f e r  f u n c t i o n s  (assum ing  u n i t y  
f e e d b a c k ) .  No a t t e m p t  h a s  been  made to  i n d i c a t e  Kra
v a l u e s  on th e  i n f i n i t e  l o c u s ,
The r e a s o n s  why th e  c o r r e l a t i o n  be tw een  th e  Ky 
p r e d i c t e d  from th e  harm onic  c o n t e n t ,  and t h a t  o b t a i n e d  
f rom the  f i n a l  r a t i o n a l  t r a n s f o r m ,  i s  poor  ( i n  d i r e c t  
c o n t r a s t  t o  t h e  v e r y  good t r a n s i e n t  p e r fo rm an ce  
c o r r e l a t i o n )  a r e  d i s c u s s e d  i n  s e c t i o n  7 .4 .
6 . 6  Pe r fo rm ance  c u r v e s .
The p e r fo rm a n c e s  i n d i c e s ,  chosen  i n  s e c t i o n  1 .2  
and c a l c u l a t e d  a s  d i s c u s s e d  i n  s e c t i o n  6 .4  and 6 .5 ,  a r e  
p r e s e n t e d  i n  th e  form of f a m i l i e s  of c u rv e s  f o r  N = 2, 4 
and 6.
The f i r s t  s e t  of c u rv e s  s p e c i f i e s  th e  i n d i c e s  Tu^ 
and These a r e  th e  main c u r v e s  which d e t e r m i n e  t h e
r an g e  of Ac and m v a l u e s  used on a l l  t h e  o t h e r  c u r v e s .  
Tui  i s  th e  n o r m a l i s e d  t ime v a r i a b l e  ( ° f  s e c t i o n
4 . 4 . 2  and 1 . 2 . 1 ) .  The index  u ^  i s  u n a l t e r e d  by toc .
The f i r s t  f o u r  f a m i l i e s  c o r r e sp o n d  t o  n e g a t i v e
A v a l u e s .  These show th e  i n f i n i t e  K l o c u s  a s  a  dashed c v
l i n e ,  to  the  r i g h t  of which l i e s  th e  r e g i o n  c o r r e s p o n d i n g
to  u n s t a b l e  open l o o p  sy s tem s  f o r  th e  u n i ty  f e e d b a c k
c o n f i g u r a t i o n  ( c f .  s e c t i o n s  6 . 5 . 2  and 6.5V3)* I t  was
found t h a t  f o r  t h e  c u rv e s  w i t h  p o s i t i v e  Aq v a l u e s ,  t h e
i n f i n i t e  l o c u s  l a y  o u t s i d e  t h e  ran g e  of v a l u e s  shown.
The second s e t  of c u r v e s  s p e c i f i e s  t h e  i n d i c e s
T ^ i  and h ^ .  The v a l u e s  of hm-^  a r e  f o r  = 1, and so
must be m u l t i p l i e d  by th e  oj used  i n  any p a r t i c u l a r
problem ( c f .  e x p r e s s i o n  4 . 4 . 4 ) .
The t h i r d  and f o u r t h  s e t s  s p e c i f y  t h e  i n d i c e s
Mpw, Wr , BW, and y/g . . They a r e  e x p re s s e d  i n  t e rm s  of
t h e  n o r m a l i s e d  f r e q u e n c y  v a r i a b l e  w = ( c f .  e x p r e s s i o n
c
5 .3 * 8 ) .  The m agn i tude  of t h e  r e s o n a n c e  peak i s  no t
a l t e r e d  by w , i . e .  M = iff .° c 9 pw pw
The above f o u r  s e t s  of f a m i l i e s  of c u r v e s  can 
be read  e a s i l y  and form th e  b u l k  of th e  i n f o r m a t i o n  
needed to  choose  t a r g e t  sy s te m s  h a v in g  a  s p e c i f i e d  
p e rfo rm an c e .  The rem a in ing  s e t  s p e c i f i e s  t h e  i n d i c e s  
T' and Tg^, th e  a p p ro x im a te  s e t t l i n g  t im e s  ( c f .  s e c t i o n  
1 . 2 . 1 ) ,  Those proved d i f f i c u l t  to  p r e s e n t  c l e a r l y ,  
due t o  t h e i r  d i s c o n t i n u o u s  n a t u r e ,  and a re  t e d i o u s  to  
i n t e r p r e t .  They a r e  seen  a s  a r o u g h - g u ide  o n ly ,  
p a r t i c u l a r l y  i n  v iew  of t h e i r  v e r y  a p p ro x im a te  n a t u r e  
( c f .  s e c t i o n  1 . 2 . 1 ) .
6 . 7  C o n c lu s io n s .
The c o n s t r a i n t s  imposed on the  harm onic  c o n t e n t  
of t h e  i n t e r m e d i a t e  r e g i o n  by b o t h  t h e  t r a n s i e n t  and
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f e r q u e n c y  b e h a v i o u r  of lumped l i n e a r  sys tem s was 
i n v e s t i g a t e d .
W i th in  t h o s e  c o n s t r a i n t s ,  a  form of s p e c i f i c a t i o n  
of th e  harm onic  c o n te n t  u s in g  few p a r a m e t e r s  was d e v i s e d ,  
based  on th e  e v a l u a t e d  ha rm onic  c o n te n t  of some r a t i o n a l  
t r a n s f o r m s .
Using  t h i s  form of s p e c i f i c a t i o n ,  a l a r g e  s c a l e  
c o r r e l a t i o n  of t h e  t r a n s i e n t  and f r e q u e n c y  p e r fo rm an c e  
w i t h  t h e  s p e c i f i e d  r e a l  p a r t  was u n d e r t a k e n ,  and th e  
r e s u l t s  a r e  p r e s e n t e d  i n  th e  form of a s e t  of p e r fo rm an ce  
c u r v e s .
The n e x t  c h a p t e r  i l l u s t r a t e s  th e  use of the  
perfo rm ance  c u r v e s . '
CHAPTER 7
SOME GENERAL ILLUSTRATIONS OF THE SIGNIFICANCE OF 
THE PERFORMANCE CURVES.
7*1 I n t r o d u c t i o n
The scope and v a l i d i t y  of th e  p e rfo rm an c e  c u rv e s  
p r e s e n t e d  i n  c h a p t e r  6 w i l l  he i n v e s t i g a t e d  i n  th e  
p r e s e n t  c h a p t e r ,  p r i o r  to  t h e i r  a p p l i c a t i o n  to  s p e c i f i c  
exam ples .
While by no means e x h a u s t i v e ,  i t  i s  f e l t  t h a t  t h e  
number of exam ples  p r e s e n t e d  i n  t h i s  c h a p t e r  p r o v i d e s  
a r e a s o n a b l e  check  on th e  c u r v e s  and i n d i c a t e s  t h e  
p o t e n t i a l  of t h e  method.
7 .2  Some exam ples  of t a r g e t  sy s tem  a p e c i f i c a t i o n  
u s i n g  th e  p e rfo rm ance  c u r v e s .
The p u rp o se  of t h e  c u r v e s  i s  to  p r o v i d e  th e  
d e s i g n e r  w i t h  i n f o r m a t i o n  a bou t  t h e  p e r fo rm ance  of a 
l a r g e  number of sys tem s of v a r y i n g  c o m p le x i ty ,  a s  
c h a r a c t e r i s e d  by th e  e x ce ss  of  p o l e s  over  z e r o e s  i n  t h e  - 
sys tem  t r a n s f e r  f u n c t i o n .
On t h e  b a s i s  of t h i s  i n f o r m a t i o n  a t a r g e t  sy s te m  
m e e t in g  the  r e q u i r e d  s p e c i f i c a t i o n s  and h a v in g  th e  
c o r r e c t  p o l e - z e r o  e x c e s s  can be chosen ,  and t h e  n e c e s s a r y  
co m pensa t ion  c a l c u l a t e d .
At p r e s e n t ,  t h e  pe r fo rm ance  c u rv e s  c o v e r  sy s te m s  
w i t h  a p o l e - z e r o  e x c e s s  of 2 - 5 .  An ex cess  of 1 was 
f e l t  not  w o r th w h i l e ,  w h i le  an e x c e s s  .of 6 o r  mo:re would 
r e q u i r e  a m o d i f i c a t i o n  i n  th e  method of sy s te m  s p e c i f i ­
c a t i o n  used .  The r e a s o n  i s  t h a t  the  method of s p e c i f i ­
c a t i o n  used a t  p r e s e n t  ( d i s c u s s e d  i n  s e c t i o n  6 .3 * 2 )  i s
no t  s u i t a b l e  f o r  s p e c i f y i n g  r e a l  p a r t s  h a v in g  t h r e e  
changes  of s i g n ,  f o r  which the  t h i r d  harmonic  must 
p re d o m in a te .  S in c e  th e  p r e s e n t  work aims a t  t h e  i n i t i a l  
e x p l o r a t i o n  of th e  f e a s i b i l i t y  of t h i s  method, i t  was 
f e l t  r e a s o n a b l e  to  s t o p  a t  an  e x c e s s  of 5, w h ich  would,  
i n  any c a se ,  c o v e r  a l a r g e  number of p r a c t i c a l  sy s te m s .
The r e a l  i n t e r e s t  i n  t h e  e v a l u a t i o n  of t h e  c u rv e s  
c e n t r e s  on two t h i n g s .
a) How c l o s e l y  does th e  p r e d i c t e d  p e r fo rm an ce  
read  from th e  c u r v e s  (which a r e  a p p ro x im a te ,  c . f . s e c t i o n  
6 .4 )  c o r r e sp o n d  to  th e  t r u e  p r e d i c t e d  p e r fo rm a n c e .
b) How c l o s e l y  does t h e  pe rfo rm ance  o b t a i n e d  from 
t h e  r a t i o n a l  t r a n s f e r  f u n c t i o n  f i t t e d  to  th e  s p e c i f i e d  
r e a l  and im a g in a ry  p a r t s  c o r r e sp o n d  to  the  p r e d i c t e d  
p e r fo im an c e .
To i n v e s t i g a t e  t h i s  a number of exam ples  a r e  now 
p r e s e n t e d .  F o r  e ach  example th e  p r e d i c t e d  r e a l  and 
im a g in a ry  p a r t s  and the  p r e d i c t e d  t r a n s i e n t  p e r fo rm an c e  
(shown by s o l i d  l i n e s ) ,  a r e  compared w i t h  t h e  c o r r e s p o n d ­
in g  q u a n t i t i e s  o b t a in e d  from th e  r a t i o n a l  t r a n s f o r m s  
(shown by dashed l i n e s ) .
In  a d d i t i o n ,  a f t e r  th e  exam ples ,  th e  p e r fo rm a n c e  
i n d i c e s  r ea d  from the  c u rv e s  a r e  compared w i t h  th e  v a l u e s  
obtaine.d from a p l o t  of the  p r e d i c t e d  t r a n s i e n t  
p e rfo rm ance  and w i t h  the  t r a n s i e n t  pe r fo rm ance  o b t a i n e d  
from the  r a t i o n a l  t r a n s f o r m  (shown),  and w i t h  t h e  v a l u e s  
o b t a in e d  from th e  p r e d i c t e d  f r e q u e n c y  p e r fo rm an c e  and 
w i t h  th e  f r e q u e n c y  pe r fo rm ance  o b t a i n e d  from th e  
r a t i o n a l  t r a n s f o r m ( n o t  shown).
7 . 2 . 1  Examples f o r  N = 2 .
Eaxmple a .  I t  seems r e a s o n a b l e  t o  s t a r t  w i t h  t h e  v e ry
s i m p l e s t  sys tem  d e s c r i p t i o n  p o s s i b l e .  This  i s  f o r  a  
c l a s s  1 system w i t h  N = 2. Thus th e  f u l l  s p e c i f i c a t i o n  
i s s
N = 2,  c l a s s  1, -  1/ 3 , u> =1 7 . 2 . 1
(formodd, fo rm even  and m a r e  r e l e v a n t  to sy s tem s  of c l a s s  3
o r  g r e a t e r .  I n  c l a s s  2 sy s te m s ,  th e  ha rm on ic  a m p l i t u d e s
a r e  u n i q u e l y  s p e c i f i e d  by A<^ , a s  shown i n  s e c t i o n  6 . 2 . 1
e x p r e s s i o n  6 . 2 . 1 4 .  A c l a s s  1 sys tem  i s  a s p e c i a l  case
of c l a s s  2 w i t h  a.0 = 0, and o c c u r s  f o r  one v a l u e  of A2 7 c
o n l y ) .
Hence, th e  r e a l  p a r t  i s
ReT(juo) = 1 / 3  + 2 / 3  cosmo/co 7 . 2 . 2c
T h is  r e a l  p a r t  t o g e t h e r  w i t h  the  c o r r e s p o n d i n g  
im a g in a ry  p a r t  i s  shown i n  f i g .  7 . 1a which  a l s o  shows 
th e  r e a l  and im a g in a ry  p a r t s  c a l c u l a t e d  from t h e  r a t i o n a l  
t r a n s f e r  f u n c t i o n  f i t t e d  to  e x p r e s s i o n  7 . 2 ,2  (by th e  
method d e s c r i b e d  i n  s e c t i o n  5 * 4 . ) .  T h is  r a t i o n a l  
t r a n s f e r  f u n c t i o n  was found a s
t  ( c -I -  0 . 3 4 3 ( 3 + 0 . 564 6 _ ± J  0 .6149)  7- ?" ,
v 1 " ( s + 0 . 5145 ± 30 .3 lHTTs+0."3706 ± ' j 0 . 7 2 2 7 T  '•*••5-
The t r a n a i e n t  r e s p o n s e s ,  d i r e c t l y  f rom t h e  r e a l  
p a r t  and from t h e  r a t i o n a l  t r a n s f e r  f u n c t i o n ,  a r e  
compared in  f i g .  7 . 1 b.
From f i g .  7 .1  i t  w i l l  be s e en  t h a t  t h e  c o r r e s ­
pondence between th e  sys tem  pe rfo rm ance  as  s p e c i f i e d  by 
th e  harm onic  c o n te n t  of th e  i n t e r m e d i a t e  r e g i o n  and th e  
a s y m p to t i c  t e r m i n a t i o n ,  and t h a t  o b t a in e d  from th e  
r a t i o n a l  t r a n s f o r m  f i t  i s  good.
I t  i s  a l s o  r e m a rk a b le  how such a s im p le  form of 
s p e c i f i c a t i o n  ( e x p r e s s i o n  7 . 2 . 2 ) i n  te rm s w h o l ly  
u n r e l a t e d  t o  th e  p h y s i c a l  b e h a v i o u r  of sy s te m s  y i e l d s  a
1.
0
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f ig .7 .1 .a  Aaal and iaagloary  parta  o f ayataa apoolflad by axp .7 .2 .1 . f tc .7* I*b  Traneiaot raapccao of ayataa apocifiad  by o xp .7 .2 .1 .
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f ig .7 .2 .a tea l and imaginary parta of ayataa apoolflad by axp.7.2.4. ? lg .7 .2 .b  Trvnalant raapooaa of ayaUa apeelflad by axp.7.2.4.
t r a n s i e n t  r e s p o n s e  which c o r r e s p o n d s  so c l o s e l y  to  t h a t  
of a p h y s i c a l  sys tem  ( a d m i t t e d l y  i d e a l i s e d  hy a t r a n s f e r  
f u n c t i o n  d e s c r i p t i o n ) .
Example b* The system s p e c i f i c a t i o n  i s s
N = 2 , c l a s s  2 , -  0.2,u) =1 7 . 2 . 4
Thus th e  r e a l  p a r t  i s  g iven  hy
ReT(jw) = 0 .2  + 0 .6  cos-7-  u> + 0 .2  c o s ^  u> 7 . 2 . 5u CO GOc c
The r a t i o n a l  t r a n s f e r  f u n c t i o n  f i t t e d  t o  the
above r e a l  p a r t  and c o r r e s p o n d i n g  im a g in a ry  p a r t  i s
m / _  0 . 2 0 8 (s+0 . 6200  ± .iO.8785) 7 . 2 . 6
u s ;  ( s + 0 . 42 4-2 ± jO .2974) ( s + 0 . 4863 ~ j O .  8X08)
P ig .  7 . 2 a  compares th e  r e a l  and im a g in a ry  p a r t s  
s p e c i f i e d  ( s o l i d  l i n e s )  w i t h  t h o s e  o b t a in e d  from th e  
r a t i o n a l  t r a n s f o r m  f i t ,  (dashed  l i n e s )  and f i g .  7 *2 b 
compares th e  s p e c i f i e d  t r a n s i e n t  r e s p o n s e  ( s o l i d  l i n e s )  
w i t h  t h a t  o b t a i n e d  from th e  r a t i o n a l  t r a n s f o r m  (dash ed  
l i n e s ) .
Example c* The system s p e c i f i c a t i o n  is?
N = 2 , c l a s s  2 , -  0 . 5, w =1 7 . 2 . 7
The r e a l  p a r t  i s
ReT( 310) = 0 .5  + 0 .7 5  co s;j-“ -  0 .2 5  o o s |2  u> 7 . 2 . 8
c c
and the  c o r r e s p o n d i n g  r a t i o n a l  t r a n s f o r m  i s
„,/_x _ „________ 0 .4 8 0 1 (3 + 0 .1 7 7 3  ± .i0.8874) _____ 7 9 Q
1 ' 's ;  “  ( s + 0 . 1367  + T O - 6949) ( s+0.  3310 ± j O . 6 0 8 6 )
Again  th e  pe rfo rm ance  from  th e  s p e c i f i c a t i o n  and 
from the  r a t i o n a l  t r a n s f o r m  a r e  compared i n  f i g s  7 . 3a 
and 7 .3 b .  The pe rfo rm ance  i n d i c e s  f o r  th e  exam ples  
u se d ,  o b t a i n e d  from th e  p e rfo rm an c e  c u rv e s  and from p l o t s  
of the  p r e d i c t e d  pe r fo rm an ce ,  a r e  compared i n  t a b l e  7 *1 .
1.2
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TJ3
*t33 fHO,4&£
f ig .7 *3 «a B^ftl and lu g in a ry  p t r t i  o f ■/■too •poelfiod by •xp*7 *£#7 « f ig .7 *3*b Tr*n«l«ot rospcaot of ■/■too ■pociflod by exp.7 *2 *7 <
#
0
f lg .7 .4 ..  ft»*l » d  lugtBM y ports of aystMi spscifl.d  by .xp.7.2.10. T rw i.i.n t r t ip « M  of a y s tM i  • p .c if i .d  by ax p .7 .i.I0 .
F u r t h e r  examples of more c o m p l ic a te d  s p e c i f i ­
c a t i o n  f o r  N = 2 w i l l  he p r e s e n t e d  l a t e r  on i n  t h i s  
c h a p t e r .
7 . 2 . 2  Examples f o r  N = 4.
Example as The s i m p l e s t  form of s p e c i f i c a t i o n  i s  a g a i n  
c o n s i d e r e d  f i r s t s
N = 4, c l a s s  1, - ,  -  0 .6 ,  w = 1 7 *2 .10
The r e a l  p a r t  i s
EeT(jio) = 0 .2  + 0 . 8  cos^j- oj 7 . 2 . 1 1
c
The c o r r e s p o n d i n g  r a t i o n a l  t r a n s f o r m  i s
_ _______ 0 . 4 3 4 5 ( s + 0 . 1691 $ .10.9541)
v ; “ ( s + 0 . 4 0 32 + "ijO. 7504} ( s + 0 . 1258 ± jO. 9654
x Ti+0T5892) 7 . 2 . 1 2
The s p e c i f i e d  pe r fo rm ance  and t h a t  o b ta in e d  f rom  th e  
r a t i o n a l  t r a n s f o r m  i s  compared i n  f i g .  7*4.
Example b: The s p e c i f i c a t i o n  i s s
N = 4, c l a s s  2, - ,  - ,  - ,  -  1 .2 ,u )c= l  7 *2 .13
The r e a l  p a r t  i s
R eT ( ju )  = 0 .4  + 1 .1  oosj2-to -  0 .5  co s§ 2  to 7.2>14
c c
The c o r r e s p o n d i n g  r a t i o n a l  t r a n s f o r m  i s
-  0 . 8 0 l ( s+0 .1455  ,j0 .9686)__________
1KS! ~ I s + 0 .1 0 9 5  ± d0.97irR's+0.3T9TT"'j0.'776"8
x  ____ ( s + 0 . 3005) 7 . 2 . 1 5
x Ts+075202 + jO.2533)
F i g . 7*5 compares the  s p e c i f i e d  pe r fo rm an c e s  w i t h  t h a t  
o b t a in e d  f rom th e  r a t i o n a l  t r a n s f o r m .
Example c: The s p e c i f i c a t i o n  i s :
N = 4, c l a s s  3, 1, 0, 0 .1 9 2 ,  0 . 1 , w =1 7*2 .16
1.21
0
f ig .7.5** &*al « «  iaag iaajjr part*  o f  ayataa apacifiad  toy. axp.7.2.13* f tg .7 .5 .b  T raoalaat n ip c o N  o f t ; i t n  a p a d f ia d  by axp .7 .2 .13-
1.2
•83
f lg .7 .6 .a  fiaal and lraginary parta of ayataa apadfiad  by axp .7 .2 .t ftg .7 .6 .b  Tranalant raapoaaa of ayataa apadfiad  by axp.7. 2. 16.
E e T ( ju )  = -  0 .0333  + 0 .6422 cos-£-u
c
+ 0 .5833  COS—  u -  0 .1922 c o s^ io  7 . 2 . 1 7  
c c
The c o r r e s p o n d i n g  r a t i o n a l  t r a n s f o r m  i s
_  0 .106  ( s + 0 . 2023 ± .i0.9058)
”  Ts+O. 3 3 5 4 T  JO". 3 2 IF )T i+ '0 .2194 + jO.~6T345
"V* niuiJniiniii—. —  I ■ ■■ U.I   ■ w —1— «g—«i r — I.IM 7  |  2 0 1 ^ 3
x T s+ 07U 74  ± 30.9011 
The s p e c i f i e d  pe rfo rm ance  i s  compared v / i th  t h a t  o b t a in e d
from  the  r a t i o n a l  t r a n s f o r m  i n  f i g .  7 .6 .
The pe r fo rm ance  i n d i c e s  f rom  the  p e r fo rm an ce
c u rv e s ,  p l o t s  of p r e d i c t e d  p e r fo rm an c e  and p e r fo rm an c e
o b ta in e d  from t h e  r a t i o n a l  t r a n s f o r m s  a r e  compared i n
t a b l e  7-1-
7 . 2 . 3  Examples f o r  N = 6.
Example as A c l a s s  1 d e s c r i p t i o n  i s  no t  p o s s i b l e  w i t h
an a s y m p to t i c  t e r m i n a t i o n  of N = 6. T h is  i s  b e ca u se
such  a t e r m i n a t i o n  c o r r e s p o n d s  to  sys tem s  w i t h  a  p o l e -
z e r o  e x c e s s  of 5 or 6, th e  r e a l  p a r t  of w h ich  must  have a t
l e a s t  two s i g n  changes  up t o  ( c . f .  s e c t i o n  4 . 2 . 2 ) ,
w h i l e  a c l a s s  1 d e s c r i p t i o n  p ro du ces  only  one s i g n  change .
Thus a c l a s s  2 d e s c r i p t i o n  i s  t h e  s i m p l e s t  a p p l i c a b l e  to
t h e  a s y m p to t i c  t e r m i n a t i o n  of N = 6.
The s p e c i f i c a t i o n  i s .
N = 6, c l a s  2, 0a2ywc= l  7 . 2 . 1 9
The r e a l  p a r t  i s
ReT(jw) = -  0 .04  + 0 .4  cos—  w + 0 .64  cos—^ 1 co 7 . 2 . 2 0
c c
The c o r r e s p o n d i n g  r a t i o n a l  t r a n s f o r m  i s
m/q \ _    __ 0. 102______ _
1{S}  "  TS+ 0 . 4’l ”9 S’) ( s+ 0~.2418 + 3O .B I89T
•o
3•nai
1.2
0
W|.7.7.« «d P^t* of qritw apadfiad by wp.7.2.19. ig.y.y.b nip«M« af ayataai apadfiad by a*p.7.2.I9.
1.2
flg .7 .8 .«  fttal and imaginary parta of ayatan apadfiad  by axp.7.2.«2. f tg .7 .8 .b  Tranaiant raapooaa o f ayataa apadfiad  by axp.7.2.22.
The pe rfo rm ance  i s  i l l u s t r a t e d  in  f i g .  7*7*
Example b.e The s p e c i f i c a t i o n  i s s
N = 6 , c l a s s  3 , 1 , 0 , 0 .082 ,  0 .-l,u) =1 7 . 2 .2 2
The r e a l  p a r t  i s
EeT(jio) = -  0 .02  + 1 .1 1 7 6  cos- ^ - 00
c
+ 0 . 5 7  c o s j h o  -  0 . 6 6 7 6  cos 7 . 2 . 2 3
c
The c o r r e s p o n d i n g  r a t i o n a l  t r a n s f o r m  i s
0 .0 92 1 (  s+0 . 7339)
IT+0 . 1 3 7 0  + 50 . 8957)"(s+0.1967 + jO .6748)
x ( s + 0 . 3391 1 .iO. 9780) 
( s+ 0 . 1946 -  jO. 3637)
7 . 2 . 2 4
The p e rfo rm ance  i s  i l l u s t r a t e d  i n  f i g .  7*8.
The p e r fo rm an c e  i n d i c e s  read  f rom th e  p e r fo rm an c e  
c u r v e s ,  from p l o t s  of p r e d i c t e d  pe r fo rm an ce  and f i n a l l y  
o b t a i n e d  from th e  r a t i o n a l  t r a n s f o r m  a r e  compared i n  
t a b l e  7 .1 .  The u p p e r  v a l u e s  i n  t a b l e  7 .1  a r e  t h o s e  
r e a d  o f f  th e  pe r fo rm an c e  c u rv e s  ( s e c t i o n  6 . 6 ) .  The 
second s e t  a r e  t h o s e  o b t a in e d  from a p l o t  of t h e  
p e r fo rm ance  o b t a i n e d  from th e  r a t i o n a l  t r a n s f o r m .  The 
l a s t  s e t  a r e  t h o s e  o b t a in e d  from a p l o t  of t h e  p r e d i c t e d  
p e r fo rm an c e .  The o b j e c t  of i n c l u d i n g  b o t h  t h e  f i r s t  and 
th e  l a s t  s e t  was t o  show t h a t  d e s p i t e  the  f a c t  t h a t  th e  
perfo rm ance  c u rv e s  a r e  only  a p p ro x im a te ,  t h e  p e r fo rm an c e  
i n d i c e s  read  o f f  them a r e  v e r y  n e a r l y  th e  same a s  th e  
e x a c t  p r e d i c t e d  i n d i c e s  ( c . f .  s e c t i o n  7 .2  and 6 . 4 . ) .
7 . 2 . 4  I n t e r i m  c o n c l u s i o n s .
The f i r s t  o b s e r v a t i o n  abou t  t h e  exam ples  i s  t h a t  
t h e  c o r r e l a t i o n  be tween  th e  pe r fo rm ance  p r e d i c t e d  from 
th e  pe r fo rm ance  c u rv e s ,  t h e  t r u e  p r e d i c t e d  p e r fo rm a n c e ,
Comparison of the performance Indices predicted from the performance curves and
obtained from the rational transforms for the examples of section 7 .2 .
Target system 
specification*
uml * Tu i kjnl Thl V wr BW
N = 2, class 1 2.50 5.90 0.30 1.86 0 0.735 i
2.44 6.40 . 0.30 2.0 0 _ 0.720
Ac = - 1/3 2.47 6.0 0.30 1.80 0 - 0.730
1
N = 2, class 2 0 - 0.219 2.28 0 - 0.475 1i
1.46 10 0.221 2.40 0 — 0.470 j
A = - 0.2  c 0.53 10
0.218 2.40 0 -  ' 0.470 !
N = 2, class 2 22.10 4.72 0.416 1.79 1.60 0.531 1.030
20.90 4.80 0,407 1.60 1.51 0.50 0.90
Ac = - 0.5 22.30 4.80 0.416 1.80 1.624 0.50 1.01
N = 4, class 1 4.60 5.72 0.327 2.66 0 - 0.871
4,78 5*80 0«328 2,69 0 - 0*880
A & .0 ,6  c 4.60 5.80 0.327 2.60 0 - 0.860
N = 4, class 2 47.50 4.70 0.535 2.48 4.25 0.66 .1.15
47*SL__ 4.80 O.536 2.40 4.25 0.70 1.15
= -1 .2c 47.2 I; i \ ____ 1
5.0 — 0.530 2.60 4.16 0.70 1.10
N = 4, class 3A >0 15.30 8.02 0.288 4.65 0.42 0.37
0.741
15.5 8.20 0.278 4.80 O.56 O.30 0.750
m = 0. 192, A =0.3 c 15.8 8.20 0.278 4.60 0.46 O.35 0.750
N = 6, class 2 3.0 9.2 0.238 5.31 0 -
0.603
2.63 9 .6 0.228 5.40 0 - 0.580
A = 0.2  c 2.90 9.4 0.239 5.40 0 - 0.580
N = 6, class 3A >0 60.0 7.13 0.408 4.22 4.91 0.472 0.950
67.5 7.20 0.437 4.20 4.55 O.50 0.910
m = 0. 082, A =0.1  c 62.5 7 .0 0.422 4.20 5.23 0.450 0.910
and the  p e r fo rm ance  o b t a in e d  from ;l^ he r a t i o n a l  t r a n s f o r m  
i s  good. T h is  i s  d e s p i t e  th e  f a c t  t h a t  t h e  s p e c i f i e d  
r e a l  p a r t  a lways c o n t a i n s  a d i s c o n t i n u i t y  a t  w = 1, due 
t o  th e  d i f f e r e n t  d e s c r i p t i o n s  used i n  th e  i n t e r m e d i a t e  and 
a s y m p t o t i c  r e g i o n s .  The r a t i o n a l  t r a n s f o r m  does no t  
c o n t a i n  such  a d i s c o n t i n u i t y ,  so t h a t  t h e r e  i s  a lw ays  
some d i s c r e p a n c y  between th e  s p e c i f i e d  r e a l  p a r t  and 
t h a t  o b t a in e d  from th e  r a t i o n a l  t r a n s f o r m .  T h is  
d i s c r e p a n c y  i s  sm a l l ,  however and i t s  e f f e c t  on th e  
t r a n s i e n t  r e s p o n s e  i s  l i k e w i s e  s m a l l .  Many more examples  
w i l l  be p r e s e n t e d  b o t h  i n  t h i s  c h a p t e r  and t h e  n e x t  and 
i t  w i l l  be found  t h a t  th e  good c o r r e l a t i o n  i s  c o n s i s t e n t l y  
m a i n t a i n e d .
The second o b s e r v a t i o n  abou t  the  exam ples  i s  t h a t  
i n  some c a s e s  (Examples 7 * 2 . 3b, see  a l s o  e x p r e s s i o n
7 . 4 . 4  and 7 . 4 . 6 )  t h e  r a t i o n a l  t r a n s f o r m s  do no t  have t h e  
p o l e - z e r o  e x c e s s  im p l ied  by t h e  a s y m p to t i c  t e r m i n a t i o n  
of th e  r e a l  p a r t .  The f a c t  t h a t  n e v e r t h e l e s s  th e  
s p e c i f i e d  r e a l  and im a g in a ry  p a r t s  and t h o s e  o b t a i n e d  
from th e  r a t i o n a l  t r a n s f o r m  a r e  i n  good a g re e m e n t ,  
s e r v e s  to  h i g h l i g h t  th e  d i f f i c u l t y  of e n s u r i n g  th e  
c o r r e c t  a s y m p t o t i c  b e h a v io u r  w h i l e  s p e c i f y i n g  th e  
f r e q u e n c y  r e s p o n s e  over  a f i n i t e  f r e q u e n c y  r a n g e  on ly  
( c . f .  s e c t i o n  5 . 2 . 2 ) .  T h is  and r e l a t e d  m a t t e r s  a r e  
f u r t h e r  d i s c u s s e d  i n  the  n e x t  s e c t i o n .
7 . 3  Am b ig u i ty  i n  th e  form of sys tem  s p e c i f i c a t i o n  used
and d i f f i c u l t i e s  a s s o c i a t e d  w i t h  the  a s y m p t o t i c
b e h a v i o u r .
The p u rp ose  of t h i s  s e c t i o n  i s  to  d i s c u s s  f u r t h e r  
t h e  d i f f i c u l t i e s  a s s o c i a t e d  w i t h  o b t a i n i n g  t h e  c o r r e c t
a s y m p t o t i c  b e h a v i o u r  and i n  p a r t i c u l a r  t o  d i s t i n g u i s h  
t h e  d i f f i c u l t y  a r i s i n g  from t h e  f a c t  t h a t  t h e  f r e q u e n c y  
r e s p o n s e  i s  s p e c i f i e d  over  a f i n i t e  f r e q u e n c y  r an g e  on ly ,  
f rom  d i f f i c u l t i e s  stemming from  a b a s i c  a m b ig u i ty  which 
would a r i s e  even i f  the  f r e q u e n c y  r e s p o n s e  was s p e c i f i e d  
o v e r  a rang e  a p p ro a c h in g  i n f i n i t y .
7 .3 * 1  Dif f i c u l t i e s  a r i s i n g  f rom th e  s p e c i f i c a t i o n  of 
t h e  f r e q u e n c y  r e s p o n s e  over  a f i n i t e  f r e q u e n c y  
range  o n l y .
I n  th e  p r e s e n t  method, t h e  f re q u e n c y  r e s p o n s e  i s  
s p e c i f i e d  up t o  3^ i . e .  up t o  1 . 5  o c ta v e s  beyond th e  
f r e q u e n c y a t  which th e  r e a l  p a r t  i s  made t o  s t a r t  i t s  
a s y m p to t i c  b e h a v i o u r .
As n o ted  i n  s e c t i o n  7 .2 ,  i n  some c a s e s  t h e  
r a t i o n a l  t r a n s f o r m  f i t t e d  g i v e s  good agreem ent  w i t h  th e  
s p e c i f i e d  r e a l  and im a g in a ry  p a r t s  ye t  h a s  a. p o l e - z e r o  
e x c e s s  o t h e r  th an  t h a t  im p l i e d  by th e  v a lu e  of N used  
t o  d e f i n e  th e  a s y m p to t i c  r e g i o n .
Now i t  may be t h a t  s p e c i f y i n g  th e  f r e q u e n c y  
r e s p o n s e  up to  say  5^ m ight  improve m a t t e r s  i n  t h i s  
r e s p e c t ,  bu t  t h i s  h a s  n o t  been  done f o r  two r e a s o n s ?
F i r s t l y ,  by th e  t ime uj = 3w , t h e  m a g n i tu d e  of 
t h e  f r e q u e n c y  r e s p o n s e  i s  s m a l l  ( g e n e r a l l y  ~  1$ of th e  
z e r o  f r e q u e n c y  v a lu e  which i s  1 ) .  Now i n  t h e  p r a c t i c a l  
a p p l i c a t i o n . of th e  p r e s e n t  method, f r e q u e n c y  r e s p o n s e s  
measured f rom  p h y s i c a l  sy s tem s  would be u se d ,  and i t  would 
n o t  be f e a s i b l e  to  o b t a i n  m e a n in g f u l  v a l u e s  of t h e  
f r e q u e n c y  r e s p o n s e  a t  such low l e v e l s  of o u t p u t .
S e c o nd ly ,  i t  l ias been found i n  p r a c t i c e  t h a t  
t h i s  d i f f i c u l t y  can be a v o id e d  by n o t  a t t e m p t i n g  t o  f i t
a  r a t i o n a l  t r a n s f o r m  to t h e  f r e q u e n c y  r e s p o n s e  of th e  
t a r g e t  sys tem ,  bu t  to  th e  f r e q u e n c y  re sp o nse '  of th e  
r e q u i r e d  co m p e n sa t io n  ( c . f .  s e c t i o n  5 . 1 ) .  ^he f r e q u e n c y  
r e s p o n s e  of t h e  r e q u i r e d  c a sc a d e  c o m pensa t ion  (assum ing  
u n i t y  f e e d b a c k )  i s  u n iq u e ly  s p e c i f i e d ,  g iv en  th e  
f r e q u e n c y  r e s p o n s e  of the  t a r g e t  sys tem and of t h e  open 
l o o p  c o n s t r a i n t .  S ince  t h e  t a r g e t  sys tem  would be chosen  
t o  have th e  sam e p o l e - z e r o  e x c e s s  a s  the  open l o o p  
c o n s t r a i n t ,  t h e  co m pen sa t io n  would a lw ays  have e q u a l  
number of p o l e s  and z e r o e s .  The many examples  p r e s e n t e d  
i n  c h a p t e r  8 b e a r  out th e  p r a c t i c a b i l i t y  of t h i s  a p p ro a c h .
7 .3*2 Ambiguity  i n  th e  form of sys tem  s p e c i f i c a t i o n  used
f o r  minimum-phase and hon minimum-phase s y s t e m s .
A par t  f r om th e  d i f f i c u l t i e s  d i s c u s s e d  i n  th e  
p r e c e d i n g  s e c t i o n ,  t h e r e  i s  a b a s i c  a m b ig u i ty  im h e re n t  
i n  th e  method of s p e c i f i c a t i o n  used w hich h a s  n o t  been  
r e s o l v e d  i n  t h e  p r e s e n t  i n i t i a l  e v a l u a t i o n  of t h i s  
a p p ro a c h .
I t  h a s  a l r e a d y  been to uched  on i n  s e c t i o n  6 .2  
where  i t  was p o i n t e d  out t h a t  h a v in g  s p e c i f i e d  a  r e a l  
p a r t  i n  te rm s  of the  harm onic  c o n te n t  of i t s  i n t e r m e d i a t e  
r e g i o n ,  and th e  b e h a v io u r  of i t s  a s y m p to t i c  r e g i o n ,  i t  
was no t  p o s s i b l e  a t  p r e s e n t  t o  say to  w hat d e g re e  of 
a c c u ra c y  t h i s  r e a l  p a r t  c o r r e s p o n d e d  to  th e  r e a l  p a r t  
of a  r a t i o n a l  t r a n s f o r m .  The p a r t i c u l a r  d i f f i c u l t y  b e in g  
c o n s i d e r e d  i s  th e  a s y m p to t i c  behaviour- ,  now a t  p r e s e n t ,  
s p e c i f y i n g  th e  a s y m p to t i c  r e g i o n  of th e  r e a l  p a r t  a s  
say  N = 4, AQ +ve can i n  f a c t  c o r r e sp o n d  to  a  minimum 
phase  system w i t h  p o l e - z e r o  e x c e s s  of 3 or 4. T h is  i s  
i l l u s t r a t e d  i n  f i g .  7 . 9b by c u r v e s  A and B. The same 
s p e c i f i c a t i o n  can a l s o  c o r r e s p o n d  to  a  non-minimum phase
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sys tem  w i t h  a  p o l e - z e r o  e x c e s s  of t h r e e  and one r i g h t  
h a l f  p lan e  z e r o  ( cu rv e  C ) .
( I t  must he n o te d  t h a t  an odd number of r i g h t  h a l f  
p l a n e  z e r o e s  would produce  a  n e g a t i v e  f i n a l  d i s p l a c e m e n t .  
S in c e  on ly  sys tem s  h a v in g  a  p o s i t i v e  f i n a l  d i s p l a c e m e n t  
a r e  of i n t e r e s t  h e r e ,  i t  i s  assumed t h a t  a sys tem  w i t h  an 
odd number of r i g h t  h a l f  p l a n e  z e r o e s  has  a  n e g a t i v e  
v a l u e  of g a in  t o  p roduce  a p o s i t i v e  f i n a l  d i s p l a c e m e n t ) .
As an  example of such a system c o n s i d e r  th e  
f o l l o w i n g  s p e c i f i c a t i o n . 9
N = 4, c l a s s  3? 1, 0 , 0 .082  , 0 .6 ,  w =1 7*3*1
The r e a l  p a r t  i s
ReT( jw) = -  0 .2  + 0 .4 9 6 7  cos-^-w
c
+ cos——to— 0.2967  c o s j i  to 7 - 3 .2
c c
and th e  c o r r e s p o n d i n g  t r a n s f o r m  i s
-  0 . 3 056(8-0.6-315)  
“ TS+OV193H" ± jO. 3957) ( s + 0 . 2791 ± j 0 .7 4 9 3 )
,  ( s + 0 . 1858 * , i0 .9571) 7 - 3 . 3 -
( s + 0 . 12 82 =
The s p e c i f i e d  r e a l  and im a g in a ry  p a r t s  a r e  compared 
w i t h  th o s e  o b t a i n e d  from th e  t r a n s f e r  f u n c t i o n  i n  F i g .7 « 1 0 a ,  
and the  c o r r e s p o n d i n g  c o m p ar iso n  f o r  the  t r a n s i e n t  
r e s p o n s e  i s  shown i n  f i g . 7 * 1 0 b .
, To r e s o l v e  t h i s  a m b i g u i ty ,  two a p p ro a c h e s  seem . 
poss ible .*  I t  might  be p o s s i b l e  to  e s t a b l i s h  what 
c o m b in a t io n  of ha rm o n ics  s p e c i f y i n g  th e  i n t e r m e d i a t e  
r e g i o n  can p e r m i s s i b l y  be c o u p le d  to  an a s y m p t o t i c  r e g i o n  
s p e c i f i e d  by a g iv en  N i n  o r d e r  to  produce a  f r e q u e n c y  
r e s p o n s e  which  c l o s e l y  a p p r o x im a te s  a r a t i o n a l  t r a n s f o r m  
h a v in g  a p a r t i c u l a r  a s y m p to t i c  b e h a v i o u r  ( i . e .  f i n a l
a n g l e ) .  Such an i n v e s t i g a t i o n ,  i t  i s  f e l t ,  would l e s t  
be done by a m a th e m a t i c i a n  r a t h e r  th a n  an e n g i n e e r  and 
m ig h t  w e l l  p roduce  a q u i t e  d i f f e r e n t  method of s p e c i f y i n g  
t h e  harmonic  c o n t e n t  of th e  i n t e r m e d i a t e  r e g i o n  th a n  
used a t  p r e s e n t  ( d i s c u s s e d  i n  s e c t i o n  6*3) .
A l t e r n a t e l y ,  k eep in g  th e  p r e s e n t  method of 
s p e c i f i c a t i o n ,  i t  should  be p o s s i b l e  to  mark on th e  
pe r fo rm ance  c u rv e s  zones  i n d i c a t i n g  the  f i n a l  a n g le  and 
minimum or non-mimimum phase  c h a r a c t e r  of t h e  sys tem s  
w i t h i n  them.
T h is  h a s  no t  been  done y e t ,  because  i n  t h e  p r e s e n t  
e x p l o r a t o r y  use  of th e  p e r fo rm an ce  c u rv e s ,  t h e  f u l l  
p r e d i c t e d  r e s p o n s e  of any t a r g e t  sys tem i s  a lways o b t a i n e d  
i n  any c a se ,  a t  which s t a g e  i t s  f i n a l  a n g le  i s  e v i d e n t .  
T h is  may w e l l  however c o n s t i t u t e  a  f u t u r e  r e f i n e m e n t .
7 .4  C o n t r o l  ove r  th e  v e l o c i t y  c o n s t a n t  K,
The r e l a t i o n s h i p  be tween  th e  harmonic  c o n t e n t  and 
Ky was g iv e n  i n  e x p r e s s i o n  6 . 5 . 4  ( r e c a l l i n g  t h a t  Ky i s  
t h e  i n v e r s e  of t h e  de la y )  and i t  was n o te d  i n  s e c t i o n  
6 .5 * 3  t h a t  th e  c o r r e l a t i o n  be tw een  th e  Ky p r e d i c t e d  from 
t h e  ha rm onics  and t h a t  o b t a i n e d  from th e  r a t i o n a l  
t r a n s f o r m  i s  p o o r .
The r e a s o n  f o r  t h i s  i s  t h a t  K^ , i s  d e te r m in e d  by 
t h e  b e h a v io u r  of T(jw) f o r  z e r o  f r e q u e n c y ,  or  in  g e n e r a l ,  
t h e  s t e a d y  s t a t e  e r r o r  i s  g iv e n  by*
e ( t ) l+ G (s )H (s )
1 + G T i T l l W i J T
= s R ( s ) [ l - T ( s ) ] 7 . 4 . 1
s 0
f o r  v e l o c i t y  s t e p  r e s p o n s e ,  t h e r e f o r e ,  the  s t e a d y  s t a t e  
e r r o r  i s  g iv e n  bys
= 1 -  T ( s ) 
s
t  —* i n f
e ( t ) 7 - 4 .2
0
C l e a r l y  t h e r e f o r e  K (which i s  th e  r e c i p r o c a l  
of th e  ahove e n r o r )  i s  v e ry  s e n s i t i v e  to  th e  ■behaviour: of 
T(jw) n e a r  z e r o  f r e q u e n c y .
Now th e  d i f f i c u l t y  a r i s e s  b ecau se  th e  r a t i o n a l  
t r a n s f o r m  f i t t e d  i s  n e v e r  an  e x a c t  f i t ,  and even  a sm a l l  
d i f f e r e n c e  n e a r  z e ro  f r e q u e n c y  between the  b e h a v i o u r  of 
T(jco) s p e c i f i e d  from  th e  h a rm o n ic s  and t h a t  r e s u l t i n g  
f rom th e  r a t i o n a l  t r a n s f o r m ,  r e s u l t s  i n  l a r g e  changes  
i n  Kv » To i l l u s t r a t e  t h i s ,  t h e  n e x t  s e c t i o n  p r e s e n t s  
th e  extreme c ase  of i n f i n i t e  K^ . s p e c i f i c a t i o n .
7*4 .1  I n f i n i t e  Ky sp e c i f i c a t i o n
Using  e x p r e s s i o n  6 .5 * 4  th e  harmonic  c o n t e n t s  
y i e l d i n g  i n f i n i t e  K^ . ( o r  z e r o  l a g )  can be fo u n d ,  and th e  
f o l l o w i n g  s p e c i f i c a t i o n s  a r e  examples  of t h i s  type?
N = 2, c l a s s  2, - ,  An =-0*64272005 7 . 4 . 3
N = 4, c l a s s  3, 1, 0 , 0 . 0 8 2 ,  AQ= 0 .0 0 2 1 8 3 6 8  7 . 4 . 4  
The v a l u e s  of Aq a re  q u o ted  t o  e i g h t  d ec im a l  p l a c e s  
b e c a u se  i t  h a s  been  found t h a t ,  due to  the  s e n s i t i v i t y  
of Kv to  t h e  v a l u e s  of T ( s ) ,  a d i f f e r e n c e  i n  even  t h e  
s i x t h  dec im a l  p l a c e  p ro d u ce s  s i g n i f i c a n t  c han g es  i n  Ky .
Nig. 7 .1 1  shows the  low f r e q u e n c y  p a r t s  of t h e  
open lo o p  p o l a r  p l o t s  (assum ing  u n i t y  n e g a t i v e  f e e d b a c k )  
f o r  t h e  above sys tem s  ( c u r v e s  A, B r e s p e c t i v e l y ) ,  p r e ­
d i c t e d  from th e  ha rm o n ics  (so l id  l i n e )  and o b t a i n e d  
f rom  th e  r a t i o n a l  t r a n s f o r m s  (dashed  l i n e )  w hich  a r e ,
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r e s p e c t i v e l y
tVc'i -  0 . 6640 (s+ .2 5 3 5 )(s+. 9472 * 31.2278) ■
(-s '  ~ T i+0 .  3740) Ts+ .9433 + 01 .1585)  ( s+ .1 6 6 1  ± 3-9244)
T (s+.2140 ± .j. 9453) 7 .4 .5
x ( s + .3706 + j.6141)
_ 0 .1341(s+ 0 .2860) ( s+ 0 .4631 ± n'0.7503) 
l lS )  “ 'fs+'.2136"±'1.2786") ( s+~,22 76 ± 0.5719)
 (s+ 0 .1231 1 jO.9 702 ) 7 .4 .6
x I s + .1 9 9 l  + ” j .7 9 5 7 ) (s+ .l0 1 5  + 0-9358)
The Kv v a l u e s  o b t a in e d  f rom  th e  t r a n s f o r m s  a r e  
r e s p e c t i v e l y
Ky = 1 .0 0 2  7*4 .7
Ky = 2.630 7 .4 .8  .
I t  can he s e en  from F i g .  7 .1 1  t h a t  w h i l e  t h e  shape 
of t h e  p o l a r  p l o t s  i s  what would he e x p e c te d  from  h i g h  
Ky sys tem s ,  and w h i l e  th e  c o r r e s p o n d i n g  r a t i o n a l  t r a n s f o r m  
p l o t s  a r e  a g a i n  i n  good a g re e m e n t ,  n e v e r t h e l e s s  th e  
v a l u e s  o b ta in e d  from th e  r a t i o n a l  t r a n s f o r m s  a r e  f a r  
f rom i n f i n i t e .
A l th o u g h  t h e  ex trem e c ase  of i n f i n i t e  Ev was 
d e l i b e r a t e l y  chosen  f o r  t h e  exam ples ,  and th e  c o r r e l a t i o n  
f o r  f i n i t e  v a l u e s  i s  b e t t e r ,  i t  i s  n e v e r t h e l e s s  n o t  
r e l i a b l e .  - I t  w i l l  be shown by means of an example  i n  
c h a p t e r  8 t h a t  i t  i s  more s a t i s f a c t o r y  to  c o n t r o l  Ky i n  
th e  c o n v e n t i o n a l  manner by i n s e r t i n g  an  a p p r o p r i a t e  l a g  
n e tw o rk  ( s e c t i o n  8 .3*1 ,  s p e c i f i c a t i o n  8 . 3 . 2 5 ) .  I n  t h i s  
way a r e q u i r e d  v a lu e  can be o b t a in e d  a t  t h e  same t im e  
a s  a  r e q u i r e d  t r a n s i e n t  p e r fo rm a n c e ,  th e  l a t t e r  b e in g  
produced  by s u i t a b l y  sh a p in g  t h e  i n t e r m e d i a t e  r e g i o n  
o f  th e  r e a l  p a r t .
A l th o u g h  i n  p r a c t i c e  c o n t r o l  of w i l l  be o b t a i n e d
c o n v e n t i o n a l l y  "by means of l a g  n e tw o rk s ,  and t h i s  w i l l  
be i l l u s t r a t e d  i n  t h e  n e x t  c h a p t e r ,  two f u r t h e r  i t e m s  
a s s o c i a t e d  w i t h  IC w i l l  now be c o n s id e r e d  b e f o r e  t h i s  
t o p i c  i s  l e f t .
7 . 4 . 2  C o n t r o l  of I£y by h ig h  h a rm o n ic s .
I n s p e c t i o n  of e x p r e s s i o n  6 . 5 . 4  shows t h a t  th e  
h i g h e r  th e  h a rm on ic ,  the  g r e a t e r  i s  i t s  e f f e c t  on Kv »
I t  i s  t e m p t in g  to  s p e c u l a t e  t h e r e f o r e ,  t h a t  h a v in g  chosen  
a low c l a s s  number t a r g e t  sy s te m  y i e l d i n g  a  d e s i r e d  
t r a n s i e n t  r e s p o n s e ,  t h e  a d d i t i o n  of s m a l l  amounts  of th e  
h i g h e r  h a rm o n ics  would pe rm i t  c o n t r o l  ove r  K^ . w i t h o u t  
s i g n i f i c a n t l y  a f f e c t i n g  th e  t r a n s i e n t  r e s p o n s e .
To i l l u s t r a t e  t h i s  a p p ro a c h ,  th e  f o l l o w i n g  sy s te m  
s p e c i f i c a t i o n  was chosen :
N = 2, c l a s s  2, - ,  . - 0 .5 , .  w =1 7 . 4 . 9
The r e a l  p a r t  b e in g  g iv e n  by
ReT(jto) = 0 . 5 + 0 . 7 5  cos-V  to -  0 .25  cos~p 10 7 .4 .1 0
c c
The p r e d i c t e d  i s  0 .965
The r a t i o n a l  t r a n s f o r m  f i t  f o r  t h i s  s y s te m  i s
 ______ 0 .4 8 0 1 ( s + 0 .1 7 7 3  181 10 .8874)  7 . 4 . 1 1
±Kbl ~ ( s + 0 . 1367 + jO. 8949) Cs+0'. 3310 ± j O . 6 0 8 6 )
and o b t a i n e d  from t h i s  i s  0 .7 9 4 .
Now, i n  o r d e r  to  r a i s e  the  p r e d i c t e d  K v a l u e  
w i th o u t  s i g n i f i c a n t l y  a f f e c t i n g  th e  p r e d i c t e d  t r a n s i e n t  
r e s p o n s e ,  t h e  v a l u e s  of t h e  h a rm o n ic s  g iv en  i n  e x p r e s s i o n
7 . 4 . 1 0  a r e  l e f t  u n a l t e r e d ,  b u t  ha rm o n ics  up t o  t h e  s i x t h
a r e  added t o  g iv es
ReT(jw) = 0 .5  + 0 .7 5  w -  0 .25  cos£ p  00
c c
+ 0 .0 7 1 3  c o s^ 2  «> + 0 .0 7 1 3  c o s | p  w
c c
-  0 .0713 00Sj52 to _ 0 .0713  o o s |2  00 7 . 4 .1 2
c c
W ith  t h e s e  v a l u e s ,  t h e  p r e d i c t e d  K i s  6 .89
I n  c o n n e c t i o n  w i t h  e x p r e s s i o n  7*4 .12 ,  i t  shou ld  
he n o te d  t h a t  s i n c e  t h e  sum of t h e  harm onic  a m p l i t u d e s  
must he one ( c . f .  e x p r e s s i o n  6 . 2 . 7 )  , t h e n  f o r  the  c o n s t a n t  
and f i r s t  two h a rm o n ics  of e x p r e s s i o n  7 .4 . 1 2  t o  he t h e  
same a s  t h o s e  of e x p r e s s i o n  7 . 4 . 1 0  i t  i s  n e c e s s a r y  to  
go s t r a i g h t  f rom  a two harm onic  d e s c r i p t i o n  t o  a s i x  
harm onic  d e s c r i p t i o n ,  w i t h  = - a ^  and a^  = - a ^ .
The r a t i o n a l  t r a n s f o r m  c o r r e s p o n d i n g  t o  e x p r e s s i o n
7 . 4 . 1 2  i s
_ 0 .4 9 1 5 ( s + 0. 3763) ( s + 0 . 1162 ± 10 .3100)
^  “ Ti+0T^l47)Ts+0". 1118 ±"'j0 . 252irjTs+0.226 ± joTSITB)
7 .4 .1 3 -
F ig .  7.-12b compares th e  p r e d i c t e d  t r a n s i e n t  
p e r fo rm an c e s  of t h e  c lo s e d  l o o p  sy s te m s  s p e c i f i e d  by 
e x p r e s s i o n s  7 . 4 . 1 0  ( s o l i d  l i n e )  and 7 .4 . 1 2  ( d a s h e d  l i n e )  
w i t h  the  t r a n s i e n t  p e r fo rm an ce  o b ta in e d  f rom  e x p r e s s i o n  .
7 . 4 . 1 3  ( c h a i n  d o t t e d ) .  I t  i s  r e a d i l y  a p p a r e n t  t h a t  t h e  
i n c r e a s e d  h a rm on ic  c o n te n t  a f f e c t s  th e  s e t t l i n g  t im e  
w i th o u t  s i g n i f i c a n t l y  c h an g ing  t h e  main shape  of th e  
p r e d i c t e d  t r a n s i e n t  p e r fo rm an c e ,  and t h a t  t h e  c o r r e l a t i o n  
w i t h  th e  p e r fo rm an c e  o b t a i n e d  f rom  th e  r a t i o n a l  t r a n s f o r m  
i s  good.
F i g . 7 . 12a compares th e  p r e d i c t e d  open l o o p  
f r e q u e n c y  r e s p o n s e  of the  sy s te m s  s p e c i f i e d  by e x p r e s s i o n  
7*4lO(solid l i n e )  and 7 .4 .1 2  (dash ed  l i n e )  w i t h  t h e  open 
l o o p  f r e q u e n c y  r e s p o n s e  o b t a i n e d  from  e x p r e s s i o n  7 * 4 .1 3  
assum ing  u n i t y  n e g a t i v e  f e e d b a c k  ( c h a i n  d o t t e d ) .  I t  w i l l  
a g a i n  be seen  t h a t  th e  change i n  th e  p r e d i c t e d  r e s p o n s e  
due t o  t h e  a d d i t i o n  of th e  h i g h  ha rm on ics  does  in d e e d  
r e p r e s e n t  a change which would be e x p e c te d  t o  y i e l d  an  
i n c r e a s e d  K^, and t h a t  th e  c o r r e l a t i o n  w i t h  the  r a t i o n a l
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t r a n s f o r m  i s  q u i t e  good, though  showing i n c r e a s i n g  
d i v e r g e n c e  as  th e  f r e q u e n c y  d e c r e a s e s .
R e g r e t t a b l y  however , th e  v a lu e  of Ky o b t a i n e d  
from e x p r e s s i o n  7*4.12 i s  on ly  1 .2 6 ,  which i s  on ly  a  
s m a l l  i n c r e a s e  on th e  o r i g i n a l  v a lu e  and nowhere n e a r  
th e  p r e d i c t e d  v a l u e .  T h is  example,  t h e r e f o r e ,  s e r v e s  
t o  r e - e m p h a s i s e  t h a t  t h e  c o r r e l a t i o n  be tween t h e  
p r e d i c t e d  and f i n a l  Ky v a l u e s  i s  poor ,  and t o  i n d i c a t e  
t h a t  b eca u se  of t h i s ,  c o n t r o l  o v e r  Ky by t h e  s p e c i f i ­
c a t i o n  of t h e  ha rm on ic  c o n t e n t  of th e  r e a l  p a r t  i s  n o t  
f e a s i b l e .
7 . 4 . 3  N e g a t iv e  IC^  v a l u e s .
A b r i e f  m en t io n  of n e g a t i v e  sy s tem s  i s  a l s o  
w o r th w h i le  a t  t h i s  s t a g e .  N e g a t iv e  Ky v a l u e s  can
r e a d i l y  o c cu r  i n  sys tem s  u t i l i s i n g  f e e d - f o r w a r d  or 
p a r a l l e l  co m p en sa t io n ,  and n o t h i n g  s p e c i a l  can be s a i d  
abou t  t h o s e  c a s e s .  I n  th e  s p e c i a l  c ase  of u n i t y  
n e g a t i v e  f e e d b a c k ,  however,  a  n e g a t i v e  v a lu e  of must 
c o r r e sp o n d  t o  open lo o p  u n s t a b l e  sy s te m s  w i t h  an odd 
number of r i g h t  h a l f  p l a n e  p o l e s .  Non-minimum phase  
sys tem s would n o t  p roduce  t h i s  e f f e c t  p r o v id e d  t h a t ,  a s  
d i s c u s s e d  i n  s e c t i o n  7 .3*2 th e  s i g n  of th e  g a i n  i s  such  
a s  a lways t o  p rodu ce  a p o s i t i v e  f i n a l  d i s p l a c e m e n t  (on 
c lo s e d  lo o p )  due t o  a s t e p  i n p u t .
An example of such a sys tem  i s  a f f o r d e d  by th e  
s p e c i f i c a t i o n s
N = 2,  c l a s s  2, - ,  - ,  - ,  - 0 . 8 ,  w =1 7 .4 .1 4
f o r  which
ReT(jto) = 0. 8 + 0 .9  o o s £ -  uj -  0 . 7  cos—  to 7 . 4 . 1 5
c c
w hich  g iv e s  t h e  p r e d i c t e d  Ky a s  - 0 .8 7 7
The c o r r e s p o n d i n g  r a t i o n a l  t r a n s f o r m  i s
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Assuming u n i t y  n e g a t i v e  f e e d b a c k ,  t h e  open lo o p
i s
G- ( s ) = — 7 4. pv ¥ T s-0 .15081 (i+TT05£B)
F i g .7 * 1 3 b  compares th e  p r e d i c t e d  and f i n a l  c lo s e d
lo o p  t r a n s i e n t  r e s p o n s e s ,  and f i g . 7*13a compares th e
open lo o p  f r e q u e n c y  r e s p o n s e s .
7 . 5 .  C o n c lu s io n s .
A number of t a r g e t  s y s te m s  have been s p e c i f i e d  
and th e  c o r r e s p o n d i n g  r a t i o n a l  t r a n s f o r m s  f o u n d .  The 
c o r r e l a t i o n  be tween  th e  t r a n s i e n t  and f r e q u e n c y  p e r fo rm  
a n ces  p r e d i c t e d  f rom  th e  s p e c i f i c a t i o n  and t h o s e  o b t a i n e d  
f rom  th e  r a t i o n a l  t r a n s f o r m  h a s  been found t o  be good. 
F u r th e r m o r e ,  t h e  p e r fo rm an c e  p r e d i c t e d  from t h e  c u r v e s  
( c o n t a in e d  i n  s e c t i o n  6 .6 )  i s  seen  t o  a g re e  w e l l  w i t h  
t h a t  o b t a in e d  f rom a p l o t  of the  p r e d i c t e d  p e r fo rm a n c e .
I t  i s  conc luded  t h e r e f o r e ,  t h a t  t h e  p r e p a r a t i o n  of th e  
c u r v e s  from an a p p ro x im a te  e v a l u a t i o n  of t h e  p r e d i c t e d  
p e r fo rm ance  i s  j u s t i f i e d  on t h e  g ro u nd s  of g r e a t l y  
r educed  computing  t ime (c f  s e c t i o n  7*2 .4  and 6 . 4 )
The d i f f i c u l t y  of e n s u r i n g  th e  c o r r e c t  p o l e - z e r o  
e x c e s s  f o r  t a r g e t  sys tem s  h a s  b e en  d i s c u s s e d ,  and h a s  
been  shown t o  s tem b o t h  from  t h e  f a c t  t h a t  t h e  t a r g e t  
sy s tem s  a r e  s p e c i f i e d  o v e r  a f i n i t e  f r e q u e n c y  r a n g e  
o n ly ,  and f rom t h e  b a s i c  a m b i g u i ty  t h a t  any one 
a s y m p to t i c  b e h a v i o u r  of  the  r e a l  p a r t  of t h e  f r e q u e n c y  
r e s p o n s e  c o r r e s p o n d s  t o  a number of p o s s i b l e  a s y m p t o t i c
b e h a v i o u r s  of t h e  com ple te  f r e q u e n c y  r e s p o n s e .  A 
means of c i r c u m v e n t in g  th e  f i r s t  p a r t  of t h i s  d i f f i c u l t y  
h as  been fou n d ,  bu t  t h e  second p a r t  of th e  d i f f i c u l t y  
r e m a i n s .
F i n a l l y ,  t h e  c o r r e l a t i o n  be tw een  th e  p r e d i c t e d  
and f i n a l  Ky v a l u e s  h as  been  i n v e s t i g a t e d  and found  
t o  be p oor .
The n e x t  c h a p t e r  c o n s i d e r s  t h e  use  of t h e  
p e r fo rm ance  c u r v e s  f o r  sys tem  s y n t h e s i s .
CHAPTER 8
SOME EXAMPLES QE THE SYNTHESIS OF LINEAR SYSTEMS
8 .1 .  I n t r o d u c t i o n
The pu rp o se  of t h i s  c h a p t e r  i s  t o  p r e s e n t  some 
s p e c i f i c  examples  of s y n t h e s i s ,  by th e  method deve loped  
i n  th e  p r e c e d i n g  c h a p t e r s .
In  a l l  t h e  exam ples ,  c a sc a d e  c o m p e n sa t io n  only  
has  been c o n s i d e r e d .  The r e a s o n  i s  t h a t  t h e  e s s e n t i a l  
c o n t r i b u t i o n  of t h e  p r e s e n t  method l i e s  i n  p r e s e n t i n g  
t h e  d e s i g n e r  w i t h  d e t a i l e d  i n f o r m a t i o n  about  th e  
pe rfo rm ance  of a much w id e r  range  of sys tem s  ( w i t h  
s p e c i f i e d  p o l e - z e r o  e x c e s s )  th a n  i s  a v a i l a b l e  by any 
o t h e r  means. Once a t a r g e t  system i s  chosen  from th e  
perfo rm ance  c u r v e s ,  t h e n ,  f o r  any g iv e n  p l a n t ,  t h e  
n e c e s s a r y  c a sc a d e  co m p en sa t io n  i s  u n i q u e l y  s p e c i f i e d .  
S in ce  th e  o b j e c t  of th e  p r e s e n t  work was t o  d e v e lo p  
th e  method and i n v e s t i g a t e  i t s  f e a s i b i l i t y ,  i t  was f e l t  
t h a t  c asc ad e  co m pensa t ion  p r o v id e d  th e  s i m p l e s t  t e s t .
I t  m ight  be f e l t  t h a t  some of th e  exam ples  have 
o v e r s h o o t s  which a re  l a r g e r  t h a n  would be l i k e l y  to  be 
a c c e p t a b l e  i n  p r a c t i c e .  The j u s t i f i c a t i o n  a g a i n  i s  t h a t  
i n  e v a l u a t i n g  t h e  method i t  was f e l t  t h a t  a s p r e a d  of 
t r a n s i e n t  pe r fo rm an ce  should  be checked .
8.2  G e n e ra l  comments on th e  a p p l i c a t i o n  of t h e  m eth o d .
F o r  th e  p u rp o se  of t h i s  c h a p t e r ,  t h e  tw in  s t a r t i n g  
po&nfcare  t a k e n  t o  be th e  t r a n s f e r  f u n c t i o n  of t h e  p l a n t  
(open lo o p  c o n s t r a i n t )  and a chosen  t a r g e t  sy s te m .
In  p r a c t i c e  t h e  p l a n t  would be c h a r a c t e r i s e d  by a 
n e a s u re d  f r e q u e n c y  r e s p o n s e  w h i l e  th e  c h o ic e  of a t a r g e t  
system would i n v o lv e  p l o t t i n g  b o u n d a r i e s  of th e  maximum
and minimum s p e c i f i e d  pe r fo rm ance  i n d i c e s  on th e  pe r fo rm ance  
c u rv e s  b e f o r e  th e  c h o ic e  was made. I f  n e c e s s a r y  a r e ­
a p p r a i s a l  of th e  s p e c i f i c a t i o n  would be made a t  t h i s  p o i n t .
S ince  th e  pe rfo rm ance  c u r v e s  a r e  p l o t t e d  i n  t e rm s  of 
n o r m a l i s e d  t ime and f r e q u e n c y  v a r i a b l e s ,  a s u i t a b l e  to has 
t o  be chosen  t o  s a t i s f y  th e  a c t u a l  t ime and f r e q u e n c y  
s p e c i f i c a t i o n s .
Once th e  t a r g e t  sys tem  i s  chosen from th e  pe r fo rm ance  
c u r v e s ,  th e  f u l l  t a r g e t  sys tem f r e q u e n c y  and t r a n s i e n t  
p e r fo rm ance  can r e a d i l y  be o b t a i n e d  w i t h  th e  a i d  of a 
com puter .  A l th o u g h  t h i s  s t e p  would be f a i r l y  l a b o r i o u s  
by hand c a l c u l a t i o n ,  th e  computing  t im e  i s  s h o r t ,  s i n c e  
t h e  c o n t r i b u t i o n s  of th e  h a rm o n ic s  and of th e  a s y m p t o t i c  
s e c t i o n  a r e  t a b u l a t e d  and need only be added i n  t h e  c o r r e c t  
p r o p o r t i o n  f o r  any p a r t i c u l a r  problem.
The f r e q u e n c y  r e s p o n s e  of th e  n e c e s s a r y  c a s c a d e  
c o m p en sa t io n  i s  t h u s  o b t a in e d  d i r e c t l y .  At t h i s  p o i n t  i t  
must be a p p rox im a ted  by a r a t i o n a l  t r a n s f e r  f u n c t i o n .  T h is  
may be done by any of th e  m ethods  a v a i l a b l e ,  bu t  i n  the  
p r e s e n t  work th e  method d i s c u s s e d  i n  c h a p t e r  5 was 
e x c l u s i v e l y  u se d .
As m ent ioned  in  s e c t i o n  7 -3*1  the  a d v a n ta g e  of 
f i t t i n g  a r a t i o n a l  t r a n s f e r  f u n c t i o n  t o  the  c o m p e n sa t io n  
f r e q u e n c y  r e s p o n s e  r a t h e r  t h a n  f i t t i n g  i t  to  t h e  t a r g e t  
sy s te m  f r e q u e n c y  r e s p o n s e ,  l i e s  in  th e  f a c t  t h a t  t h e  
c o m pensa t ion  ne tw o rk  a s y m p to t i c  b e h a v i o u r  i s  a lw ay s  the  
same i . e .  i t  h a s  e q u a l  numbers of p o l e s  and z e r o e s .  T h is  
i s  a consequence  of cho o s in g  a t a r g e t  sys tem w i t h  th e  same 
p o l e - z e r o  e x c e s s  as  t h a t  of t h e  open lo o p  c o n s t r a i n t .
Two p r e c a u t i o n s  only a r e  n e c e s s a r y  i n  th e  a p p l i c a t i o n  
of the  method. The f i r s t  r e l a t e s  to  th e  b e h a v i o u r  of 
t h e  open lo o p  t r a n s f e r  f u n c t i o n  G(jto) a s  to t e n d s  to
f rom th e  f a c t  t h a t  th e  t a r g e t  sy s te m  and hence  a l s o  th e
f r e q u e n c y  r e s p o n s e  of th e  co m p en sa t io n  i s  c o n t r o l l e d
only  down to  0.05w .1 ( I t  i s  of c o u rse  no t  f e a s i b l e
c »
t o  c o n t r o l  them t o  z e r o  s i n c e  G(jw) t e n d s  to  i n f i n i t y ) .  
Nov/ p ro v id ed  th e  r e s u l t i n g  f r e q u e n c y  r e s p o n s e  r e s u l t s  
i n  a s t a b l e  c lo s e d  lo o p  sys tem , c o n t r o l  of G-(jw) down 
t o  0 .05wc i s  s u f f i c i e n t  to  e n s u r e  th e  d e s i r e d  t r a n s i e n t  
r e s p o n s e .  But i t  h a s  been fo un d ,  and i s  i l l u s t r a t e d  
i n  d e t a i l  i n  s e c t i o n  8 .3*3  t h a t  th e  u n c o n t r o l l e d
v a r i a t i o n  of G-(yo) below 0 .0 5 ^  can r e s u l t  i n  an u n s t a b l e
sys tem .
While  t ,h is  p o s s i b l e  p i t f a l l  n eed s  t o  be bo rne  
i n  mind, i t  does not  r e p r e s e n t  a s e r i o u s  d i f f i c u l t y  s i n c e  
th e  f a c t  t h a t  th e  r e s u l t i n g  sys tem  i s  u n s t a b l e  i s  r e a d i l y  
d e d u c ib le  from th e  f i n a l  shape  of th e  G-(ju)) p l o t ,  anh 
th e  means of c o r r e c t i n g  t h i s  a r e  s t r a i g h t f o r w a r d .  These
m a t t e r s  w i l l  be b ro u g h t  out i n  s e c t i o n  8 .3 •3 •
The second p r e c a u t i o n  c o n s i s t s  of sm o o th ing  out  
th e  f r e q u e n c y  r e s p o n s e  of t h e  r e q u i r e d  c o m p e n sa t io n  n e a r  
u)=coc , i f  i t  h a s  a marked d i s c o n t i n u i t y  t h e r e  ( e . g .  f i g .  
8 . 1 7 - b ) .  T h is  a lw ays  o c c u r s  due t o  th e  d i s c o n t i n u i t y - 
i n  th e  r e a l  p a r t  s p e c i f i c a t i o n  used  ( c . f . s e c t i o n  7 - 2 . 4 . ) ,  
and i n  p r a c t i c e  a l l  t h a t  i s  n e c e s s a r y  i s  t o  omit th e  
p o i n t  a t  w=wc , and p o s s i b l y  one o r  two v a l u e s  on e i t h e r  
s i d e ,  from th e  cu rve  d e f i n i n g  t h e  f r e q u e n c y  r e s p o n s e  
of th e  r e q u i r e d  co m p en sa t io n .
A p a r t  from th e  above ' p r e c a u t i o n s ,  t h e  a p p l i c a t i o n  
of th e  method i s  a b s o l u t e l y  s t r a i g h t f o r w a r d  and r e q u i r e s  
no t r i a l  and e r r o r  ch anges .  On t h i s  i s  b a sed  t h e  c l a im  
t h a t  i t  i s  a t r u e  s y n t h e s i s  method a s  opposed t o  a 
d e s i g n  method.
F u r t h e r  a s p e c t s  of th e  method w i l l  he b ro u g h t  
out  i n  th e  c o u rs e  of th e  p r e s e n t a t i o n  of t h e  examples  
which f o l l o w .
8. 3 Examples of s y n t h e s i s .
In  t h e  examples  of s y n t h e s i s  which f o l l o w ,  com 
com par ison  i s  made i n  each  c a se  between t h e  open lo o p  
f r e q u e n c y  r e s p o n s e  and th e  c lo s e d  lo o p  t r a n s i e n t  
r e s p o n s e  o b t a i n e d
a) d i r e c t l y  f rom t h e  s p e c i f i c a t i o n  of t h e  r e a l  
p a r t  i n  te rm s  of i t s  harm onic  c o n t e n t  and 
a s y m p t o t i c  t e r m i n a t i o n  
and b) from th e  c o r r e s p o n d i n g  r a t i o n a l  t r a n s f o r m .
The c lo s e d  lo o p  f r e q u e n c y  r e s p o n s e  T(ju>) i s  n o t  
shown s i n c e  t h e  open lo o p  f r e q u e n c y  r e s p o n s e  G-(jw) 
p r o v i d e s  a more s e n s i t i v e  check  on th e  ag reem en t  betwcwx 
t h e  p r e d i c t e d  f r e q u e n c y  r e s p o n s e  and t h a t  r e s u l t i n g  from 
t h e  r a t i o n a l  t r a n s f o r m .  T h is  i s  p a r t i c u l a r l y  t r u e  f o r  
sm a l l  w, when T(jw)' -~ ' l .  The p r e d i c t e d  r e s p o n s e  i s  
a lw ays  shown by a s o l i d  l i n e ,  w h i l e  t h a t  o b t a i n e d  f rom  
r a t i o n a l  t r a n s f o r m s  by dashed l i n e s .  (A lso  by c h a i n  
d o t t e d  and d o t t e d  l i n e s  i f  more t h a n  one t r a n s f o r m  
r e s p o n s e  i s  shown).
8 .3 - 1  Example 1.
F o r  t h i s  example t h e  open lo o p  c o n s t r a i n t  'was 
t a k e n  a s
P ( s )  = -»m— J L    8. 3 - 1« ^ ' r ( s  - T T  tfc j i )
To i l l u s t r a t e  th e  f a c i l i t y  w i t h  which a r an g e  of t a r g e t  
sys tem s  may be s p e c i f i e d ,  and the  n e c e s s a r y  c o m p e n sa t io n  
c a l c u l a t e d ,  f i v e  t a r g e t  sy s te m s  have been s e l e c t e d ,  e ac h  
w i t h  a p r e d i c t e d  s t e p  r e s p o n s e  o v e rs h o o t  of 15$.
F u r t h e r ,  to  i l l u s t r a t e  t h e  e f f e c t  of t h e  c h o ic e
of u) , two s e t s  of a) v a l u e s  were used? i n  t h e  f i r s t  c ? c
i n s t a n c e  v a l u e s  of wc were s e l e c t e d  f o r  each  of th e
t a r g e t  sy s te m s  to  g iv e  th e  same t  and f o r  t h i s  v a lu e
to  he s i m i l a r  to  t ^  v a l u e s  p roduced hy th e  sy s te m
wi t h o u t  c ompensat i  on .
Then a second s e t  of w v a l u e s  was used  w i t h  th ec
same t a r g e t  sy s te m s ,  a g a i n  so chosen  a s  to  g iv e  t h e  same 
t  f o r  a l l  t h e  sy s tem s ,  h u t  now t h i s  t ^  to  he much 
s h o r t e r  t h a n  t h a t  p roduced  hy t h e  sys tem  w i t h o u t  
com p en sa t io n .
F i g . 8 .1  shows th e  p r e d i c t e d  open l o o p  f r e q u e n c y  
r e s p o n s e  and th e  c lo s e d  l o o p  t r a n s i e n t  r e s p o n s e  f o r  a 
sys tem  s p e c i f i e d  as
N = 4, c l a s s  4, 1, 0, 0 .1 7 0 ,  - 0 . 0 6 ,  w = 2 .1  8 .3 -2
hy f i t t i n g  a r a t i o n a l  t r a n s f o r m  t o  th e  f r e q u e n c y  r e s p o n s e  
of th e  n e c e s s a r y  c ascad e  c o m p en sa t io n ,  ( c . f . s e c t i o n  5 .4 )  
th e  compensated open lo o p  t r a n s f o r m  was o b t a i n e d  a s :
M ( s ) v ( 3 ) -  i  l r , r ( s + -9 6 85 * 31. 3393) (b+. 2905 ± 31-9352) , 
i v n s m s ;  -  J-.-LJJL ( S+. 5907 t  j i .  50197( 3+ .18 4 0  ± j l . 9 0 7 2 )  J
x t s ( s + l  * j l ' ) ]  8 . 3 - 3
g i v i n g  th e  c lo s e d  lo o p  t r a n s f o r m  as*
-Pfc'i -  1 -13 3  ( s+ ,9 6 85  * .11. 3392)
"  ( s + . 8 4 9 6 ) ( s + . 8055 ± 31.1034
v ( s+ ,2 90 5  ±  . i l . 9352______________
x (S+.3652 ± j l . 4049) ( s + .  1793 ± j l . 8 7 1 4 )  8 . 3 . 4
The f r e q u e n c y  r e s p o n s e  o b t a in e d  from e x p r e s s i o n
8 . 3 . 3  and t h e  t r a n s i e n t  r e s p o n s e  o b t a in e d  f rom  e x p r e s s i o n
8 . 3 . 4 .  a r e  shown dashed i n  f i g .  8 .1 .  I t  w i l l  he s e en
t h a t  t h e  p r e d i c t e d  and f i n a l  p e r fo rm a n c e s  a r e  a lm o s t
i d e n t i c a l .
I n s p e c t i o n  of e x p r e s s i o n  8 .3*3  shows t h a t  th e  
com pensa t ion  c o n s i s t s  of two complex p o l e - z e r o  p a i r s ,
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i n  e ac h  p a i r  t h e  p o l e s  and z e r o e s  l y i n g  c l o s e  t o g e t h e r .  
T h is  i s  a consequence  of th e  r e q u i r e d  pe rfo rm an c e  b e in g  
s i m i l a r  to  t h e  uncompensated  sys tem  p e r fo rm a n c e .  To 
show, however, t h a t  th e  co m p e n sa t io n  does m a t e r i a l l y  
a f f e c t  th e  pe r fo rm an c e ,  th e  p e rfo rm an c e  of t h e  uncompen­
s a t e d  sys tem  w i t h  g a in  s e t  so a s  t o  g iv e  th e  same Ky 
v a lu e  ha s  a l s o  been  c a l c u l a t e d .  The uncompensa ted  
sys tem  i s  g iv e n  by
r e s u l t i n g  i n
p ( s ) = i T i 7 r % y  8- 3 ,5
T( S) -  X i?T ; ' l95T ) T s + ' 3  i  "j • 9361  8 ,3 ,6
and i t s  p e r fo rm ance  i s  shown c h a i n  d o t t e d  i n  f i g . 8 .1 .
F i g . 8 .2  r e l a t e s  t o  a sys tem  s p e c i f i e d  a s  
N = 4, c l a s  4, 1, 0, 0 . 2 7 ? - 0 . 4 2 ,  10 = 1 . 9  8 .3*7
v - /
The n e c e s s a r y  co m p en sa t io n  i s  g i v e n  by:
M ( s )P ( s )  -  2 X j l - 1983) ( 3+.2652  ± .12.1816) ■
JV H sm s ;  3=bL Y i T 7 9 5 6 T T j l . 4 i a - 9 )  ( s+ .2 5 85  ± j 2 . 1 7 4 8 ) J
x r______1 i 8 .3 -  8
* s(  s+1 ± j l )  •*
g i v i n g
v i a\ 2 .  358(s+ .  7779 * . i l .  198.3)
v 1 “  (s+X.4881)  (s+ .  5302 ± j .  97107
(s+ .2652  ± n 2 . l 8 l 6 )  
x Ts+TW&O t  j l . 4 8 7 8 J  (S + . -2 5 W +  J2 .1 7 1 4 )  8* 3* 9
Shown c h a in  d o t t e d  i n  f i g . 8 .2  i s  t h e  p e r fo rm an c e  of th e  
uncompensated sys tem  h a v in g  th e  same Ky v a lu e  and d e f i n e d
by.e
-n /^  _ 1 .5 5 8 1  8 .3*10
P(s) -  iT s+ T '" £ liy
y i e l d i n g  th e  c lo s e d  lo o p  t r a n s f e r  f u n c t i o n
= (s+X. 3703) (s+  ^ 3 l49  i  j l -  0188) 8 .3 - 1 1
I t  w i l l  a g a i n  be s e e n  t h a t  th e  p r e d i c t e d  and f i n a l  
pe rfo rm ance  a r e  v e ry  c l o s e .
P ig .  8* 3 r e l a t e s  t o  a sys tem  s p e c i f i e d  as  
N = 4, c l a s s  2, - 0 . 7 6 5 ,  w. = 1 .5  8 -3 .1 2
The n e c e s s a r y  c o m pensa t ion  i s  d e f in e d  by:
M( s )P (  s) = i .  9 34 7  'i1 - 511> s iivu s ; s ; x . y j h  ( ^ 7 7 ^ ^ 1 ^ X 7 X 5 8 0 )  ( s + .2^21 + 3*1.5053)J
x [ i l s + l  t  j i )   ^ 8 .3*13
w i t h  th e  c o r r e s p o n d i n g  c lo s e d  l o o p  t r a n s f e r  f u n c t i o n
g iv e n  by :
m/ c,\ _ 1 . 9 3 4 ( s+ .6767  ± X 9 87 0 )
1{S)  "  ( s + 1 . 4 3 3 4 ) ( s + . 5965 + J781987
v (s+ ,  2570 ~ .il* 5115) 8.3*14
x T s + . 5066 ± 31 . 3036j ( s + .2085 1 j 1 .4 9 0 7 )  ■
The h i g h  deg re e  of c o r r e s p o n d e n c e  be tw een  th e  
p r e d i c t e d  and f i n a l  pe r fo rm ance  i s  a g a i n  i n  e v id e n c e .
The uncompensa ted  sy s tem  w i th  t h e  same v a l u e  
i s  g iv e n  by;
p (3 )  = 8 - 3 ' 15
and
1.4?25 _________ 8 . 3 . I 6
*■ '  ~ ( s+ 1 .  3043) ( s+ .  3479 ± j . 9857)
and i t s  p e rfo rm an c e  i s  shown c h a i n - d o t t e d  i n  f i g . 8.3*
The l a s t  two t a r g e t  sy s te m s  a r e  i n c l u d e d  on ly  a s  
i l l u s t r a t i o n s  of t h e  c lo s e  c o r r e s p o n d e n c e  b e tw ee n  th e  
pe r fo rm ance  p r e d i c t e d  from th e  d e s ig n  c u rv e s  c o n t a i n e d  
i n  c h a p t e r  6 and th e  f i n a l  p e r fo rm an c e  o b t a i n e d  f rom  
a r a t i o n a l  t r a n s f o r m  f i t t e d  to  th e  s p e c i f i e d  f r e q u e n c y  
r e s p o n s e ,  n o t  a s  u s e f u l  p r a c t i c a l  sy s tem s .  The r e a s o n  
i s  t h a t  b o th  p r e d i c t  a l o n g  s e t t l i n g  t im e ,  w i t h  t h e  
second o v e rs h o o t  comparable  o r  even l a r g e r  t h a n  t h e  f i r s t  
o v e r s h o o t .
Thus f i g . 8 .4  r e l a t e s  t o  a  sys tem  s p e c i f i e d  a s :
N = 4, c l a s s  4, 0, 0, 0 .195 ,  - 1 . 1 ,  w = 1 . 3  8 .3*17
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The compensated  open l o o p  t r a n s f e r  f u n c t i o n  i s  
M ( s ) p ( s )  = 8 . 3 . 1 8
g i v i n g
-  1 . 7 0 1 ( s + 0 . 2217 ± .iO. 5358)
M s ;  ~ T s + 1 . 4439) '( s + 0 . 2509 ± j07?B5T)
„_________ 1 __________  8 . 3 .1 9
x ( s + 0 . 2898 ± j l . 1 1 4 4 )
The uncompensated  sys tem  w i t h  th e  same v a l u e  of
K i s  g iv e n  hy
8- 3*20
and
„_____________ 1 .3 4 1 ________   8 .3 - 2 1
1 ^s ;  ”  ( s + 1 . 2 5 7 5 ) ( s + 0 . 3712 ± j O . 9636)
The f i n a l  t a r g e t  sy s te m  i s  s p e c i f i e d  a s
N = 4, c l a s s  4, 0, 0, 0 .006 ,  - 1 . 4 2 ,  10 = 1 .1  8 -3 .2 20
The compensated open l o o p  t r a n s f e r  f u n c t i o n  i s  g iv e n  hy
M (s )P ( s )  = 1 .2  06 19, ..ji J L 1 1 91)-ii v u s m s ;  ^ UDLTs+772567Ts+. 0537 ± ; j .6 2 8 l7 J
X  [ ■ —; -r  r r r l  8 « 3 » 2 3Ls(s + 1  ± 3l j J
and
mfq \ _ 1 . 2 0 6 ( S + .9831)
1{S)  ~ (s+.l6~88 ± 3 .4786)  ( s+ .  1758 ± j -9 3 9 8 )
^  ( s-f. 0619 * > 5 1 9 1 )  o .  P4.
x Ts+T .0718  = 3 . 4 7 4 3 )
The pe r fo rm an ce  i s  i l l u s t r a t e d  i n  f i g .  8.5*
The f o r e g o i n g  examples show a v e r y  h i g h  d e g re e  of
c o r r e s p o n d e n c e  be tw een  th e  p r e d i c t e d  t r a n s i e n t  p e r fo rm an c e
and t h a t  o b t a in e d  from th e  r a t i o n a l  t r a n s f o r m ,  f i t t e d  t o
t h e  f r e q u e n c y  r e s p o n s e  of t h e  com p en sa t io n .
The same t a r g e t  sys tem s  a r e  now p r e s e n t e d  w i t h  to
v a l u e s  chosen  so a s  t o  g iv e  t h e  same t  f o r  a l l  t h e
sy s te m s ,  hu t  i t s  v a lu e  now i s  1 . 5 ,  which  i s  a b o u t  2 . 5
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f ig .8 .6 .k T ransient response o f syster. specified  by exp.8.3«*5« f ig ,3 .6 .b  frequency response o f systen sp e c ifie d  by exp.8 . 3. 25.
t i m e s  f a s t e r  t h a n  f o r  th e  uncompensa ted  sys tem .  ' .*
F i g .  8 .6  r e l a t e s  t o  a sys tem  s p e c i f i e d  a s  
N = 4, c l a s s  4, 1, 0, 0 .1 7 ,  - 0 . 0 6 ,  to = 4. 8 8 .3 -2 5* V
The compensated open lo o p  t r a n s f e r  f u n c t i o n  i s  g i v e n  hy
M ( s W s )  = 13  52 rf  3 + - 9561 *  31 . 0 7 8 5 )  (b+.  9524 *  3 4 . 2 6 1 7 ) -,
l h s ; i  i .sj 1 3 . 5<* L-(S+.5X87  ± 3 4 . 2 4 5 0 )  ( s +1 .  55 98  ± 32.  7 8 4 9 ) J
x [ ¥ C i T T T l I T ]  8 .3 . 2 6
Hence
_ 13. 52 ( S + .  9561 ± ,11. 0765)
T (s )  -  T s lT rB 5 B o y i i+ . ’5 7 5 T ±  3I T 0 3 4 0 )
(S+ . 9 5 2 4  ± . 14 .2617)  o
x Ts+7Bo55' ±~J2T^oF7)Xs,+"."4529 ± 1 ^  1175T 8 ’ 3 ' 2 7
T h is  example  i s  a l s o  used to., i l l u s t r a t e  th e  
c o n v e n t i o n a l  a p p ro a c h  of i n c r e a s i n g  hy means of a  l a g  
n e tw o rk .  Thus t h e  p r e d i c t e d  K f o r  t h i s  sys tem  was 1 . 4 ,  
and th e  v a lu e  f i n a l l y  o b ta in e d  f rom  e x p r e s s i o n  8 .3 -2 6  
i s  1 .4 3
To i n c r e a s e  the  Ky v a l u e  hy a  f a c t o r  of 5, l a g  
co m pensa t ion  i s  added r e s u l t i n g  i n
M fs )P ( s )  = 13 .52  - *  31-0785) (S+-9524 ± 1 4 .2 6 1 7 ) -,
u u s m s ;  . i j - v  L ^g+^T ^7  + 34 .2450)  ( s + 1 . 5598 + 32 . 7849V
x r(,s+ 0 .1 )  -I r—------1______ I 8 .3 - 2 8
l ( s + . 0 2 ) j  l s ( s + 1  ±  31 ) J
which g i v e s
_  13. 52(s+ .  9561 ± 31.0785)__________
T(s) “ Ts+7l0621Ts+irBS5T7Ts+.8673 ± 31.0312)
Y ( s + , 9 524 * .14.2617) ( s+. 1) ____ 8 .3*29
(s+ .  7992 +' ‘32. 8871) ( s+ ,4 6 6 7  ± 34 71170)
The s t e p  r e s p o n s e  o b t a i n e d  from e x p r e s s i o n  8 .3*29 
i s  shown c h a i n  d o t t e d  in  f i g . 8 .6 .  I t  must  he s t r e s s e d  
a t  t h i s  p o i n t  t h a t  t h i s  i s  meant  t o  i l l u s t r a t e  t h e  a p p ro a c h  
t o  i n c r e a s i n g  hy means of l a g  com p en sa t io n ,  and l e a v e s  
out th e  q u e s t i o n  of r e a l i s i n g  t h e  c o m p en sa t io n  i n  p r a c t i c e .
Thus th e  r e q u i r e d  t im e  c o n s t a n t  of 50 would be d i f f i c u l t  
to  o b t a i n  w i th  a c o n v e n t i o n a l  l a g  n e tw o rk .  N e v e r t h e l e s s ,  
i f  i t  i s  r e q u i r e d  no t  t o  a f f e c t  t h e  t r a n s i e n t  r e s p o n s e  
a p p r e c i a b l y ,  t h e n  t h e  co m pensa t ing  d i p o l e  must be much 
s m a l l e r  t h a n  th e  o t h e r  sys tem  p o l e s .
P i g . 8 .7  r e l a t e s  to  a sys tem  s p e c i f i e d  a s
N = 4, c l a s s  4, 1, 0, 0 .2 7 ,  - 0 . 4 2 ,  w = 4 .4  8 .3*30
V
The compensated open l o o p  t r a n s f e r  f u n c t i o n  i s  g iv e n
by
= pq -'.-I 0 1 37 -  3 1 .0 8 5 0 )  (s+ .  3909 *■ .14.2667)-
l ( s+>3769 t  j 4 .  3 0 0 1 ) ( s + 2 . 7209 ± j 3 - 1 4 8 7 ) J
x   ^s ( s+1 ±  8* 3* 3-’-
and
m/-_N________________ 29. 31( s + 1 . 01.37 ± a .  0850)______________
'  ; _ ( s + 2 . 973 5 )Ts+.  93^3 ± 3I . I 3 6 1 ) (s+1.  3010  ± j2  . 84 4 3)
(s+ .  3909 * , j4.2667) o ,  v
(s+ .  3648 ± j 4 .  3142) 0 . 3 . 3*
P ig .  8 .8  r e l a t e s  t o  a sy s te m  s p e c i f i e d  a s
N = 4, C la s s  2, - 0 . 7 6 5 ,  10 = 3-5 8.cg .3 3
W
The compensated open l o o p  t r a n s f e r  f u n c t i o n  i s  g i v e n  
by
M ( s ) P ( s )  -  23 6 i r f a+-9 8 9 0 t  ,11.0446) (s+ .  5356 ± .13-3179)-, M ( s m s )  -  2 3 -blL ( s+ i4 7 15  ± 33 . 34x 8 ) ( s + 2 . 4855 + j 2 . 8 9 0 9 ) J
ro
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-1 7 5 -
and
______________ 2 3 .61 (s+ .  9890 * 31. 0446)_____________
'u s ' ~ ( a + 2 . 7917) ( s + . 9401 + 31 . 0 5 5 6 ) ( s+ 1 . 2122  i± 32 . 6 6 2 9 )
v (S-I-.5356 ± 33.3179) o ,  ,,,
x f c s + . 4 0 8 8 ±  33-3725) ° . 3 . 3 8
V
As 'be fore ,  the  l a s t  two exam ples  have p ronounced
second o v e r s h o o t s  i n  t h e  s t e p  r e s p o n s e ,  s i n c e  a change of
Co a f f e c t s  t h e  t ime s c a l e  of the  s t e p  r e s p o n s e  o n ly ,c
w i t h o u t  changing  i t s  shape .
Thus f i g . 8 . 9  r e l a t e s  to  a sys tem  s p e c i f i e d  a s  
N = 4, -4, 0 ,  0 ,  0 .1 9 5 ,  - 1 . 1 ,  w = " 3 . 1  8 -3 -35
w i t h
M ( s ) P ( s )  -  22 IT ( g+0> 7353 * .10.9 9 0 4 )  ( s + 1 . 5154 * 33 . 3099V 
Ml. s m s ;  -  x l (i+I71j252 ± 32 . 6848) ( s + 1 . 9359 ± 33 .1973,
X [ a I oxl +" n l ]  8* 3’ 37s ( s +1 ± j l )  
and
m; q\   .■ 2 2 . 1 ( 8+0.7353  * .i0.99Q4))( s+1 . 5154 +  33. 3099)
M ; -  T i+ 3 .2 1 0 iT ( s + 0 .6 8 1 2  ± 30 . 8 6 6 8 ) ( s+ 0 . 5615 ± j 2 . 7 5 0 9 r
1
x (s+ 1 . 7134 ± 33 .4045)  8 .3=32
and f i g .  8 .1 0  r e l a t e s  t o  a system s p e c i f i e d  a s  
N = 4, c l a s s  4, 0 , 0 , 0 .0 0 6 ,  - 1 . 4 2 ,  10 = 2 . 8  8 .3 -3 9
V
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w i t h
vi'o'ipi'q'i -  iq  ( s + * 1366 * ,11.2740) ( s+1. 3496 * ,11.1088 Hi(s)P(.s) -  19. 9lrrT~-i 7 na 4-' -n rAqq  ^r aj.9 tfnpn -t -;c> rrSTTTsT.1709 ±" jir5B29)Ti+2.5080 ± j2 .65  
1
s ( s + l  ± j l )x  [ = ( o i l  ^ TT"> 1 8.-3• 40
and
m/a S _ ___ 19 - 9( s+. 1 366 t  ,11- 2740) ____________
U s ;  -  (g+i-.-94x9)‘f i 7 .  3141 ± j i a 3 l 4 T f s + ‘;4085 ± 52. 3816)
x  i g i i i 4 2 i * J l i i 0 8 8 l  8 . 3 .4 1
( s + l . 9 8 5 4 ^  31 -5462)
I t  w i l l  he s e en  from i n s p e c t i o n  of f i g s . 8 . 6 - 8 . 1 0  
t h a t  th e  e f f e c t  on t h e  t r a n s i e n t  r e s p o n s e  o f  i n c r e a s i n g  w
i s  t o  i n c r e a s e  t h e  v a lu e  of h  _,ml
c
8 .3 .2  Example 2.
For t h i s  example th e  open lo o p  c o n s t r a i n t  was s t i l l  
t a k e n  as
p ( s )  =  - ^ ( i n r  X  ±  j i )  8.3*42
h u t  th e  s e t  t a r g e t  sys tem s  chosen  have a g r e a t e r  o v e r s h o o t  
t h a n  i n  th e  p r e v i o u s  example .
F i g . 8 .1 1  r e l a t e s  t o  a sys tem  s p e c i f i e d  a s  
N = 4, c l a s s  2 , -1 .3349?  w = 1 .2 5  8*3*43
V
The compensated open lo o p  t r a n s f e r  f u n c t i o n  i s
M( s )P (  s)  -  1 86 f 5980 ~ j . 6 9 3 8 )  ( s+. 3243) 1u i s ; r v o ;  -  p. oo L-(-gqr, 7040  ^  j .  7 7 l h T s + *  0 3 2 0 ) J
x ^ c s n V n r 1 8- 3- 44
and
_ 1* 86 (s+ .  5980 * .1. 6 9 3 8 )_________
U a ' “  T i n ; ' 3 3 7 l i n + . 5 7 8 3 ) T s + * 3 2 1 0 - r  jl.,-0559)
(S +  . 3243}____ o -j ,*cr
' ( s+ .4413 ± j . 5 8 4 2 7  8‘ i ' J
The pe r fo rm ance  c a l c u l a t e d  from t h e s e  r a t i o n a l  
t r a n s f o r m s  i s  shown dashed i n  f i g .  8 .1 1 .
As no ted  in  some of th e  exam ples  of s e c t i o n  8 . 3»1? th e
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flg .d .U .o  T n u lM t  m p a N  ofoyoUa ip N U lid  by oxp.8.3.48* fig .8 .12 .b  froquancy m p a a n  of i / i t M  epeeifleCbjr n p > 8 .]^ 8 »  .
co m p en sa t io n  a g a i n  c o n t a i n s  complex p o l e - z e r o  p a i r s  w i th  
s m a l l  s e p a r a t i o n  between th e  p o l e s  and z e r o e s  ( i . e .  sm a l l  
r e s i d u e s  i n  the  p o l e s ) .  On p r a c t i c a l  g rounds  i t  would be 
p r e f e r a b l e  to  avoid  com pensa t ion  r e q u i r i n g  complex p o l e s ,  
and t o  see  th e  e f f e c t  of o m i t t i n g  t h a t  p a r t  of t h e  compen­
s a t i o n ,  th e  p e rfo rm an c e  of th e  f o l l o w i n g  m o d i f i e d  sys tem s  
( h a v i n g  th e  same ICV v a l u e s  a s  f o r  e x p r e s s i o n  8.3* 44) was 
founds
M (s )P ( s )  = x . 4 3 X [ t § ^ ]  [i r i T f F 1 T T ] 8 .3 . 4 6
and
_ 1 .43 1 (3 +  0 . 32 4 3) o '1 An
T ( s }  = 1^ ^ 9 8 ^ ( i T o T ^  y ‘ 3 “ 4 7
The pe r fo rm ance  from t h e s e  e x p r e s s i o n s  i s  shown c h a i n  d o t t e d  
i n  f i g . 8 .11 ,  and shows t h a t  d e s p i t e  th e  s m a l l  r e s i d u e s  i n  
t h e  complex p o l e s  t h e i r  com pensa t ing  e f f e c t  i s  c o n s i d e r a b l e .
P i g . 8 .12 r e l a t e s  to  a sys tem  s p e c i f i e d  a s  
N = 4, c l a s s  2, - 1 . 2 4  w = 1 .2 6  8. 3 .4 8
w i t h
•iwr/ „.\ __ -1 ryq-1 P  (s+ .  5158 ^  ,i» 7134 ) (  S+. 3363) 1
M ( S ) P ( 8 )  -  1 - 791 [ ^ - 7 5 0 9 2  T T l V 6 W r s + ~ 9 T 5 7 ]
1 8. 3.49
and
-pfeA -  1 . 791(3+.  5158 * ,j. 7134)I I Cj I <>*-■. »J»n  ^n't., wua— Jl.— — i^r- ' ■ .  i ,v.w n «
(i+ 1 .3585) (s+. 5077)Ts+. 3957 ± 3-6190)
■v- ___Ls i„° 3363 )______  0 o cn
x Ts+. 3273  ^  31 . 0 7 0 7 ) ° # 3#
The p e r fo rm an ce  v d th  a s i m p l i f i e d  c o m p e n sa t io n  and 
g a i n  a d j u s t e d  t o  g iv e  th e  same v a lu e  of i s  a g a i n  c a l c u l a t e d  
from.0
M ( s ) p ( s )  = 1-452 [ f i fTogf^]  t s ( s+i  + -jx) 8 . 3 . 5 1
and
_  __________  1 . 4 5 2 ( s + . 3 3 6 3 )  :  B V
“ Ts+1 . 0906) ( s+. 5311) ( s+ .  2364  ± j ,  8 8 7 2 ) 8 . 3 .5 2
and i s  shown c h a i n  d o t t e d  i n  f i g . 8 .1 2 .
The l a s t  sys tem  chosen  i s  s p e c i f i e d  a s i 
N = 4, c l a s s 4, 1, 0, 0 .19 2 ,  - . 6 4 5 5 ,  w = 1 .6  8 .3 - 5 3
w i t h
M( s )P (  s)  -  2 0 ^ s + - 9216 * 3«943&)(b+» 3095) i J SH sm s)  -  ^ •y 2 l j - s+ i . o 7 7 3  ± 31.2236)  ( s + . 0 2 5 5 )J
x  ^ ( s + l 1* 31 )^ 8 . 3 . 5 4
and
 _____ _2.05£s+.9216  ± 3 .9438)
M S ' "  T s+.~6529~I 3 .1533TTs+.8961 ± 3-7601)
t  ( s + . 3095) o cc
xn s W 5 4 l 0 ±  31.0761 ) 0 .3 .55
and a g a in  th e  s i m p l i f i e d  c o m pensa t ion  i s  g iven  by
M (s )P (s )  = 1. 341 [^404 0 2 55 ]  ^ 8 .3 -5 6
and
rp ( a \ -  ______ J-» 341 ( s+ 0 . 3095)_________ ______ _ O -3 c 7
T^s) “  T i+ 0 7 8 8 9 0 )C s+ 0 .6451) ( s + 0 . 2457 ± 3.0.8144) 8 . 3 . 5 7
The pe rfo rm ance  i s  shown i n  F i g . 8 .13
I t  can be seen  t h a t  f o r  t h e  l a r g e r  o v e r s h o o t s
s p e c i f i e d  h e r e ,  th e  c o r r e l a t i o n  be tw een  p r e d i c t e d  and
f i n a l  pe rfo rm ance  i s  s t i l l  v e ry  c l o s e .
The f o r e g o i n g  examples  i l l u s t r a t e  th e  r o u t i n e
a p p l i c a t i o n  of th e  p r e s e n t  method.  They pose no s p e c i a l
p rob lem s and th e  n e c e s s a r y  co m p e n sa t io n  i s  o b t a i n e d  i n  a
s t r a i g h t f o r w a r d  manner.
The nex t  example i s  ch o sen  to  show a c a se  where
t h e  c a l c u l a t e d  com pensa t ion  r e q u i r e s  some i n t e r p r e t a t i o n
b e f o r e  a s a t i s f a c t o r y  pe r fo rm ance  i s  o b t a i n e d .
8. 3- 3 Example 3
Foe t h i s  example, t h e  open lo o p  c o n s t r a i n t  i s  t a k e n
as
P ( s )  = 1 / s 2 8 . 3 - 5 8
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and a t a r g e t  sys tem  s p e c i f i e d  by
N = 2, c l a s s  2, - ,  - ,  - ,  1 .2 ,  wc = 1 8 .3*59
A p p ly in g  th e  method in  the  u s u a l  manner, the  f r e q u e n c y  
r e s p o n s e  of t h e  open lo o p  c o n s t r a i n t  i s  d iv id e d  i n t o  t h e  
s p e c i f i e d  open l o o p  f r e q u e n c y  r e s p o n s e  to  g ive  t h e  c a sc a d e  
co m p e n sa t io n  f r e q u e n c y  r e s p o n s e .  ^h is  i s  shown i n  f i g . 8 .14 
( s o l i d  l i n e ) .
P i t t i n g  a r a t i o n a l  t r a n s f e r  f u n c t i o n  to  t h i s  f r e q u e n c y  
r e s p o n s e  by th e  method d i s c u s s e d  i n  s e c t i o n  5 g i v e s  t h e  
f o l l o w i n g  answer .
M(s) = 0 . 4 0 6 [ ( ± ,, j .Q:J-937).] 8 .3 - 6 0
( s + 0 . 7650) ( s + 0 . 2701 ± jO.7978)
The f r e q u e n c y  r e s p o n s e  of t h e  above t r a n s f e r  f u n c t i o n  
i s  shown dashed i n  f i g .  8 .14 and i n d i c a t e s  t h a t  i t  i s  a good 
f i t .  Yet i t  i s  r e a d i l y  a p p a r e n t  f rom a r o o t  l o c u s  p l o t  
t h a t  a z e r o  on th e  p o s i t i v e  r e a l  a x i s  i n  c o n j u n c t i o n  w i t h  
a doub le  pole  a t  th e  o r i g i n  w i l l  a lways l e a d  to  an u n s t a b l e  
sy s te m  (w h e th e r  p o s i t i v e  or n e g a t i v e  fe e d b a c k  i s  u s e d ) .
The e x p l a n a t i o n  of t h i s  a p p a r e n t  f a i l u r e  of t h e  
method to  g iv e  t h e  c o r r e c t  c o m p e n sa t io n  l i e s  i n  t h e  f a c t  
t h a t  th e  s p e c i f i e d  f r e q u e n c y  r e s p o n s e  i s  in  f a c t  s p e c i f i e d  
only  down to  0 . 0 5 ^ .  By th e n  th e  s p e c i f i e d  open l o o p
V
m ag n i tud e  i s  l a r g e  so t h a t  t h e  c lo s e d  lo o p  f r e q u e n c y  r e s p o n s e  
(and t h e r e f o r e  i t s  r e a l  p a r t )  a r e  i n s e n s i t i v e  to  t h e  e x a c t  
b e h a v i o u r  of th e  open lo o p .  I n  o t h e r  words,  t o  g e t  a 
s p e c i f i e d  t r a n s i e n t  pe rfo rm ance  i t  i s  s u f f i c i e n t  t o  c o n t r o l  
t h e  b e h a v io u r  of th e  open l o o p  f r e q u e n c y  down t o  0 . 0 5 ^ ,  
p r o v id e d  t h a t  i t s  b e h a v i o u r  f o r  w<0.05wc does no t  r e s u l t  
i n  an  u n s t a b l e  sys tem .
The c o u rs e  of a c t i o n  which  must be a d o p te d  i n  t h e  
p r e s e n t  case  t h e r e f o r e ,  i s  to  m od ify  th e  c o m p e n s a t io n  so t h a t
t h e  f r e q u e n c y  r e s p o n s e  down t o  0 .05 oj i s  not a p p r e c i a b l y  
changed,  w h i l e  t h e  b e h a v i o u r  f o r  u)<0.05w becomes t h a t  of 
a s t a b l e  sys tem .  To do' t h i s  i t  i s  only  n e c e s s a r y  to  move
t h e  z e r o  i n t o  t h e  l e f t  h a l f  p l a n e ,  l e a v i n g  i t s  m an g i tu de  
t h e  same* S in c e  th e  z e r o  i s  v e ry  sm a l l ,  t h i s  w i l l  a f f e c t  
o n ly  v e ry  low f r e q u e n c i e s ,  and l e a v e  th e  b u lk  of  t h e  
f r e q u e n c y  r e s p o n s e  unchanged.  Th i s  i s  i l l u s t r a t e d  
q u a l i t a t i v e l y  i n  f i g . 8 .15 ,  which shows th e  s p e c i f i e d  open 
l o o p  f r e q u e n c y  r e s p o n s e  down to  0 .0 5 ^  as  a  s o l i d  l i n e ,  
i t s  b e h a v i o u r  w i t h  t h e  p o s i t i v e  z e r o  as  a dashed l i n e  and 
w i t h  t h e  n e g a t i v e  z e r o  c h a in  d o t t e d .
Thus f i n a l l y  th e  compensated open l o o p  t r a n s f e r  
f u n c t i o n  i s  t a k e n  as
M( s )P (  s)  = p. ..(j±Q.:-3.3?.9..* j,Q,j 7937) -i p U i  8 - 3 .6 1l - n s m s ; WDL-(s+0 . 7 6 5 0 ) ( s + 0 . 2701  ± j 0 .7 9 7 8 )
and
m/ _\  _ 0 . 4 0 6 ( s+0-,0029)
T(s) -  T iT '6T 6om 57ri+'.T 26¥ ± 3.4747)
„  ( s + 0 . 3329 ± .i0.7937) 8 . 3 .62
The s p e c i f i e d  and. f i n a l  p e r fo rm a n c e s  a r e  compared i n  
f i g . 8 .16 ,  which a l s o  shows ( c h a i n  d o t t e d )  th e  p e r fo rm a n c e
r e s u l t i n g  from a s i m p l i f i e d  c o m p e n sa t io n ,  g i v i n g  t h e  same Kv ,
and d e f i n e d  as
M ( s )P ( s )  = 0 . 4 2 4 6 [ 1 ^ 0 2 1 ]  8>3. 63
and
T( s ) = t _ _____ 0.4246  ( s + 0 . 0029) 8. 3 .64
v ' T s + 0 . 002915) ( s+ 0 .  3810 i  jO. 5265^
The c o r r e sp o n d e n c e  between t h e  p r e d i c t e d  and f in-^1 
p e rfo rm an c e  f o r  th e  f u l l  com p e n sa t io n  i s  a g a i n  good,  w h i l e  
t h e  m o d i f i e d  co m p en sa t io n  shows t h e  s o r t  of d i f f e r e n c e  w hich  
h a s  been obse rved  i n  th e  p r e v i o u s  exam ples .
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A second t a r g e t  sys tem  i s  now c o n s i d e r e d ,  f o r  which, 
t h e  p r e d i c t e d  and f i n a l  p e r fo rm a n c e s  do not a g r e e  so  c l o s e l y .  
The t a r g e t  sys tem  i s  s p e c i f i e d  by
N = 2, c l a s s  4, 1, 0, 0 .2 5 6 ,  - 0 . 1 8 ,  u> = 1 8.3*65
V
The compensated open l o o p  t r a n s f e r  f u n c t i o n  i s  g iv e n  by
r\ i  m  o r  ( s+ 0 . 0066) ( s+0 o 2 9 72 fj 0 . 764 5) i r 1 1 q •> aa
M ( s ) P ( s )  = 0 .169  8 [T i W .3 5 g3j ^ 5 g 7 5 - T l o T ^ T J H C S ? ] 8 ’ 3' 66
Hence
T ( s ) _ 0 . 1 6 9 8 ( s+ 0 .0 0 66 )  _____ ___
1KS)  “  T E tt f f iG r & K a + O '  3274 ± jO .3536)
x  ( s + 0 ^ 9 ^ . 4 ^ 0 4 6 4 5 ) 8 # 3 - 6 7
x Ts+ 0 . 1 5 6 ^ 3 3 d07T76i 7  0 , j *D '
The p r e d i c t e d  p e r fo rm a n c e s  ( s o l i d  l i n e )  and t h a t  
o b t a i n e d  from th e  above  e x p r e s s i o n s  (dashed  l i n e )  a r e  compared 
i n  f i g .  8.17*
The d i s c r e p a n c y  i s  g r e a t e r  t h a n  i n  t h e  p r e v i o u s  
exam ples .  The r e a s o n  i s  t h a t  a g a i n  th e  r e a l  z e r o  of th e  
c o m p e n sa t io n  came out p o s i t i v e ,  and a g a i n  i t s  s i g n  was change 1  
S in c e  however,  t h i s  z e r o  i s  l a r g e r  t h a n  th e  p r e v i o u s  one, 
t h i s  caused  a b i g g e r  d i f f e r e n c e  be tw een  th e  p r e d i c t e d  and 
f i n a l  f r e q u e n c y  r e s p o n s e s  t h a n  i n  th e  l a s t  example .
Shown c h a in  d o t t e d  i n  f i g . 8 .1 7  i s  t h e  p e r fo rm a n c e  
u s i n g  t h e  s i m p l i f i e d  com pensa t ion  g iv e n  by
M(b)P(b)  = 0 .2 1 7  3[ f ± § 7 § § § § ] [ i r J  8 . 3 .6 8
s
r e s u l t i n g  i n
m/ c,\ _ 0 . 2173( s+ 0 . 0066) o ? 8n
“ Ts'+O.70OF7U)Ts+O.2756 ± jO. 3708) 0*3*69
8.3*4  Example 4
F o r  t h i s  example th e  open l o o p  c o n s t r a i n t  was t a k e n
a s
P ( s )  = l / s 3 8 . 3 .7 0
and a  t a r g e t  sys tem  s p e c i f i e d  a s
N = 4, c l a s s  2, - 0 . 7 7 ,  <*> = 1 8 .3*71
The r a t i o n a l  a p p r o x i m a t i o n  to  t h e  r e q u i r e d  c o m p e n sa t io n  
came out a s
hit/  ~ \  _  r\ tr d rr T ( S+0«'0 34-1) ( S—0 • 02 31) 1 Q -> <10M(s) = 0. 347[' 8 .3 .7 2
c h an g in g  th e  s i g n  of t h e  r i g h t  h a l f  p l a n e  z e r o  gave . . .  .
M ( s ) P ( s )  = 0 . 5 4 7 [ % § f f § i ^ 0 2 J l l ] [ ^ ] 8 .3*73
and
m/ r x _ 0 . 5 4 7 (8+0 .0341)
" ( s + 0 .  0 4 W t i + 0 . 0214) ( s+0. 7370)
t  ( s + 0 . 0231) 8. 3-74
T s+0T*3204 ± jO. 7357)
The p r e d i c t e d  p e rfo rm an c e  i s  compared w i t h  t h a t  o b t a i n e d  
f rom  th e  above e x p r e s s i o n ( d a s h e d )  i n  f i g . 8 .1 8 .  I t  i s  s e en  
t h a t  t h e  c o r r e l a t i o n  i s  poor  and a g a i n  t h i s  i s  a t t r i b u t e d  
t o  t h e  f a c t  t h a t  th e  change i n  t h e  s i g n  of th e  z e r o  p roduced  
an a p p r e c i a b l e  d i f f e r e n c e  be tween th e  s p e c i f i e d  f r e q u e n c y  
r e s p o n s e  and t h a t  r e s u l t i n g  from e x p r e s s i o n  8*3*73*
To i l l u s t r a t e  how s e n s i t i v e  t h e  p e r fo rm an c e  i s  t o  th e  
v a l u e s  of th e  z e r o e s ,  f i g . 8 .1 8  a l s o  shows ( c h a i n  d o t t e d )  
t h e  pe r fo rm ance  o b t a i n e d  f rom
M ( s )P ( s )  = 0. 371[“ + 0 [ 7208°^4 jO. 8 2 7 9 ^ 3 ^  8 .3*75
s
and
WcA -  • 0. 371 ( s+ 0 .0 3 4 1 ) 2
M s ;  “  Ti+O*.<55557Ts+o. 05911 ( s+o. 3873)
  1  8 . 3* 76
X ( s + 0 . 4844 ± J0 .6 9 1 1
and a l s o  from
Mfo'iPf a'i -  n PORT.  (s+Q»02 31) i r  1 i Q ■> n n
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Tioo ( m o . )
n c .3 .1 9 .*  T n a« l« it m p o u *  of . / . t o .  spool flod by oxp.8. 3. 80. « « .8 .1 9 .b  rr*ju«C 7 rospcoso o f o /s to . opoolflod *  .*> .8 . 3.80.
-188-
and
_________ 0. 8 0 8 ( s + 0 .0231) ________
M s ;  "  ( s + 0 . 0 1 9 7 ) ( s + 0 .0 2 9 1 )Ts+ 1 . 0059)
■_ +   1 • 8 . 3 , 7 8
x T s + 0 . 1934 ± jO.'642&)
which  is- shown d o t t e d .
T h is  example h i g h l i g h t s  a d i f f i c u l t y  a s s o c i a t e d  w i t h  
t h e  p r e s e n t  method which w i l l  need f u r t h e r  work.  The 
d i f f i c u l t y  l i e s  i n  c a l c u l a t i n g  t h e  co m p en sa t io n  r e q u i r e d  
n o t  only  to  c o n t r o l  t h e  f r e q u e n c y  r e s p o n s e  down to  0 .0 5 wc 
hu t  to  e n s u r e  t h a t  i t s  b e h a v i o u r  f o r  u><0.05w r e s u l t s  i n  a 
s t a b l e  sys tem .  T h is  w i l l  be f u r t h e r  c o n s i d e r e d  i n  th e  
c o n c l u s i o n s  a f t e r  t h i s  c h a p t e r .
8 .3*5  Example 5*
Eor  t h i s  example  th e  open l o o p  c o n s t r a i n t  was chosen
as
P ( s ) = 1  8 . 3 . 7 9
s^ ( s + 2 )
The f i r s t  t a r g e t  sys tem  was s p e c i f i e d  a s
N = 4, c l a s s  4, 1, 0, 0 .1 7 0 ,  - 0 . 0 6 ,  w = 2 . 1  8 .3*80
t h e  compensated open lo o p  t r a n s f e r  f u n c t i o n  was
-  -i n , nr(s+.0148)(s+.-3607 ± n l . 8854)
M l s ) P ( s )  -  1 . 1 3 9 [ ( s+2 , x49 0 ) ( s + . 2 0 3 5 ±  j l . 8700)
.. „ ( s + 2 . 0628 ± n.4658) lr 1 8 . 3 . 8 1
x TS+T7T724 ± f T T S m ) J s '^("s'+2 )
g i v i n g
-  1 . 1 3 9 ( s+»0148) ( s+ .  3607 * . i l .  8854)
“ T s + . 7 3 3 2 ) ( s+ . 0 1 5 1 9 ) ( s+2 . 2 6 0 5 ) Cs+1 . 8336)
„  ____'___  ( s + 2 «0628 ~ n . 4658)_____■____  0 o qo
(s+ .  3444 + j l . ^ 9 2  8) (.S+.1848 ± 31 . 8241) 8‘ 3’ 8
The p r e d i c t e d  and f i n a l  p e r fo rm an c e  i s  compared i n  
f i g . 8 .1 9 .  I t  w i l l  be s e en  t h a t  t h e  c o r r e s p o n d e n c e  i s  good, 
t h o u g h  some d i s c r e p a n c y  i s  e v i d e n t  i n  t h e  l a t t e r  p a r t  of t h e
t r a n s i e n t *  T h i s  c o r r e s p o n d s  to  th e  i n c r e a s e d  d i v e r g e n c e  
be tw een  th e  s p e c i f i e d  and f i n a l  f r e q u e n c y  r e s p o n s e  a t  v e iy  
low f r e q u e n c i e s .
The p e r fo rm an ce  o b t a in e d  from a s i m p l i f i e d  compen­
s a t i o n  i s  g iv en  by
MCs')P(s) -  1 181TX— ^ * - 9 ~ ■ ^ r -1 i v n s ; n s ;  -  i . i o i L p 3 +2 . i4 -9 o r ( s+ ,6 7 2 4  j l - 2 8 2 7 T J
x 8*3* 83s ( s+ 2 )
and
m/ _\ X . 1 8 l ( s + . 0 1 4 8 ) ( s + 2 . 0 6 2 8  -  , i .4658)
T ( s )  = X iT 7 7 8 2 7 y T i+ T O T 3 W ri^ 2 ^ 9 9 )  ( s + i .  8X44)
1
. x ( s + ,3 0 5 8  ± 3X .226V ) 8' 3‘ 84
i s  shown c h a i n  d o t t e d  i n  f i g .  8 .1 9 .  
a second t a r g e t  sys tem  was ch osen  as
N = 4, c l a s s  4, 1 , 0 , 0 . 2 7 0 , - 0 . 4 2 ,  u> = 1 . 9  8 .3*85
V
w i t h
M ( s ) P ( s )  = 2 31 3f.l,s± L ^ j8 9 IL § _ tO ..Olg.89.) i r, Jk ] 8 .3*86i v u s ; n s ;  -  s+1 >2 7 4 5 + j l .3 6 3 4  JLs ^ ( s+ 2 ) J
and
mfa'i -  2. 3X3( s + 2 . 2489) ( s+.  0X289)
_ Ts+.*OX3XX) (s+ .  5568 + 51-178X)
x  T s+X.7XX!T± j .  2871) 8 .3*87
The p r e d i c t e d  and f i n a l  p e r fo rm an c e  i s  compared i n  P i g .
8 . 2 0 .
The same t a r g e t  sys tem s  have a l s o  been  c o n s i d e r e d  
w i t h  i n c r e a s e d  u> v a l u e s .  Thus f i g .  8 .21  r e l a t e s  t o  a
sy s te m  s p e c i f i e d  a s
N = 4, cXass 4, X, 0, 0.X70, - 0 . 0 6 ,  w = 4 .8  8 . 3 .8 8
w i t h
-  V- c- r^ ( s+l* 8X8 8 ) ( s+ .  059X) ( s+. 8984 ± .14-23X3) n M (s)P (s )  -  X3.52[r - r>1 ^ ^ ~ j 2- T64o)(g+>4^  + j 4 .2324}  -*
r 1 n Q 1 fiQ
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n g .8 .21 .0  "T nnaioa t n ip a iN  of systsa opoelfiod tgr oxp.8.3*88. H g .8 .2 I.b  Frsqaoocy rospcaM of system spool f l a t  by M p.8 . 3.88
-1 9 1 -
and
m/ Q\ ______13. 52 ( s+1. 8188) ( s+ .  0591) ( s+ . 8984 ± . i4 .2313)
T(s) “ Ti+7oF21)(s+2. 3^13)rs+1.2353)Ts+.7731 + j2.“S90T)
x Xs+.4246 ± 34 .10257  8 . 3 . 9 0
and f i g .  8.22 r e l a t e s  to  a system s p e c i f i e d  as
N = 4, c l a s s  4, 1, 0, 0 .2 7 0 ,  - . 4 2 ,  u> = 4 . 4  8 .3 *9 1
V
w i t h
and
T \/r/ q  \ " p  / Q  \ _ OD f  f (  S+2 » 109 7 )  (  S +  « 0 3 308) 1 r 1 I O T QOM (s )P ( s )  -  2 8. 61 [ - ^ +2 # 7 g01 ± ^  37g J J L s2 ( s+ 2 ) ■* 8.3*92
v _ 2 8 . 6 1 ( s + 3 . 1 0 9 7 ) ( s + 0 . 03308)
~ Ts+8703373 ) ( s+2 o4§2 7 ± T . 3838)
x ( s + 1 . 2806 ± j 2 . 7819) 8 .3*93
8. 3« 8 Example 6.
For t h i s  example the open lo o p  c o n s t r a i n t  was taken
as
= iriToffi-?#Tn r  8- 3- 94
and a t a r g e t  system s p e c i f i e d  as
N = 4, c l a s s  2, - ,  - ,  - ,  - 1 . 3 3 4 9 ,  w = 1 .2 5  8 .3*95
The compensated open lo o p  t r a n s f e r  f u n c t i o n  was o b ta in ed  
as
M (s)P(s )  = 1 - 8X9[ [ i t ' . l l l l j ( s t i ! l 2 5 l V  j ! i § S T]
x t^rsToffrci^TiTy1^ 8*3*96
and
m/ _\ _ 1 .  8 1 9 ( s+ 0 . 6) ( s + 0 .1271) ( s+ .  9658 * . i .4032)
T (s)  “ T§+. 1313) ( s+ .  3976 + j .4 7 7 8 )  ( s+ .  34 78 1 jT .0430)
x Ts+1.42  35 £ '  0 . 6 6 7 8 ) 8 . 3 . 9 7
the  p e r f  ormances a r e  compared in  f i g .  8 . 2 3 *
8. 3* 7« Example 1P
Ecr the l a s t  example having  a p o l e - z e r o  e x c e s s  o f
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t h r e e  th e  f o l l o w i n g  open lo o p  c o n s t r a i n t  was c h o s e n .
p ( s ) = ¥(¥Fof iyCs+X “£“ 51) 8 . 3 . 9 8
U s ing  th e  same t a r g e t  sys tem  as i n  t h e  p r e v i o u s  example 
r e s u l t e d  i n
M( s') P( s ’) -  1 8f. ( s t - l Q 7 g n _ s ± , m 8 A J l U J -3p ( s 4 . l  ± ,11.0X9?) •,
I l 9 , l l s '  “  Ks+.02825) (S+.X984 ± j l . l 2 4 9 T ( s + l .  0594 ± j l . 1 9 1 9 ) 1
x g 3) ] 8 . 3 . 9 9
and
m/ _N 1 . 8 ( s + 0 . 3 ) ( s + . X 0 7 6 ) ( s + . 2 1 4 8  i  ,11.1X31)
JAS; “  ( s + . 82 2 4) ( s+TS3«f) (T i lT l072yrs+ . 1548 ± 11 .1145)
v __________ ( s +1 ± ,11.0197) o ,  non
X "(s+ . 9956 ± ~ 3 l . 0285) ( s+T3885 ± 8 .3 - 1 0 0
The p r e d i c t e d  and f i n a l  p e r fo rm a n c e s  a r e  compared i n  f i g .
8 .2 4 .
8, 3^8*Example 8.
The l a s t  example  i n  t h i s  c h a p t e r  was chosen  w i t h  a 
p o l e - z e r o  e x c e s s  of f o u r ,  t h e  open l o o p  c o n s t r a i n t  "being
P ( s )  = — - - - ---------------------------  8 .3 - 1 0 1
s (s+1 -  j l )
Two t a r g e t  sy s te m s  were used .  The f i r s t  was s p e c i f i e d  
a s
N = 4, c l a s s  3, 1, 0, 0 .1 9 2 ,  0 . 1 ,  w = 5 .5 .  8 .3 .1 0 2
The compensated open lo o p  t r a n s f e r  f u n c t i o n  c o r r e s p o n d i n g  
to  t h i s  Was found t o  he
iv usm s .)  §7^ 7 g3xj{-s + . 7794  ±  j 4 . 9 4 6 2 ) J
x [ — L _ -------- ] 8 . 3 .1 0 3
a ( s+1 ± j l )
and
112 ( s + . 0181) ( s + 4 . 4488) ( s + 1 . 282 3)
' = TS+70T 8T3TC's+’BTToCTlTi-T. 84 8 1 ) ( s+ . 6946 ± j 4 .64 0? )
x  (S+ .6899  ± j l . 8 4 5 7 7  8 .3 -1 0 4
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The p r e d i c t e d  and f i n a l  p e r fo rm an ce  i s  compared i n  f i g .
8 .2 5 .
The second  t a r g e t  system was s p e c i f i e d  a s  
N = 4, c l a s s  3, 1 ,  0, 0 .1 9 2 ,  0 . 1 5  w = 2 .3 5  8.3*105md U
F o r  t h i s  case  th e  compensated open l o o p  t r a n s f e r  f u n c t i o n  
y/as
^  r ( s+. 002908 ) ( s+1 . 0841 ± .11.1207)
M( s ) P ( s )  - 3 . 5 7 3  i { s ~ i y f 6 3 A j ( 3 + : m r ^ ~ i ^ 6 W ~ '
(s+ .2738 1 12.2101) r 1 i fi
z Cs+.1824 ± 52l  349)] [ s 2(s+1± .{] 8,3,106
and
m / c . \  _ 3 . 6 7 3 ( s + . 002908) ( s + 1 . 0841 ± 11 .1207)
v ' “  ( s + . 002922) ( s+\ 74F T ±  j .  9672 ) ( s + 1 . 2068 ± ij . 5452)
( S+.2738 1 .12 .2 1 0 1 )  K ,  i n 7
( s+. 3998 t  "1 1 . S l t t j  3 ,1  7
P i g . 8.26  compares the p re d ic te d  and f i n a l  performances .
A lso  shown in  f i g .  8.26  (ch a in  d o t te d )  i s  the performance
u s in g  a s i m p l i f i e d  compensation g iv en  by
or ( s+ .  002908) ( s + 1 . 0841 -  .11.12 07 ,M(s)P( s)  -  3 . 6 3 8 [ ( s + 1 > 7 6 3 4 ) ( s + ^ g 7 ± j 2 :'000^ - ]
x  [ -* ------5=- 8 . 3 , 1 0 8
s ( s+1 ± j l )
and
m/ \ _ 3. 638(a+ .  002908) (s+1-. 0841 ± 11 .1207)
~ T i+ 7002922) ( s + . 3338 ± 1 - 7 3 5 3 ) ( s + . 4105 ± 11 .9257)
1
x Ts+1 .6205~£  i T9307) 8 . 3 .1 0 9
I t  w i l l  be seen that  the method used to  f i t  a r a t i o n a l
transform  to the frequency  response  ( c . f .  s e c t i o n  5) has
produced poorer r e s u l t s  fo r  t h i s  example than f o r  the  
o th e r  exam ples , ,  and t h i s  i s  r e f l e c t e d  in  the g r e a t e r  
discrep an cy  between the s p e c i f i e d  t r a n s i e n t  performance  
and th a t  obtained from the r a t i o n a l  transform.
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8.4  C o n c lu s io n s
On th e  e v id e n c e  of th e  exam ples  p r e s e n t e d  i n  t h i s  
c h a p t e r ,  i t  i s  conc luded  t h a t  t h e  method d eve loped  i n  the  
p r e s e n t  work i s  f e a s i b l e ,  and - tha t  i n  f&ot i n  many c a s e s
i t  g i v e s  v e ry  a c c u r a t e  r e s u l t s .
A p o s s i b l e  d i f f i c u l t y  a s s o c i a t e d  w i t h  the  v e r y  low 
f r e q u e n c y  b e h a v io u r  of the  open l o o p  f r e q u e n c y  r e s p o n s e  
h a s  been c o n s id e r e d  ( s e c t i o n  8«>2. and example 3 ) ,  and a 
way round i t  s u g g e s t e d .  T h is  p o i n t ,  however, n e ed s  some 
f u r t h e r  work t o  e n s u r e  t h a t  b o th  s t a b i l i t y  and t h e  d e s i r e d  
t r a n s i e n t  pe r fo rm ance  can be a c h ie v e d  s i m u l t a n e a o u s l y .
The c a l c u l a t e d  casc ad e  co m p e n sa t io n  h a s ,  i n  many 
i n s t a n c e s ,  complex p o l e s  and z e r o e s ,  which  may w e l l  be 
u n d e s i r a b l e  i n  p r a c t i c e .  I t  sh o u ld  be borne  i n  mind, 
however ,  t h a t  c a sc a d e  co m p en sa t io n  only  h a s  been  c o n s i d e r e d  
p u r e l y  i n  o r d e r  t o  e v a l u a t e  the  method,  and t h a t  i n  many 
p r a c t i c a l  s i t u a t i o n s  a c o m b in a t io n  of casc ad e  and p a r a l l e l  
co m p e n sa t io n  would be used ,  g i v i n g  q u i t e  d i f f e r e n t  
co m p en sa t io n  t r a n s f e r  f u n c t i o n a .
CONCLUSIONS
A method of d e r i v i n g  t h e  t r a n s i e n t  r e s p o n s e  from 
th e  m easured  f r e q u e n c y  r e s p o n s e ,  a c c u r a t e l y  and s im p ly ,  
h a s  been  d e v e lo p e d .  E v a l u a t i o n  of p r e v io u s  methods  
i n d i c a t e d  t h a t  t h e r e  was room f o r  improvement on two 
c o u n t s :  1) i n c r e a s i n g  the  a c c u r a c y  by a  more e x a c t
t r e a t m e n t  of th e  a s y m p to t i c  b e h a v i o u r  ( c h a p t e r  2)
2) s i m p l i f y i n g  t h e  mode of a p p r o x i m a t i n g  th e  
f r e q u e n c y  r e s p o n s e .  I t  was f e l t  p a r t i c u l a r l y  i m p o r t a n t  
t o  be a b l e  t o  use  d i r e c t l y  t h e  v a l u e s  of t h e  m easured  
f r e q u e n c y  r e s p o n s e .  T h is  l e d  t o  t h e  use  of t r i a n g l e s  
i n  t h e  a p p r o x i m a t i o n  of th e  f r e q u e n c y  r e s p o n s e  ( c h a p t e r  
2 ) .
The f i n a l  method i s  a  development  of e x i s t i n g  
methods (a s  d i s c u s s e d  i n  c h a p t e r  3) and i t  i s  f e l t ,  
r e p r e s e n t s  an improvement i n  a c c u r a c y  and s i m p l i f i c a t i o n ,  
p a r t i c u l a r l y  a s  b o t h  s t e p  and im pu lse  a r e  o b t a i n a b l e  by 
an  i d e n t i c a l  c a l c u l a t i o n  ( c h a p t e r  3)* The c a l c u l a t i o n  
i s  c e r t a i n l y  f e a s i b l e  by hand ( c h a p t e r  3 ) ,  bu t  of g r e a t e r  
im p o r ta n c e ,  i t  i s  i n  a  p a r t i c u l a r l y  s u i t a b l e  fo rm  f o r  
programming on a d i g i t a l  com pu te r  s i n c e  a s  i n p u t  i t  
only n e ed s  t h e  m easured  f r e q u e n c y  r e s p o n s e .
The aim of th e  work, c o n t a i n e d  i n  c h a p t e r s  4 -8 ,  
was to  d e v e lo p  a. s y n t h e s i s  method g i v in g  c l o s e  c o n t r o l  
o v e r  t r a n s i e n t  and f r e q u e n c y  p e r fo rm a n c e .  The s p e c i f i ­
c a t i o n  of t h e  t r a n s i e n t  and f r e q u e n c y  p e r fo rm an c e  by 
p e r fo rm ance  i n d i c e s  i s  d i s c u s s e d  i n  c h a p t e r  1 .  The 
e s s e n t i a l  d i f f i c u l t y  h e re  l i e s  i n  cho os in g  a t a r g e t  
sy s te m  which n o t  o n ly  has  t h e  r e q u i r e d  t r a n s i e n t  and 
f r e q u e n c y  p e r fo rm a n c e ,  but  a l s o  h a s  a  p o l e - z e r o  e x c e s s
( i . e .  a s y m p t o t i c  b e h a v io u r )  c o r r e s p o n d i n g  to  t h a t  of th e  
p l a n t  ( i . e .  open lo o p  c o n s t r a i n t ) ,  a s  d i s c u s s e d  i n  t h e  
I n t r o d u c t  i o n .
I t  h a s  been found p o s s i b l e ,  by u s in g  a p a r t i c u l a r  
form of d e s c r i p t i o n  of th e  r e a l  p a r t  of t h e  f r e q u e n c y  
r e s p o n s e ,  t o  c a t a l o g u e  i n  advan ce  a  range  of sy s te m s ,  of 
s p e c i f i e d  p o l e - z e r o  e x c e s s ,  g i v i n g  a sp re a d  of t r a n s i e n t  
and f r e q u e n c y  p e r f o r m a n c e s .  (The l i n k  be tw een  t h e  r e a l  
p a r t  of th e  f r e q u e n c y  r e s p o n s e  and th e  t r a n s i e n t  
pe rfo rm ance  i s  d i s c u s s e d  i n  c h a p t e r  2 ) .  The r e a l  p a r t  
i s  d i v id e d  i n t o  an a s y m p t o t i c  r e g i o n  and an i n t e r m e d i a t e  
r e g i o n .  The a s y m p to t i c  r e g i o n  i s  d e s c r i b e d  by an  
i n v e r s e  power of f r e q u e n c y ,  t h e  v a lu e  of t h e  power 
im p ly in g  a p a r t i c u l a r  p o l e - z e r o  e x c e s s ,  and th e  i n t e r ­
m e d ia te  r e g i o n  i s  d e s c r i b e d  by a F o u r i e r  c o s i n e  s e r i e s  
( s i n c e  t h e  r e a l  p a r t  i s  e v e n ) ,  ( c h a p t e r  4 ) .
I t  i s  p o s s i b l e  i n  t h i s  m anner  t o  approx im ate ,  t h e  
r e a l  p a r t  of th e  f r e q u e n c y  r e s p o n s e  of lumped l i n e a r  
sys tem s  t o  any d e g re e  of a c c u r a c y  ( c h a p t e r  4 ) .  Of much 
g r e a t e r  im p o r t a n c e ,  i t  h a s  been found t h a t  such  a  
d e s c r i p t i o n ,  u s i n g  only  a few t e r m s  of t h e  c o s i n e  s e r i e s ,  
c o r r e s p o n d s  t o  a  t r a n s i e n t  pe r fo rm an c e  v e ry  s i m i l a r  
t o  t h a t  of p h y s i c a l  sys tem s  ( s e e  s e c t i o n  7 . 2 . 1  example  a ) .  
I t  i s  t h i s  w h ich  p e r m i t s  t h e  l a r g e  s c a l e  c o r r e l a t i o n  
of  i d e n t i f i a b l e  sy s tem s  w i t h  t h e i r  t r a n s i e n t  and f r e q u e n c y  
r e s p o n s e .  The d e t a i l s  of the  a p p ro x im a t io n  and the  
means of e v a l u a t i n g  t h e  c o r r e s p o n d i n g  t r a n s i e n t  p e r f o r m ­
a n c e s  a r e  t r e a t e d  i n  c h a p t e r  4 .
S in c e  f o r  th e  p r a c t i c a l  r e a l i s a t i o n  of a  sys tem  
e i t h e r  i t s  complex f r e q u e n c y  r e s p o n s e  or  i t s  r a t i o n a l  
t r a n s f o r m  i s  n e c e s s a r y ,  t h e  means of o b t a i n i n g  t h e s e
q u a n t i t i e s  f rom  a s p e c i f i c a t i o n  of th e  r e a l  p a r t  of th e  
f r e q u e n c y  r e s p o n s e  i s  d i s c u s s e d  i n  c h a p t e r  5. A f t e r  
an e x p l o r a t i o n  of the  p o s s i b i l i t y  of p a s s i n g  d i r e c t l y  
f rom  th e  s p e c i f i c a t i o n  of t h e  r e a l  p a r t  t o  t h e  c o r r e s ­
pond ing  r a t i o n a l  t r a n s f o r m ,  i t  i s  conc luded  t h a t  a more 
f r u i t f u l  a p p ro a c h  i s  t o  o b t a i n  t h e  complex f r e q u e n c y  
r e s p o n s e  f i r s t  and th en  t o  a p p ro x im a te  i t  by a r a t i o n a l  
t r a n s f o r m .  A com pute r  a l g o r i t h m  f o r  c a l c u l a t i n g  th e  
im a g in a r y  p a r t  f rom  a s p e c i f i c a t i o n  of  th e  r e a l  p a r t  
v i a  t h e  H i l b e r t  t r a n s f o r m  h a s  been  deve loped  i n  c h a p t e r
5. The complex f r e q u e n c y  r e s p o n s e  i s  th en  a p p ro x im a te d  
by a  r a t i o n a l  t r a n s f o r m ,  u s i n g  one of th e  e x i s t i n g  
methods which  i s  p a r t i c u l a r l y  s u i t a b l e  ( c h a p t e r  5 ) .
A s e t  of pe r fo rm ance  c u r v e s  h a s  b een  p roduced  
from which a  t a r g e t  sys tem h a v in g  a  known t r a n s i e n t  
and f r e q u e n c y  pe rfo rm an c e ,  and a s p e c i f i e d  p o l e - z e r o  
e x c e s s ,  can be chosen .  I n  o r d e r  f o r  such c u r v e s  t o  be 
p r a c t i c a b l e ,  i t  must be p o s s i b l e  t o  s p e c i f y  a sy s te m  by 
a s  few p a r a m e t e r s  a s  p o s s i b l e .  I n  c h a p t e r  6 t h e  d e t a i l s  
of th e  s p e c i f i c a t i o n  of t h e  i n t e r m e d i a t e  r e g i o n  by th e  
c o s i n e  s e r i e s  and th e  a s y m p t o t i c  r e g i o n  by t h e  i n v e r s e  
power of f r e q u e n c y  a r e  d i s c u s s e d .  L i m i t a t i o n s  imposed 
by b o th  th e  t r a n s i e n t  and t h e  f r e q u e n c y  b e h a v i o u r  of 
lumped l i n e a r  sy s te m s  a r e  e x p l o r e d ,  and a  method of 
s p e c i f y i n g  t h e  te rm s  of th e  c o s i n e  s e r i e s  a d o p t e d .  The 
d e t a i l s  of t h e  c o m p u ta t io n  of t h e  p e r fo rm an c e  c u r v e s  a r e  
c o n s i d e r e d ,  and th e  c u rv e s  t h e m s e lv e s  a r e  p r e s e n t e d .
The p o s s i b i l i t y  of s p e c i f y i n g  th e  v e l o c i t y  c o n s t a n t  
Kv> or ( i f  a p p l i c a b l e )  th e  a c c e l e r a t i o n  c o n s t a n t  K , 
i n  te rm s  of t h e  harm onic  c o n t e n t  of t h e  i n t e r m e d i a t e  
r e g i o n  was i n v e s t i g a t e d .  The c o n c l u s i o n s  r e a c h e d  a re
t h a t  c o n t r o l  o v e r  t h i s  a s p e c t  of t h e  p e r fo rm an ce  i s  no t  
r e l i a b l e  and t h a t  b e t t e r  r e s u l t s  a re  o b ta in e d  by th e  
c o n v e n t i o n a l  form of l a g  co m p e n sa t io n .
A d i f f i c u l t y  a s s o c i a t e d  w i t h  th e  method i s  
d i s c u s s e d  i n  c h a p t e r  7* I t  l i e s  i n  a  b a s i c  a m b ig u i ty  
which  e x i s t s  i n  t h e  s p e c i f i c a t i o n  of th e  a s y m p t o t i c  
r e g i o n  of t h e  r e a l  p a r t  of an i n v e r s e  even power of 
f r e q u e n c y ,  s i n c e ,  i n  c e r t a i n  c a s e s ,  any one v a l u e  of 
t h i s  power can  c o r r e sp o n d  t o  more t h a n  one p o l e - z e r o  
excess*  I n  t h e  p r a c t i c a l  a p p l i c a t i o n  of t h e  method 
t h i s  p o i n t  i s  n o t  t r o u b le s o m e ,  bu t  f rom th e  t h e o r e t i c a l  
p o i n t  of v iew, t h i s  problem, of c o n s i d e r a b l e  m a t h e m a t i c a l  
d i f f i c u l t y ,  r e m a in s  f o r  f u r t h e r  deve lopm en t .
S in c e ,  i n  th e  f i n a l  a n a l y s i s ,  t h e  r e a l  t e s t  of  
th e  method l i e s  i n  th e  r e s u l t s  i t  p ro d u c e s ,  t h e  r e m a in d e r  
of  c h a p t e r  7 and th e  whole of  c h a p t e r  8 c o m pr ise  of 
examples  of i t s  a p p l i c a t i o n .  On t h e  e v id e n c e  of t h e s e  
exam ples  i t  i s  conc luded  t h a t  t h e  method p r o v i d e s  an 
a b s o l u t e l y ,  s t r a i g h t f o r w a r d  means of choo s in g  t a r g e t  
sys tem s  of  s p e c i f i e d  p o l e - z e r o  e x c e s s  and h a v in g  known 
t r a n s i e n t  and f r e q u e n c y  p e r f o r m a n c e s ,  a s  c h a r a c t e r i s e d  
by th e  i n d i c e s  d i s c u s s e d  i n  c h a p t e r  1. I n  h a n d l i n g  
sy s tem s  w i t h  a  p o l e - z e r o  e x c e s s  of 2 -5 ,  i t  removes th e  
n e c e s s i t y  of r e s o r t i n g  t o  t h e  'd o m in an t  p o l e '  a p p r o x i ­
m a t io n ,  and hence  r e p r e s e n t s  a c o n s i d e r a b l e  improvement 
i n  f l e x i b i l i t y  o v e r  e x i s t i n g  m e tho d s .
The a c c u r a c y  of t h e  method was found t o  be 
c o n s i s t e n t l y  good, and i n  f a c t  i n  many of t h e  exam ples  
i t  was found t o  be e x c e p t i o n a l l y  so .
Two f i n a l  comments of i n t e r e s t  can be made about
t h e  method. The f i r s t  i s  t h a t  s i n c e  i t  u s e s  t h e  
m easured  f r e q u e n c y  r e s p o n s e  of  t h e  p l a n t  as  one s e t  of 
i n p u t  d a t a ,  i t  a u t o m a t i c a l l y  g u a rd s  a g a i n s t  any  a t t e m p t  
a t  a c h i e v i n g  a pe r fo rm an ce  beyond th e  p h y s i c a l  c a p a c i t y  
of th e  p l a n t .  F o r  example ,  an  a t t e m p t  to  make th e  
p l a n t  r e sp on d  v e r y  much f a s t e r  t h a n  i t  i n h e r e n t l y  i s  
c a p a b le  of do in g ,  im m e d ia te ly  runs  i n t o  t h e  d i f f i c u l t y  
t h a t  i n  o r d e r  t o  c a l c u l a t e  t h e  n e c e s s a r y  co m p e n sa t io n ,  
i n f o r m a t i o n  i s  r e q u i r e d  a b o u t  t h e  b e h a v i o u r  of t h e  p l a n t  
a t  f r e q u e n c i e s  a t  which  th e  ou t  p u t  i s  so s m a l l  t h a t  i t  
c anno t  be m e a su re d .
The second  p o in t  c o n c e rn s  t h e  c o r r e l a t i o n  of th e  
f r e q u e n c y  r e s p o n s e  c h a r a c t e r i s a t i o n  used and a  p o l e - z e r o  
c h a r a c t e r i s a t i o n .  I n  c h a p t e r  5, th e  po le  z e r o  p a t t e r n s  
c o r r e s p o n d i n g  to  a few a s y m p t o t i c a l l y  t e r m i n a t e d  
h a rm on ics  a r e  g iv e n ,  and a r e  found t o  c o n t a i n  s e v e r a l  
p o l e s  and z e r o e s .  In  t h i s  l i e s  t h e  s u c c e s s  of th e  
p r e s e h t  methodj  i n s t e a d  of m a n i p u l a t i n g  i n d i v i d u a l  
p o l e s  and z e r o e s ,  and t h e r e b y  g e t t i n g  bogged down i n  a  
mass of p a r a m e t e r s ,  s i m p l i c i t y  i s  a c h ie v e d  by m a n i p u l a t i n g  
whole  s e t s  of p o l e s  and z e r o e s ,  c o r r e s p o n d i n g  t o  t h e  
h a rm o n ic s .  But w h i l e  r e a s o n i n g  v i a  t h e  f r e q u e n c y  
r e s p o n s e  shows t h a t  by t h e  c o m b in a t io n  of t h e  h a rm o n ic s  
any lumped l i n e a r  sy s te m  may be ap p rox im a ted  t o  any 
d e g re e  of a c c u r a c y ,  i t  would have  been v e ry  d i f f i c u l t  t o  
a r r i v e  a t  t h e  same c o n c l u s i o n  r e g a r d i n g  t h e  c o m b in a t io n  
of th e  p o l e - z e r o  s e t s  v i a  s - p l a n e  r e a s o n i n g .
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